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Cac phuong phap giai toan dai sO va
giai tich
Loi noi dau:

Sau 12 nam hoc tap, gid day chi con mét ki thi duy nhat dang chd dgi cac em dé la ki thi dai
hoc. Pay sé la ki thi khé khan nhat trong suoét 12 nam cac em ngoi trén ghé nhé trudng. Ki thi
dai hoc chinh lIa mot budc ngoat Ién trong cudc doi cua moi hoc sinh vi thé moi hoc sinh can
phal chuan bi kién thirc that toan dién vi ndi dung caa dé thi mang tinh lién tuc. Cé I€ trong cac
mon, mon toan van ludn chiém vi tri quan trong va la vat can Ién nhat trén budc dudng tién téi
giang dudng dai hoc. Vi thé t0| Xin mao mudi gép chut kién thic da thu lugm dudc trong qua
trinh hoc tap dé viét 1én quyén sach nay. Hy vong day sé la tai liéu bd ich cho cac em hoc tap.

Quyén sach dudc chia thanh sau don vi bai hoc va hai phu luc. Mdi bai déu la nhirng phan

quan trong, xuat hién thudng xuyén trong dé thi dai hoc. & méi bai déu cé nhitng dic diém
sau:

o Phan tom tat kién thic da hoc dudc trinh bay ngan gon va tdng quat nham khagi lai phan
kién thirc da quén cua cac em.

e Hé thdng cac bai lam dudc chon loc ki ludng, cé tinh dién hinh va khai thac téi da cac
goc canh cua van dé néu ra, dong thdi phucong phap giai ngan gon, truc quan cung nhiéu
kinh nghém giai dé giip cac em cé thé hiéu dudc ndi dung bai giai va cach ap dung cho cac
dang dé thi sé gap sau nay. Pong thdi, cac vi du déu dudc trinh bay tir cd ban dén nang cao.
Pay la nhirtng dé bai trich ra tir dé thi du tritr cua cac nam trudc va tham khao tir nhirng tai
liéu cua cac thay co6 c6 nhiéu nam kinh nghiém trong qua trinh luyén thi nén dam bao vé
mirc d6 va gidi han kién thic. L&i giai trong cac vi du chi la tugng trung nham muc dich néu
Ién phuong phap giai, cAc em va cac thiy cé khi tham khao cudn tai liéu nay cé thé tim ra va
trinh bay cach giai va cach trinh bay hop li han. Cac em nén tap gidi cac dang bai trén mot
cach thuan thuc va doc lap. sau khi giadi xong mdi xem phan I6i giai. D6 la diéu ma tac gia ki
vong nhiéu nhat.

o Li gidi cac phuong phap, dua ra thuat toan giai chung, dua ra ban chat Igi giai, d6 la
phan IGi binh, Iuu y 6 cudi moi bai tap.

Phan phu luc l1a 12 dé thi tiéu biéu theo ciu tric dé thi méi nhat do B6 GD&PT céng bd. Cac
dé thi c6 mirc do kho rat cao, doi hoi ngudi lam phai tu duy rat nhiéu. Vé&i mirc do khoé do, toi
mong rang khi cac em giai thuan thuc cac bai trong bd dé thi nay cac em sé cé du tu tin va kién
thi'c dé dat di€ém cao khi lam bai mén toan. Phu luc 2 1a mot s6 meo dé dung may tinh doan
nghiém c6 dinh, phuc vu cho qua trinh giai cac bai tap vé phuong trinh tich nhu lugng giac, hé
phucong trinh, phuong trinh, cach giai nhanh bai toan hinh hoc bang may tinh... Pong thdi gidi
thiéu thém phuong phap chia Horner dé giip cdc em lam nhanh bai toan cé chia da thic, phan
tich thanh tich...

Véi du dinh la sé gidi thiéu quyén sach cho cac em trong thang cudi cung trudc khi thi dai
hoc nén sach da gian lugdc mot s6 phan khong can thiét va cac kién thirc bén I, chi gidi thiéu
nhirng trong tam cua dé thi nén bai tip c6 thé con it. Toi cling cé I16i khuyén cho céac thi sinh la
hay tim thém cac dé thi trén mang internet vi day la kho kién thirc vo tan.

Mac du rat cd6 gang nhung cudn sach rat cé thé con nhiéu thiéu sét do thdi gain bién soan
ngan dong thai kinh nghiém va su hi€u biét con han ché&. Rat mong dudc su gop y cta ban doc.
Moi gop y xin lién hé véi tac gia qua dia chi sau:

Hoang Viét Quynh
Khu 6a — Thi tran L6c Thang — Bao Lam — Lam Péng
Email: vquynh2971991@yahoo.com.vn
Blog: http://vn.myblog.yahoo.com/vquynh-gflower
Tel: 063-3960344 - 01676897717
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i I: Un d|=| g phucng trinh dudng thang dé giai phucong
nh can tha
Nhac lai kién thidc vé duong thang.

1) Phuong trinh téng qudt:

budng thang di qua M(Xo;Yo) va cd veta phap tuyén i (A;B) thi dudng thang d6 cé phuadng trinh:
(d):  A(X-X0)+B(y-Yo0)=0

& (d): Ax+By+C=0

VD1. Dudng thdang qua M(1;2) nhan fi(2;1) lam vectd phap tuyén.
(d): 2(x-1)+1(y-2)=0
@ (d): 2x+y-4=0
2) Phuong trinh tham soé:
Pudng thang di qua M(xo;Yo) va cd vectd chi phuong a (a;as)

X=X, +at
(d):
y=Yo+ast

VD2. Dudng thang qua M(3;4) nhan d(2;3) lam vtcp cé phuang trinh:

x=3+2t
(d):
y=4+3t

VD3. Cho (d): x+y=4. Viét phudng trinh tham sé cua (d).
Giai:

Vects phap tuyén : 1i(1,1)

Vectd chi phuong : a(1,-1)

Diém di qua M(2;2)

5 (d): X=2+t
S ly=2-t
Ung dung
VD1.  Giai phuong trinh : VX3 +8 +3v12—x* =10
Giai:
Dat: Vx®+8=1+3t va V12-x® =3-t Pk( -1/3 <t<1/3)
& x> +8=(14+3t)% (*) va 12-x3 = (3-t)2 (**)
LAy (*)+(**) ta c6 20=10t>+10 & t?°=1 & t=1 hoac t=-1(loai)
& x3=8 & x=2
Tip:

Co phai ban dang tu hoi: thudt todn nao da gilp ta nhin thdy dudc cach dat &n t ?2??

Khong phai ngau nhién ma t6éi lai trinh bay lai vdn d& dudng thdng, mét vdn dé tudng chirng nhu
chéng lién quan gi dén dai s6. Nhung gi& day ta mdi nhén ra dugc “dudng thadng” chinh Ia “tuyét chiéu”
dé giadi phuong trinh dang cdn thirc. M&u chét do la:
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Bl: Vx°+8+3V12—x* =10
X Y

TU d6 ta c6 phuong trinh dudng thang : X+3Y=10
B2: ta viét lai phudng trinh: X+3Y=10 theo tham s t

X =1+3t

Y =3-t
Llc nay phuong trinh da quy vé 1 an t va viéc gidi phuadng trinh trén 1a khdng khé. (Vi day la kién thirc
“I8p nhi”)
Dé hi€u rd hon vé phuong phap nay cac ban hdy cung téi dén vdi VD2.

vD2. Giai phuang trinh : VX +3 +3/x+2 =1
X Y

Giai:
Goi (d): X=1+t va  Y=0+t

(1) bt JX+3=1-t <1y o X+3=1-2t+t?
3 <
x+2 =t x+2=t°

L4y phuong trinh 2 trir ptl ta c6: -1=t3-t> +2t-1 & t3-t2 +2t=0
e T=0 & X=-2

Luuy:
Trong khi gidi dé thi, cac ban nén trinh bay tur budc(1) trd di nham dam bao tinh ngan gon cho bai toan.
Budc goi phuang trinh dudng thang chi nén lam ngoai gidy nhap.

, X+3=u ,
e Trong bai trén ta co thé dat { va quy Vvé giai hé phuadng trinh. Cac ban cé thé xem

Ux+2=v
cach nay nhu mot bai tap. cac ban hdy lam va so sanh su uu viét gilfta 2 phuong phap.
e Trong bai trén ta han ché phuadng phap Ily thira vi néu mudn khtt 2 can thifc khac bac trén, ta phai
~6 phudng trinh. Ta sé gap kho khan va sé d6i mat vdi 1 phuong trinh “kinh khiung” va ta phai giai
“Xit khéi” mdi cé thé ra nghiém.

VD3. Giai hé phuong trinh :

{H y-Jy =3 (@

(d8 thi DH n&m 2005)

x+1+.Jy+1=4 (2)

Giai:
y VX+1=2+t X+1=t>+4t+4
bat: (-2<t<2) ©
y+1l=2-t y+1l=t>—4t+4
X=t>+4t+3
y=t>—-4t+3

Phuong trinh(1) trd thanh: 262+6-+/(t? + 3+ 4t)(t? +3—4t) =3

& At —10t? +9 =243 © A+ 102 +9=4  + 127 +9

@34 +2274=0 & =0 hodc

&

~

t=0 & Xx=y=3



VD4. Dinh m d&€ phuong trinh sau cé nghiém:

Jx+2m
Gidi:
D& phuong trinh cé nghiém:
f(x)=m
Min f(x)<m <Max f(x)

Pt VX+2m =1+3t

a
V3m—x =3t
{x+2m=1+6t+9t2

3m—x=9-6t+t?
VGi f(t)= 2t>+2

+3y3m—x =10

(-1/3<t<3)

< cdng V& v4i v& => 5m=10+10t* & 2t°+2=m & f(t)=m

mién xac dinh: D=[-1/3;3]

F'(t)=4t =>f(t)=0 & t=0
t -00 -1/3 0
F'(t) - 0 +

F(t)

M c6 nghiém & 2<m<20
Bai tap tu luyén

1) Giai hé phuagng trinh:

2) Giai hé phuong trinh:

3) Giai hé phuong trinh: {

20/9

20

2/

x3+y3=35

logi(x +y) + log7(x2 — xy +y2) =2

Vx+y +Jx—y =2
\/xz—i-?ay2 —|-\/x2—y2 =4

J2x+y+1-yx+1=1

(dé thi du bilA - 2005)
3X+2y=4

4) Giai phuong trinh: \/1—

sin(X) ++/1+cos(x) =1 (d& thi du bi2A - 2004)



Bai II: Cac cach giai phudng trinh va bat phuong trinh vo
ti.

Liy Thua

Phuong phép Ily thira 1a phudng phap téng quéat nhat dé giai phuaong trinh cé can. Khi gdp cac phuong
trinh c6 dang can phic tap nhung khi ching ta biét “meo Ily thua” thi céNthé’ giadi bai toan mot cach de
dang. Bay la mét phuong phap cd ban, cac ban phai thuc tap nhuan nhuyen vi phuang trinh trong dé thi
dai hoc c6 luc rat dé nhung ta lai khéng dé y. cidc ban hay theo ddi cic vi du sau. Nhung trudc hét hay
luu y van dé sau:

o Dat diéu kién
e L{y thira chan thi hai vé khdng am
e Cac dang co ban:

B>0
v JA=B @ )
A=B
B>0
v JA<B <:>{
0<A<B?
_{B<0
A>0
v JA>B o
B>0
_A>82
VDL1. Jx =J10—x =—/5 —x
Giai:
Vr +J5—x=J10—x
x>0
5-x>0 0<x<5 0<x<5
& & L=
10-x>0 25x —x%2 =5—X 4(5x — x?) = 25-10x + x?
X+5-x+2,x(5-x) =10
0<x<5
, & x=1 v x=5
X°—6x+5=0

vD2. 2x —Jx+3<+/x-1

Giai:

x>1 x>1
& 2\/§=\/x—3 +x=-1 ©

©
4X < X+3+ X -1+ 2,/(x+3)(x-1) VX2 +2x-3>x-1



x>1 x>1
o o & x=1
X2 +2x—=3> x> -2x+1 x>1

VD3, @2x—1Jx*—x+12>6

Giai:
bk: 2x+1>0 & x>1/2
Bpt © (4x%-4x+1)(x*-x+2)=36
Pat t = (x3-x) bpt trd thanh:
(4t+1)(t+2)=36
©4t?+9t-34>0
&t<-17/4 hoact=2
& x?-x<-17/4 hodc x*-x=2
® x<1 hodc x=2

VD4, Giai bat phuong trinh : (Z—x—2)/x—x >0
Giai:
~x*+x=0
e | [x=x*>0 < x=0vx=1
{XZ—X—ZZO
Luu y:

O b4t phuong trinh trén cac ban khdng nén Ity thira dé tinh toan vi qua trinh Idy thira va nhan phéan phdi
rat mat thdi gian. Hon nira, khi quy vé moét phudng trinh hé qua, chidng ta giai rat de sai vi khi giao cac
tap nghiém sé khong co gia tri nao théa man.
Trong bai trén téi st dung cach danh gid theo kiéu nhu sau:

B=0

A+/B 20 & {B >0 D64 chinh 1a m&u chét cda bai toan
A>0

VD5. Gidi phudng trinh @ /x> —3x+1 +Jx2—8 =2
Giai:
V¥ =3x+1 =2-Jx*+38
o 2—Jx*-8>0
> —3x+ 1=4—4/x*-8 +x*-8
2-Jx*—8 >0
Nares 3x—5
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2_(3x—5j20
4

& 13x-5=20 & X=3

x2—8=(3x_5j2
4

Luuy:
Trong phuong trinh trén cac ban phai “d€ y” va “nhanh” mét chdt vi néu nhu ta d€ nguyén phuang trinh
dé cho dé Iliy thira thi d6 1a mét diéu “khdng con gi dai bang” ta sé& d6i mat véi chuyén Iy thira 2 [an =>
mot phuang trinh bac 4. Phuong trinh nay ta khéng th€ bAm may tinh. Nhung néu giai tay thi phai giai “xit
khéi” méi ra trong khi thdi gian khong chd dgi ai. Bong thdi ching ta khong can giai diéu kién voi vi giam
khao chi quan tdm dén bai lam va két qua. Ching ta hay chi viét “cai sudn” cua diéu kién. sau khi giai ra
nghiém chi viéc thé vao diéu kién la xong.

Phuong phap dit 4n phu:

¥ CACH GIAL:
f(u(x);,"/u(x))z 0
f(u(x);,”/u(x))s 0 t=13/u(x) =» Phuong trinh hitu ti hodc hé phuong trinh

fu0):3u(9)=0

v BAI TAP AP DUNG:

VD1. 3(VEx+2)(x—1) =2(x* +x —3)

Giai:
¢>3<\/ x2+x—2>:2(x2+x—3) Dat t= JZ+x—2 =>t>0; t24+2= x? + x
& 3t=2(t>-1)

& t=-0.5 (loai) hoac t=2
Ox?+x=6 << x=2 hodc x=3

VD2, x-Jx+2J/x—1 =2

Giai:

t>0
T=+/X-1 &
t?+1=x

Phuong trinh trg thanh: 2+ 1-J 2+ 214+ 1 =2
DL+ 1-|1+4=2

& t+1-(t+1)=2  © t-1-2=0 < t=2 hoic t=-1
&x=5



VD3. CHx+(x—1)

Giai:

t:(x—l)/%

= t2=(x—1)(x+2)=x2+x—2 :>t2+2=x2+x
pt trd thanh: t°+t+2=8 & t=2 v t=-3
TH1: t=2

©(x—l)/%:2

x—1>0

| +x—2=4ex=2 V x =-3(loai)

TH2: t=-3

x—1<0

PHx—11=0e x= _1_23\/? VXx= _1+23\/? (loai)

® LOAT II: f(yfu(x) +3v(x)) { =0; <0; =0 }
Phuong phap chung:
yu(x) =u - .
=> Pua vé hé phuaong trinh.
mv(x) =v

VD1. 23/3x—2+3/6-5x—8=0 (&8 tuyén sinh dai hoc 2009)
Giai:

{m:u BT
V6-5x=v (v=0) |out3v-8=0

2
§u3+v2=§ §u3+(8_2uj _8 (u+2)(15u® — 26U +20)=0
-3 3 . 3 3 36l g
_8-2u 8-2u V=
V= 3 V= 3
3



LOAI III: HE PHUONG TRINH PA THUC

Nhitng hé phudng trinh nay ta rat thudng hay gdp trong dé thi dai hoc. O Idp 10, ta thudng gdp nhiing
phuadng trinh c6 tén la hé dbi ximng, dang cép... Nhitng hé nay d& co cach giai “an lién”. nhung trong dé thi
dai hoc, ta khong hé tim thay nhitng dang dé. Nhung tat ca cac hé trén déu quy vé mot mai do la "Phén
tich thanh nhéan tu”.

1 1
. N b Svind Sl €Y
VD1. Giai hé phuadng trinh: X y (PH A 2003)
2y =x*+1 (2)
Giai:
DK: xy+0
X =
Ta c6 (1)<:>(x—y)(1+ij=0<:>[ y
Xy xy=-1
X=y=1
TH1: y3 & y3 = ) Slx=y= 15
2y=x"+1 2x=x"+1 (x—l)(x +x—1)=0 2
x:y:_l_\/g
i 2
1
== 1
xy=-1 y S— 2 2
THZ:{y , e ) PN y X Ma x4+x+2:(x2—% +(x+%) +g>O,Vx:>VN
2y=x"+l 1 2_ysi1 |xtax42=0
X

Vay nghiém ctia hé 1a (X;y) 1 1 1

(1) (_“6‘1”5} (—1—5.—1—6
DR , ,

x*+1+y(y+x) =4y (1)

, Y€R). (Du bi A2006
(Ceyexg-y (z) YR (PuRIAz00

VD2. Gidi hé phudng trinh: {
Giai:

(1) = x*+1+y(x+y—4)=0 (*)

Pat: u=x>+1>0; v=x+y—4

—w=0 (3
Hé @{E(Vivz)zs )(4)Thay (4) vao (3) ta co: (3)<:>u+u(v+2).v=0<:>u[1+v(v+2)]=0

SV +2V+1=0= (V+1)’=0v=-1<x+y=3

2 —-Vy= x=1 =-2
Vay (*) < X“+l-y 0<:>x2+1—(3—x)=0<:> =Y
x=3-y X=2=y=5



x3—8x = y* +2y

X, R).(Dv bi 2A 2006

VD3. Giai hé phuong tr‘mh{
Giai:
~y*=2(4 3(x°—y*)=6(4x+2y) (1
-y’ X+y)<:> ( y ) ( y) ( ) Lay (2) thay vao (1) ta cé
X’ -3y* =6 x*-3y’=6 (2)
& 3(x*—y*)=(x* =3y?)(4x+y) = X* —12y*x+ X’y =0 & x(X* +xy —12y* ) =0

Dé thay x=0 thi y=0. Thé vao (*) ta thdy khéng théa man. Vay day khong phai la nghiém cua phuadng
trinh:

2 —12y? = Xx—3y)(x+4y)=
:{x +xy—12y 0@{( y)( + y)

x*—3y* =6 x?-3y* =6
TH1: Y = Y oY 1=x=3
x*-3y*=6 |6y’=6 |y=-1=>x=-3
J78 —4\/78

x=-4y x=-4y T 13
TH2: = =
x*-3y*=6 |13y’ =6 J78 478
y=———>X=——
13 13
Vay nghiém cua phuadng trinh la:

(xy)=(3), (-1-3), [m.%ﬁj’ [—\/ﬁ_ll\/ﬁ]

13 ' 13 13 ' 13
(x—y)(x*+y*)=13 (1)
VD4, Giai hé phuong trinh (Du bi 2005)
(x+ y)(x2 —~ yz) =25 (2)

Giai:
Nhén ca 2 vé& cua (1) cho 25. Nhan ca 2 vé€ cla (2) cho 13. Sau dé lay (1)-(2).
(1)-(2) ©13(x+ y)z(x—y)—25(x—y)(x2+y2):O©(x—y)[13(x+ y)2—25(x2+y2)]:0

& (x—y)(-12xX° +26xy —12y*) = 0 <> —2(x— y ) (—12x* + 26xy —12y° ) =
Dé thdy x=y khong thoa man hé.

33X =2y y=-3
3x =2y 2522y =25<:>{x=—2
(3x—-2y)(2x-3y)=0 2x =3y 9 3
- (x+y)(x*—y*)=25 g ) | [2x=3y
(x+y) (x—y)=25 - . 3
— 2.(— j:25<:> -
i 4 y 2y y=2

Lgi binh:
Lam sao ta cé thé phan tich nhanh (—12X2 +26xy—12y2)thénh nhan tur (3x—2y)(2x—3y)??
Luc nay, cong cu cla chung ta chinh la may tinh bé tui! Cac ban hdy lam nhu sau:

10



Coi nhu ta khéng thdy an y. vy nén ta cé phuong trinh bac 2 theo x:(—12X2+26X—12)=0Chéc

han cac ban déu biét giai phuong trinh bac 2 nay bang mdy CASIO. Ta bdm dudc nghiém:

X=va=§. Luc nay ta goi lai an y bang cach thém y vao sau cac nghiém tim dugc.

3 2 A 2 X \ . \ v n r n > A n ’ ’ Ay
X=§va:§y. Quy dong bo mau vi mau la hang s6. ta c6 nhan t& can phan tich. Luu y la
(—12X2+26xy—12y2):O < (3x—2y)(2x—3y)=0. Néu giai bt phuadng trinh, ban nén chd y dén

dau khi phan tich (Trudng hgp nay la dau - : (—12X2 +26xy—12y2):—2(3x—2y)(2x—3y)=0)

= Khi gdp dang phuong trinh da thic c6 hang s6 & phia vé& phai (hodc c6 thé dua ca 2 phuong trinh
vé dang cé hdng s6 & v& phai), Ta nhan ca 2 v& cla phuadng trinh trén cho s6 & v& phai cia phuadng
trinh dudi va nhan ca 2 vé cua phuadng trinh dudi cho s6 & phuadng trinh trén. Sau do trir vé theo
vé. Muc dich cua phudng phap nay la quy hé vé phudng trinh tich sau dé ti€n hanh phan tich. Hau
hét cac loai phuadng trinh da thirc déu giai dugc theo cach nay!

Bai tap tu luyén

B 1 {x“ X’y +x°y* =1 Bai 7 {x“ +2x°y + X*y? =2x+9

- Xy —x>+xy=1 X> +2Xy =6X+6

Bai 2 {x2+y2+x+y:4 Bai 8. {XY+X+1=7Y
x(x+y+1)+y(y+1)=2 X*y? +xy +1=13y°

gaia. |0 YY) Bai 9. \/m4—\/§=8—x3
X2 +xy+y?=7(x—y)’ (x-1) =y

o 4 log, (x*+2x* —3x—5y) =3 3 ZYZXJZFZ
Iogy(y3+2y2—3y—5x):3 Bai 10. 240
X(x+y+1)-3=0 3= y?

BaL (x+y)2—%+1:0 § X_lzy_i
oy Baill. X 3 y

B3 6 {;Siyyzs L 2y=x"+1

11



Bai III: Phuong trinh lugng giac.

Mot s6 cong thuc lugng giac can nhd:

1. sin’x+ cos’X = Ll+tan’x=———;1+cot’ x=———.
cos® X sin’ x
sin x COS X 1
2. tanx=—-;cotxX=——;tan X = —— .
COS X sin x cot X

sin(axb) =sinacosb + cosasinb

3. Cong thic cong: . .
cos(a+b) =cosacosbFsinasinb

4. Cong thirc nhan doi: sin2x = 2sinxcosx

5. cos2x = cos’x - sin’>x = 2 cos’x - 1 = 1 - 2 sin’x
. i . ) 1+cos2x . , 1-cos2x
6. Cong thi'c ha bac: C0S™ X = T;Sln X= T
7. Coéng thirc nhan ba: Sin3x = 3sinx - 4sin®x; cos3x = 4cos>x — 3cosx.
8. Cong thirc biéu dién theo tanx:
2tan x 1-tan®x 2tan x

SiN2X = ————;C082X = ————;tan2x = -
1+tan“ X 1+tan® X 1-tan“ X

cosacosh = %(cos(a —b) +cos(a+h))

. . . . 1
9. Céng thiic bién ddi tich thanh téng < sinasinb = E(cos(a— b) —cos(a+b))

sinacosb = %(sin(a—b) +sin(a+b))

. i . X+ X—
7 SinX+siny =2sin ycos y
2 2
. . X+y . X—
sinx—siny = 2cos 2y5|n 2y
10.Cong thirc bién ddi tong thanh tich <
X+ X—
COS X +COS Y = 2C0S ycos 2y
. X+Y . X—
\ COSX—COSYy =-2sin 2ysm 2y

12



Cach giai cac phuong trinh luong giac trong dé thi dai hoc:

Luu y trude khi giai dé:

Céc phuadng trinh lugng gidc trong dé thi dai hoc nhin qua mat hoc sinh thudng rat khé khan phic tap
nhung chung déu quy vé nhitng phuadng trinh don gian. Bé thi dai hoc cdc nam déu xoay quanh bién
déi vé dang phuong trinh tich, dat 4n phu. Ndm 2009, dé thi cé bién ddi hon dé la phuong trinh cudi
bién ddi vé dang cdng thic cdng. Nhin chung phudng phép gidi dang todn nay la cdc em hoc thudc cac
cOng thic trén day va ren luyén ki nang phan tich da thiic thanh nhan tor...

GIAI MOT SO PE THI TIEU BIEU:

1. Giai phuadng tr‘mh:25in(2x—%j+4sin X+1=0 (1)
Giai:
(1) & \/§sin2x—0052x+4sinx+1=0 e 25inx(J§cost+2)—23in2x=0

sinx=0< x=kr

& 2sinx{+/3cosx—sinx+2)=0 &
(\/_ ) ﬁcosx—%sinx=—1c>cos[x+%)=cosx

X=kr
& x:5—ﬂ+2k7z
6
X=_7—7[+2k7r
L 6

2. Tim nghiém trén khoang (0; 7 ) cua phuaong trinh :
., X 3
4sm2E—\/§c032x:1+2cosz(x—7ﬁ)
Giai:
Tim nghiém € (0,n)
) 3
Ta co 4s1n2§—\/§cos2x=1+2cosz(x—7nj (1)

(1) <:>2(1—cosx)—\/§c052x:1+1+cos(2x—3§j

(1) c>2—ZCosx—\/§COSZX=2—sin2x
(1) c>—2005x=\/§cos2x—sin2x. Chia hai vé cho 2:

1.
(1) <:>—cosx:73c032x——sm2x

@cos(2x+gj:cos(n—x) <:>X=1—+k— (a) hay x=—%n+h2n (b)



Do xe(0,m) nén ho nghiém (a) chi chon k=0, k=1, ho nghiém (b) chi chon h = 1. Do d¢ ta c6 ba

5w 177w 5w
nghiém x thudc (0,7) la x; =—,X, =——,Xy = —
gnic e (0.7) 12 x, 18772 18777 6

3. . Giai phuong trinh :Zﬁcoss(x—%)—?,cosx—sinx=0 (2)
Giai:

3
(2) @{\Ecos(x—gﬂ —3cosx—sinx =0

.3 :
< (cosx +sinx)’ —3cosx —sinx =0

&> c0s> X +sin> X +3cos” xsinx +3cosxsin’ x —3cosx —sinx =0

cosx=0 cosx =0
V3 - hay 2 3 2 3
sin” x —sinx =0 I1+3tgx +3tg"x +tg'x -3 -3tg"x —tgx —tg’x =0

<:>sin2x=1hayth=1<:>x=g+kn hay x:§+kn

. . cos2x -1 " e
4. . Giai phuong trinh :tg(£+ X)—3tg2X=—2 (Dé dy bi khéi B 2005)
2 COS” X
Giai:
. 2

2. —2sin“Xx

(2) & —cotgx-3tg’x=—7—
COs™ X

@—L—tgzx:Oth%:—l@tgx=—1<:>x:—E+kﬂ:,keZ
tgx 4

Q% PHUONG PHAP PAT AN PHU TRONG PHUONG TRINH LUONG GIAC:
A. Dat t=sinx
Cos’x= 1 - sin’x = 1-t2 te[-1;1]
HJ t2

cos?x 1-t2
Cos2x = 1-2sin’x = 1-2t2
Sin3x = 3sin x—4sin®x =3t —4t°

B. Datt = cosx

sinx=1-cos*x=1-t> Cos2x = 2t% +1
2 2
sin“x 1-t
tan’ x=———="— cos3x =4cos’ x—3cos x =4t> -3t
cos’x t

C. Dbat t= tanx
14



1
cotx:f cos® x =

t2
2 42
sin x = —— COS2X ="
1+t 1+t
. 2t
sin2x=2t 5 tan2x = —;
1+t 1+t
asinx+bcosx atanx+b at+b
csinx+dcosx ctanx+d ct+d
D. Pat t=sinx £ cosx te [—\/E,\/E]
2 —
sinxcosx = sin2x=i(t2 +1)
-3 3 - -2 2 - tz _1 3_t3
sin® x+cos® x = (sin x+cosx)(sm X +C0s? X —sin xcosx):t 1— ==
% NGUYEN TAC CHUNG DE GIAI PHUONG TRINH LUQNG GIAC
Bién doi: & Patt
= Phan tich thanh tich
Nguyén tac :
> Liy thtra = Ha bac
» Tich & Téng
» Téng = Tich
Bién déi khéng dugc thi déi bién.
GIAI MOT SO PE THI TIEU BIEU:
.. COS 2X . 1.
B3i1. cotx—1= +sin? x—=sin 2x
1+tan x 2
Giai:
bat t=tanx, pt trd thanh:
)
1 1+t? 2 1 2t
“-1= +—— - ——(t= 0t = -1)
t 1+t 1+t° 21+t
2332 42t-1=0 et=1 <:>tanx:1<:>x=%+k7z

Bai 2. COS3X+C0S2X—CcosX—1=0
Giai:
bat t=cosx, pt tré thanh:
AP -3t+2t°-1-t-1=0

15




t==+1 cosx=+1 X=kr

& 1o =
t=—1 cosx:cosz—” x:iz—”+2k7z
2 3 3

Bai3.  Giai phuong trinh:  1—sinX ++/1—cosx =1 (d& thi du bi2 A - 2004) (1)
Giai:
(1) < 1-sin x—cosx+2\j(1—sin X)(1—cosx) =0

bat t=sinx +cosx
2

&> SN XCOSX =

L t?2 -1
Pt trg thanh: 1-t+2,[1+

—1=0 ot*-2t+1=44+2" 2-dt = (t-1)°=0=t=1

Sinx+cosx =1 < \/Esin(x+%j:1 e Sin(x+%jzsin[%j @ X=kmr

.. . cos?
Bai 4. SIN X+

_ X +6tan’ x(1-sinx)=2
1+sinx
Giai:
bat t=sinx te[-11]
pt trd thanh:
2 2
1-t 46 t
1+t 1-t

t+ S(1-t)=2< 6t -t-1=0

X:£+2k7r
6

) 1
sinx==
= 2 = 2 = x:%+2k7z
t=— |sinx=sina
3

-1
X =arccos— + 2krz

.. . 1
Bai 5. sm6x+cos6x=zc058x (1)
Giai:

3

(1) ® 1—§sin22x:10058x<:>1—— 1-cosdx)_1
4 4 4

= —C0s8X
2 4
Dat t=cos4x te[-11] pt trd thanh:

t=£ ax=" 1Kz x:£+k—7Z
3(1—tj_1 4 - 16 4

2
1-= —(2t2—l)c> =S
4 4 R N DV IV .
2 4 16 4

2
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Bai tap tu luyén

> sin2x+sinXx — 1 —_1 =2cotg2x
2sinx  sin2x

> sin S—X—E —CoSs x_r =\/§cos3—x
2 4 2 4 2

> 20052x+2\/§sinxcosx+l :3(sinx+\/§cosx)

sin2x  cos2x
> +— =tgx —cot gx
COS X sin x

> (2cosx—1)(sin x+sin2x)—c032x=%
> (2sinx+1)(2cosx—1)=1
> sin3x+cos3x:\/§(1—sin XCOS X)

. X
> 2sIn xcosE—cosx=1

> sin* x+cos’ x+cos(x——j Sm(3x__j_§:

. 2sinx+cosx+1 N -
» Cho phuadng trinh: — =a (2) (bé du bi khoi a 2002)
SINX—2C0SX+3

1
1. gidi phuong trinh khi a=§
2. tim a d& phuong trinh (2) cé nghiém.
. X
> tan X+Cos X —Ccos® X =sin x(1+tan X tan Ej

(2—sin2 2x)sin 3x
cos” x

> tan*x+1=

2 S

17



Bai IV: Tich Phan

Luu y trude khi giai dé thi:

Tich phén l1a bai todn rat thudng xudt hién trong dé thi dai hoc. K& tlr nam 2002, khi bat dau tién hanh thi
“Ba chung” cac dang toan tich phan va Ung dung luén xudt hién va la cau 1 diém. Bai tadp phan nay
khdng qua khé nhung van phai doi hoi ki ndng phan doan, phén tich d&, va ndm rd dudc cac cach lam bai
todn tich phan co ban nhu ddi bién s6 va tinh theo tich phan titng phan... cdc em cung theo ddi cac vi du

dudi day.

NGUYEN TAC CHUNG PE GIAI BAI TOAN TICH PHAN:
Gom co6 2 phuong phap chinh:

A. DOI BIEN:
o DJi bién loai 1:
f(u(x))u'(x)dx > détt=u(x)
Chu y: Céc biéu thic cé6 quan hé dao ham

GIAI CAC Vi DU:

>
VD 1. Tinh tich phan: | =J‘%
5 3+C0S” X
Giai:
DAt t =3+c0s” x = dt = 2c0s x(—sin x) dx = dt =—2sin 2xdx
X 0 L2
2
t | 4 3
4
— 4
=J.£=In|t| = =Ini
x 3 3
6
VD2, Tinh tich phan: j ( D& DB 1A - 2006)
5 2X +1+\/4x+1
Giai:
1
Dit t=\4x+1 =t =4x+1= Etdt =dx
X | 2 6
t | 3 5

5
—j at Zz{ln|t+ﬂ+i} 3ot
t+1 3(t+1) t+1]3 2 12

T
VD3. Tinh tich phan: | =
;[ cos xJ1+tan X

18



Giai:

Dit t=+/1+tan x = t* =1+tan x = 2tdt = dx

cos? x
X
0

VD 4. Tinh tich phan: |= f 3-2Inx
1 Xv1+2Inx

Giai:

Pt t=/1+2Inx = t? =1+2Inx:>tdt=%

e
V2

X
t

dx.

ﬁ"ﬂbla

V23 (t?2 = N

| = fwtdt: f(4—t2)dt=10\€_11
1 1

Déi bién loai 2:

> BA&c tr I6n hon bac mau: < chia da thirc
» Bac t&r nhoé han bac mau:

1.

2 Xét quan hé dao ham = Dai bién
= Mau co nghiém~3 Tach phan thirc
= Ham h{tu ti (mau v6 nghiém):

du N
j—z bat u(x)=atant
2
(u(x)) +a
> Ham can thuec:
2
a’ +(u(x)) = D&t u(x)=atant

a’ —(u(x))2 = D3t u(x)=asint (hodc u(x)=asint)

VD 5. ox

x?+9

Tinh tich phan: I=

O ey O

Giai:
bat x=3tan(t)
= dx =3(tan2t+1)dt

19



X |0 3
t ‘ 0 K
4
| j.3(tan2t+1)dt 1t£ =
= = — 4 -
o 9tan’t+1) 3|y 12
S
2
VD 6. Tinh tich phan: | =.[ ox
2
1 9—(X—l)
Giai:
bat x-1= 3sint
= dx =3costdt
X
1 5
2
t 0 3
6
% 3costdt & costdt 8 costdt z T
I =I - ZI - =I =t 6 = —
0 \/9—93”121: 0 \/1—S|n2t 0 |COSt| 0 6
3
VD 7. Tinh tich phan: | :I d
1 X2 X% +3
Giai:
Pt x=+/3tant = dx = \/§(tan2 x+1)dx
X | 1 3
¢ z z
6 3
2 (" 5
| —J- ﬁ(tan t+1) dx_lj cos’ t ___]_j.(;ostdt
3tan’ty3tan’+3 37sin’t [ 1 33 sin?t
6 cos’t \ cos’t 6
1 7
I __Ej%d(sint)__ 1 3 6-23
37 sin’t 3sint |z 9
. G
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PHUONG PHAP TINH TICH PHAN TUNG PHAN:

Cong thirc:

b b b

judv: uv —jvdu (1)
a a a

Cach 18y phan cac tich phan:

Ki hiéu P(x) la da thic. Khi gap hai dang nguyén ham sau day, ta thudng dung phudng phap tich phan
tirng phan:

> Dang 1: J.P(X)In xdx > ta ddtu=Inx (Do Inx khéng cé nguyén ham)
eax+b
> Dang 2: IP(X). sin(ax+b) dx < ta ddt u=P(x)
cos(ax +b)
V@i cach 8y khi 18y cong thirc 1 ta s& dudc bai todn dan tdi nguyén ham ddéng dang véi bac cta P(x)
thap han...

GIAI CAC Vi DU:

O'—.l\)\;\

VD 1. Tinh tich phan: | = | (Xx+1)sin2xdx. (dé du bi khéi D 2005)
Giai:
U=X+1=du=dx T o
3 —(x+1) 5.1 a
bat: ) -1 =1= Ccos2X| 2 +—jc032xdx=—+1
dv =sin2xdx = v = —c0s 2X 0 2% 4
2
VD 2. Tinh tich phan: | =j(x—2)|nx dx. (dé du bj kh6i D 2006)
1
Giai:
1
u=Inx du=;dx e 2 20y c
bat: = =1l=—-2x|Inx —I —=2|dx=-In4+—
dv =(x—2)dx x? 2 1 4
V=—-2X
2
T
VD 3. Tinh tich phéan: jsin \/;dx
0
Giai:
O -
4
t 0 Z
2

21



Giai:

Giai:

D3t t=/X = t? = x = 2tdt = dx

B =2|tsintdt

O N [Ny

/4

2
Tinh | =jtsintdt
0

. ju=t du =dt
bat: ) =
dv =sintdt vV =—cost

/4

) i
| =—tcost|2 +Icostdt=—£cos£+0c030+sint 2=1
0 0 2 2 0

B=2I=2

2
VD 4. Tinh tich phan: A:IeX cos xdx
0

dv = —sin xdx V =—CO0S X

V4 /4

T 5

. u=e* du =e*dx
Dat: =

T

p 2 2
- - VA
A=—-e*cosx|2 +J‘eX cos xdx = —e? cosE+e° cosOJrIeX cosxdx=1+J'eX COs xdx
0 0

0 0

/4

2
Tinh K = jex cos xdx
0

. |lu=¢e* du =e*dx
Dat: = .
dv = cos xdx V =Sin x

i
K=e"sinx|2 -
0

T

e*sinxdx =e2 — A

O N [ Ny

T

1+e2

Thay vao (1): A=1+e2 —A=2A=1+e? = A=

VD 5. Tinh tich phan: A=Ixsin X c0s? xdx
0

22
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u=x du =dx
bat: ] ) = . )

dv =sin xcos” xdx v=_[sm X C0S~ xdx
Tinh: v =Isin x cos? xdx

bat : t =cosx = dt =—sin xdx
3
Cos” X
+C

_ 43
v=—[tdt="+c=-
3

cos® x
3

Chon C=0=v=—

3 V1
cos X ﬂ+1jcos3 xdx=£+1K (1)
3 [0 3) 3 3

Vay A=-X

Tinh K = ]20033 xdx = ]E(l—sin2 x)cos xdx
0 0

bat t=sin(x) = dt = cos xdx
X |0 T
t |0 0

K:T(l—tz)dt:o
0

7 1 T
Thay vao (1): A=—+-K=—
y (1) 373 3

5 )
VD 6. Tinh tich phéan: D=J'X+Sln de
° 1+cosx
3
Giai:
O U= xesinx du = (1+cos x)dx
X +Sin X . 1
D=I » bat: Jdv= XdX:> X
oz
n 2
Vay: D=(x+sinx)tan5 2—_[(1+cosx)tan5dx: Zi1l- £+ﬁ ﬁ—K (3)
2\ 4 2 2 3 23
3 3

[N

z
2 X

2
VéGi: K = (l+cosx)tan§dx=chosz—tan§dx:jsinxdx
2 2 2 z

w‘@!—’m\a

i
3 3
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=—COSX

Thay vao (3) ta c6: D=

w|y Nlél
Nll—\

(9+2\/§)7z

18

L&i binh: O tich phan tiing phan ta c6 cach nhd dat u nhu sau: nhét “log - nhi “da” (da thuc) - tam
"Luong” (Lugng giac) — T "md”. Trong phép tinh tich phan tirng phédn, gap phép nao ding trudc trong 4
phép trén, hdy dat u bdng phép do!

Bai tap tu luyén

7
0‘0

Tinh tich phan: % Tinh tich phan:

| = | sin® x.tgxdx | = «/tan X + cot? x — 2dx

o'-—;w\h\
o\a'—.wm

Tinh tich phan:

% Tinh tich phan:
I_j' X+2dx in ”IC phan
= 3 E
o Yx+1 e | = j,f2(1+0052x)dx
Tinh tich phan: | = J.x In xdx 3

0 % Tinh tich phan:
Tinh tich phan:
sin4xsin 3x

——dx
tan x + cot 2x

sin x

= | (tgx +e™"* cos x)dx

O'—.b\h\
Il
o N —w |y

Tinh tich phan:

| = J'|cos X| Jsin xdx
0

10
dx
Tinh tich phan: I:I
g X—24/x-1
Tinh tich phén: | = j‘fﬂdx
1 xJ1+2Inx
s T xsinx
Tinh tich phan: :'[
< 1+sin” x
5
, , sin x +sin® x
Tinh tich phan: =.[
5 C0S2X

Tinh dién tich hinh phang gidi han bdi parabol (P):y = X2 —X+3 va dudng thing
d:y=2x+1.
’ - A s N 2 . 7. 2, 7 \ 2 X2 27
Tinh dién tich hinh phéng gi6i han bdi cac dudng: (C1)y =x ;(CZ)y:E;(C3)y:—
X
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Bai V:Cac bai toan lien quan den ung dung cua dao ham va
do thi ham so.

Luu y trude khi giai dé thi:

Céc bai todn dang nay 1a céu chiém 1 diém, thudng ndm & ciu th 2 sau phan khao sat ham sé trong dé
thi dai hoc. Muén giai dudc dang toan nay ta can ndm virng céac li thuyét vé su tdng, giam ham sg, cac
van dé vé cuc tri, su tuong giao gilra hai do thi (diéu kién ti€p xuc cua hai dudng cong)... Cac vi du dudi
day s& trinh bay mot cach c6 hé théng cac van dé néu trén va cach giadi don gian va dé hiéu nhat. Cac
ban tham khao cac vi du sau day:

I: SU TANG GIAM CUA HAM SO:
Nhdc lai kién thdc:
Cho ham s8 y = f (x)c6 dao ham trén mién I

f(x)=0;vxel = Ham s6 tang
f(x)<0;vxel = Ham s6 giam

VD1. Choham sé: y= f(x)=%x3—mx2+(m2+m—2)x

Tim m d& ham s6:

a. Tangtrén R

b. Giam trén (0;2)

c. Tang trén (4;+x)

d. Giam trén doan cé d6 dai bang 2

e. Tang trén 2 khoang (—0;4) va(2;+x)
Giai:
T™XDb: D=R
Y =X —2mX+m*+m-2=A'=—m+2

a. Ycbt © A'SO0e-—m+2<0&m=>2

y'(0)<0  [m?>+m-2<0
b. Ycbt & = < m<l
y'(2)<0  |m*-3m+2<0
Vi
X -00 0 2 +0o0
F'(x) + - +
C. Ycbt®

TH1: A'<S0< —m+2<0em=2
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A'>0 m< 2
TH2: {y'(4)20<{m*+9m+14>0
S m< -4

—<4
2

e(—mﬁ—?)

Vay ycbt &

2A

d. Ycbt <:>|x1—x2|=2<:>W:2c>2\/—m+2:2<:>—m+2=1<:>m=1
Chuy:
—b+JA" —b-JA' 2JA
xim VAL g VAL = 2R
a a al
e. Ycbt
A'<0
A'>0

y'(4)20

‘m>2
-m+2>0
) m22
S| Ime+49Im+14>0 < 9<
V'(=2)20 e amios0 )
—4<%<2 -4<m<?2

2
VD 2. Cho ham s6 y:%xz+mxz+(m—m2)x+m? tim m dé€ ham s&:
Gidm trén mién xac dinh.
Tang trén (0;2)
Giam trén (6;+o)
Tang trén doan cb d6 dai bang 2
Giam trén 2 khoang(—o0;0) va (6;+)

O

Giai:
MXD: D=R
y'=—x*+2mx+m-m?’
A'=m
a. Giam trén mién xac dinh.
SA' <0 m<0

b. Tang trén (0;2)

y'(0)=0 [-m*+m=0
= = < m=1
y'(2)=0  |-m*+5m+4>0

c. Giam trén (6;+o0)
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TH1: A'<O=m=<0 (RS rang vi gidm trén D cling c6 nghia I& gidm trén (6;+o))

A'>0 m>0
TH2: {y'(6)<0<{-m*+13m-36<0
S m<6

— <6
2

m<0
Vay YCBT < om<4
me[0;4]

d. Tang trén doan c6 dd dai bang 2

2 /A
g

e. Giam trén 2 khoang(—;0) va (6;+x)
TH1: (Gidm trén D):
A'<0<=m<0
A'>0
y'(0)<0
TH2: {y(6) <0< 1<m<4

S -X|=2e"F=2c2m=2cm=1

O<§<6
2

] m<0
TOm lai: ycbt &
1<m<4

II: CUC TRI CUA HAM SO

Nhéc lai kién thuc:

X Xo
Y’ + 0 -
Cuc bai
X Xo
Y’ - 0 +
Cuc Tiéu
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1 . -
Bai 1: Cho (Cm) y=§x3—mx2+(2m2—1)x+m3—m . Tim m d&:

a. Tim m dé C c6 diém cuc dai ndm trén Oy

b. Ham s& dat CD va CT tai diém cb hoanh dd <1

c. Ham s§ dat Cb va CT tai diém c6 hoanh dé >-1

d. Ham s& dat CP va CT tai diém cb hoanh dd nédm trong [-2;3]
e. Ham s6 dat CD va CT tai diém c6 hoanh dé duong

f. Ham s6 dat CD va CT tai diém c6 hoanh d6 trai ddu nhau

g. Ham s8 dat CD va CT tai X1;X> sao cho()(13 +X23) nhé nhét

Giai:
MXD: D=R
y'=x*—2mx+2m* -1
A'=-m’+1
A'>0:
X —00 X3 Xz 100
Y’ n 0 - 0 +

cb

Y / \U/

a. Ycbt & Ham s6 dat cuc dai tai x=0

y'(0)=0 2 4 _
@{Zm 1=0_ J2

& S =—
O0<— m>0 2
2
b. Ycbt:
, Im| <1
A'>0 -m°+1>0
' ) m<0
<1y'(1)>0=42m’ -2m>0< ol -1<m<0
>
S m<1
—<1 m<1
2
c. Ycbt ¢ Ham s8 dat CD va CT tai diém cé hoanh db >-1
, Im| <1
A'>0 m° <1
. ) m>0
<qy'(-1)>0e2m’+2m>0< o 1<::>O<m<1
<_
S m>-1
—>-1 m>-1
2
d. Ham s& dat CP va CT tai diém c6 hoanh dd ndm trong [-2;3]
A'>0 |m|<1
(-2)=0
v'(-2) 2m? +4m+3>0(vm)
Ycbt < y'(3)20 © < -l<m<l1
2m? —6m+8>0(Vm)
—2£%£3 -2<m<3
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e. Ham s6 dat CD va CT tai diém c6 hoanh dé duong

-1<m<l1
A'>0 -l<m<1 mg—ﬁ
Yebt < 1y'(0)20<42m*-1>0 < 2 ©££m<1
S m>0 mzﬂ 2
0<— 2
m>0

f. Ham s6 dat CP va CT tai diém c6 hoanh d6 trai ddu nhau

'(0)<0 _
o v'(0)< <:>2m2—1<0<:>£<m<£
A'>O:|m|<1 2 2

g. Ham s8 dat CB va CT tai x1;x2 sao cho (X13 +X23) nhé nhat

A'>0
Ycbt 1
e P=(x1+x2)3—3x1x2(x1+x2)—>min (1)

X, X :2m2_1 —m2 +1>0
Vi 2 Vay ta c6 (1) < 3 2 :
X, + X, = 2m P =(2m) —3(2m? ~1).2m — min
-l<m<l1
P =4m® +6m — min
mo V2
=>P'=-12m°+6=>P'=0< 2
2
m=——o
2

Bang bién thién:

&

X 1 400
2
Y’ + 0 -
2\2
Y / \
2

—/2
P =—2J2 khi m:T“/_
L&i binh: )
C6 |& cac ban dang thdc mdc: “Tai sao lai c6 nhitng I8i gidi ngan gon va de dang nhu vay?” Bi quyét ndm &
bi€u thirc y’ va dau cla nd. Lac nay, tat ca yéu cau bai todn (ycbt) lién quan dén cuc tri déu ndm an dudi

nhirng dau + - cua y’. Va truc quan hon nifa, ta thay dudc hudéng di cia minh qua bang bién thién. Toi sé
minh hoa ki cdu d cua vi du trén day:

Ycbt : Ham s6 dat CB va CT tai diém cé hoanh dé ndm trong [-2;3]
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- D& cb cuc dai va cuc tiéu & y’'=0 ¢ hai nghiém = A'>0
- V@& bang bién thién:

X —00 -2 X1 % X3 3 —+00
Y’ 0 0 i 0 n
Cb
CcT

y'(-2)=0 :
( ) . Vay la diéu kién thr 2 da dudc biéu hién rat ré rang trén bang bién
' >

y'(3)=0
thién. Day thuc ra la xét quan hé vé ddu cia hé s6 a: af () nhung & day khi ta da biét rd dau

TU d6 ta co {

cta a thi chi can dat ddu dé vao trudc f () 1a dugc. Péy ciing ¢ thé la budc rit gon thai

gian ma cac em nén lam, trdnh khai trién mat thdi gian.
S N . N > N ’ & _b ~ A~ &
- E la tdng hai nghiém X;;X, cua phuadng trinh y’=0 hay bang 2— RO rang néu X;;X; nam
a

S ~ 2. v Ay N Ay . . 7 ~n 7 X \ \
trong [-2;3] thi E cling phai nam trong doan nay. Vi 2— la gia tri co thé rdt ra dé dang tu
a

phuong trinh g6c nén ta chon gia tri trung binh nay lam diéu kién. &Nt that th& 3 dudc g&
bd.

- Ldi khuyén dd la: khi gap nhitng dang toan nhu trén hoc sinh hdy vé bang bién thién nhu
trén ra gidy nhap sau do tuy theo cau hoi ma dién cac thong s6 thich hgp vao bang. tir do
moi hudng giai déu dugc phoi bay!

T6i c6 tham khao qua mot vai tai liéu clia cac thay c6 gido thi thay phan I6n cac sach déu trinh bay i
gidi mot cach may modc, khéng truc quan, nhiéu lic cd thé coi la ludn quén. . Vi du: tim m d& ham s6
y=f(x) tang trén (1;+ ), cac thay cb trinh bay trong sach cling nhu trén I6p theo phuong phap Min-
Max, xét nhiéu trudng hgp... Nhitng cach giai dé khong phai la sai tuy nhién diéu do doi khi lam khd cac
em hoc sinh trong qua trinh tu duy tim trudng hgp, nhéat Ia cac em hoc sinh trung binh. Phuong phap
xét ddu trinh bay trén day vira ngan gon rd rang lai khéng boé soét trudng hgp. bai toan dugc don gian
hoa.

2
. e ea o . . X ax” +hbx+c . .
%+ Cach giai trén clng ap dung dugc cho ham s0 y=—————— vi dang dao ham
a'x“+b'x+c
a bl , _|la ¢ b ¢
X" +2 X+
@ b’ A .
y'= . Trong trudng hgp nay, tuy biéu thuc ¢ mau coé nghiém hay

2
(a'x +b'x+c)
khong ta dat thém trudng hop. Vi mau thiic >0 nén khi xét dau ta chi can xét ddu tlr s6 tuong tu
nhu cac vi du trinh bay 4 trén.
« Dang ham s6 nay da khong con thong dung ( chi gidi thiéu so lugc trong sach gido khoa) nén xu
. " L T N . ax+b
hudng ra dé chi xoay quanh 3 ham la: bac 3, trung phuong va y =—b
a'x+
Bai 2: Cho (Cm): y=x"—3mx’+3(m-1)x+4
Dinh m dé:
a. C(m) cb hai diém cuc tri A;B sao cho AB thang hang véi C(1;-1)
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b. C(m) c6 hai diém cuc tri A;B sao cho AB =2./5

c. C(m) co hai diém cuc tri A;B sao cho AB cach déu A:y=2
Giai:

MXD: D=R

. '=0
Toa do 2 diém cuc tri thoa hé: {y
y=1(x)

vay:  y'=x"-2x-m+1=0
y=x*=3mx¢* +3(m-1)x+4 =y = (X’ —2x—m+1)(cx+d)+ax+b=ax+b
0
&y =(X* —2x=m+1)(x—1)-2mx—m+5
x> +2x-m+1=0(1)
{y:—me—m+5(2)
C(m) cd hai cuc tri & (1) phai c6 2 nghiém phan biét ==A'>0 =m>0

a. C(m) cb hai diém cuc tri A;B sao cho AB thadng hang véi C(1;-1)
(2) = phuong trinh dudng thadng qua hai diém cuc tri la y=-2mx—m+5
Vi AB thang hang véi C(1;-1) = C € AB nén: -1=-2m.1-m+5 < m=2
Vay vdi m=2 AB thang hang véi C(1;-1)

b. C(m) c6 hai diém cuc tri A;B sao cho AB = 2./5

@)=l -x) -2 -2/
(2)=1y, —y1|:‘—2m(x2—x1)‘:‘—4m\/ﬂ = AB:\j(XZ—X1)2+(y2—yl)2 25
m=1
=16m°+4m=20 = 5 Sosanh dk= m=1
m=-2=
4

c. C(m) c6 hai diém cuc tri A;B sao cho AB cach déu A:y=2
Yebt < d(A;A)=d(B;A) v6i Ary=2
yl_ZZY2_2 |:y1:)/2
=
Y=2==(¥,-2) |vi+Y,=4
< (—2mx, —m+5)+(-2mx, —-m+5)=4 < -2m(x, + X, ) —2m+10=4
<= -2m2-2m+10=4<=m=1

<:>|Y1_2|:|Y2_2|<:>{

Bai 3: Cho (Cm): y=x’+3x"-3(m-1)x
Dinh m dé:
a. C(m) cb hai diém cuc tri A;B sao cho AOAB vudng tai O
b. C(m) c6 hai diém cuc tri A;B ndm khac phia vé&i truc Ox
c. C(m) c6 hai diém cuc tri A;B cung phia vdi truc Oy
d. C(m) c6 hai diém cuc tri A;B ndm cach déu dudng thdng y=5
33



e. Cb dudng thang di qua hai diém cuc tri cach gdc toa dd mot khoang bang 1

f. C6 dudng thang di qua hai diém cuc tri tiép xUc véi dudng tron (X—l)2 +(y—1)2 =4

g. Cb6 dudng thang di qua hai dié:m cuc tri tao v@i hai truc toa d6 mét tam giac can

h. C6 dudng thang di qua hai diém cuc tri tao vdi hai truc toa dd moét tam gidc c6 dién tich =8
Giai:
MXD: D=R

Ao . ]y'=0
Toa do 2 diém cuc tri thoa hé:
y="f(x)

Y X1+ 2x-m+1=0
=43

y=x*+3x* =3(M—1)x = (x* + 2x—m~+1)(x+1)—2mx+m—1
x> +2x-m+1=0(1)
y=-2mx+m-1(A)

C(m) cd hai cuc tri & (1) phai c6 2 nghiém phan biét == A'>0 =m>0 (*)
a. C(m) cb hai diém cuc tri A;B sao cho AOAB vuéng tai O
Yebt <> OA L OB

OA=(X,:Ya)

OB =(Xg; Y5 )

S XX, + V1Y, =0 XX, +(—2mx, +m—1)(-2mx, +m-1)=0
S XX, +AMX X, +(—2m2 +2m)(x1 +%,)+(m-1)" =0

& (-m+1)+4m* (-m+1)+(-2m”+2m).-2+(m-1)° =0

& —4m® +9m’ —=7m+2=0 < (-4m’ +5m—2)(m-1) =0 <>m=1 (thda diéu kién(*))

<> OAOB Véi {

UN vi A=-7 W
b. C(m) c6 hai diém cuc tri A;B ndm khac phia véi truc Ox
Yebt < y,.y, <0 < (-2mx, +m—1)(-2mx, +m-1)<0

> AmPxx, +(-2m° +2m)(%, +x,)+(m-1)° <0

< 4m? (-m+1)-2(-2m +2m)+(m-1)" <0 / , ! X1 N
<:>—4m3+9m2—6m+1<0c>(—4m+1)(m—1)2<O \/
>0 CT
1
m>=
& 4
m=1

c. C(m) c6 hai diém cuc tri A;B cung phia vdi truc Oy
Ycbt < XX, >0 (X cung dau véi X,) <& -m+1>0<m<l
d. C(m) c6 hai diém cuc tri A;B ndm cach déu dudng thdng y=5
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=M (-L3m-1) Yebt <5=3m-1<m=2

, . R - , A +X
Ycbt : = y=5 cat (Cm) tai trung diém AB. M la trung diém AB cé toa db (Xi 2;—2mx+m—1j
So sanh vdi diéu kién (*) ta thdy m=2 la két qua can tim.

e. C6 dudng thadng di qua hai diém cuc tri cach gdc toa dd mot khoang bang 1
Ary=-2mx+m-1< A 2mx+y—-m+1=0
2m.0+0—-m+
Yebt<> d(O;A) =1 < | _ 1 =1e(-m+1)° =(2m)° +12 < 3m* +2m =0
(2m)" +1?

m=0
-2
m=—

& So sanh vdéi diéu kién m>0 ta nhan thay khong cd gia tri m thoa man yéu cau bai toan
3

f. Co6 dudng thang di qua hai diém cuc tri tiép xuic véi dudng tron (X—l)2 +(y—1)2 =4
Ycbt <> d(1;A)=R véi tdm I(1;1) va R=2
A:2mx+y+m-1=0
= [m1+1-m+Y =2 < (m+2)2 =16m* +4 < —15m° +4m=0
(2m)* +1
m=0

4
Rt 4 So sanh vdi (*) ta nhan m=—
m p—

15

g. Co6 dudng thdng di qua hai diém cuc tri tao vdi hai truc toa d6 mot tam gidc can

. . . —-2mx+m-1=0
Goi M la giao diém cia A va Ox:=

:>M(m:}mj
y=0 2m
o . . y=-2m0+m-1
Goi N la giao diém clia A va Oy::{x_o = N (0;m-1)
m=1
m-1 1 1
cht<:>|XM|:|yN|@‘%‘:|m—1|<:>(m—l}|m—l|:0<:> n-1
-1
m=——
L 2

X ~ P . ~ A n _1 A > N . N
De thay véi m=1, Adi qua gbc toa do, vdi m=7 khéng thoa (*) nén loai. Vay ta chon m=

N |-

h. Cé dudng thadng di qua hai diém cuc tri tao vdi hai truc toa d6 mot tam gidc cé dién tich =8
1 1
Ycbt: < S,oun =§OM ON < —=

2 %1l
8 2
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_ .
m
2 m’-2m+l=—<
le‘m__]'Mm_lI@l:(m_l) Py 2 m=
4 | 2m 4 |2m|

m? —2m+1:% (VN)

So sanh (*) vay cé hai gia tri m thoéa man: m=2 va m=0.5
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III: S(_f TUONG GIAO GIUA HAI PO THI
Nh&c lai kién thic:

Cho: C,:y=f(x); C,:y=0(x)
S8 giao diém cua C; va C, 1a s6 nghiém cla phudng trinh hoanh dé giao diém:

F(x)=9(x)

F(x)=9(x)
f(x)=9'(x)

Luu y: Khdng dudc s dung diéu kién nghiém kép dé lam dang todn ti€p xudc ctia hai db thi.
Dé hiéu rd hon, ta hdy dén vai cac vi du sau:

bac biét khi C; tiép xuc Cs:

_2mx—-3m-2
x—1

Pinh m dé (d) cit (C.,) tai hai diém phan biét:
a)Cé hoanh do I16n hon -1
b)Cé hoanh d6 nho han 2
€) C6 hoanh @6 nang trong khoang [-2;3]
d) C6 hoanh d6 duadng
e) Co hoanh do trai dau.

Bai 1: Chohamsé (C,):y (m#-2) va (d):y=x-1

Giai:
Phuong trinh hoanh dé giao diém giira (C,,) va d:
2mx—3m-—2
—lzx—l < g(x):x*-2(m+1)x+3m+3=0

X_
S
X —00 X1 E X2 +00
g(x) + 0 - 0 +
m>2

o ! ) AN'>0

bé dé (d) cat (Cn) tai hai diém phan biét & g(x)=0 cb hai nghiém phéan biét & m<-1 (*)

9(1)#20=m=-2
a)Cé hoanh do 16n hon -1

9(-1)>0 {1+2(m+1)+3m+3>0 m> 0 L L D ma
Ycbt: < = 5 Sosanh vdi (*) takétluan: | 5
_1<E m+1>-1 Mm>_2 m> 2

b)Cb hoanh d6 nho hon 2

9(2)>0 {4—4(m+1)+3m+3>0 {—m+3<0 {m<3
= = =

%<2 m+1<2 m<1 m<1
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, L . m< -2
So sanh vai (*) ta két luan:
-2<m<-1

€) C6 hoanh @6 nang trong khoang [-2;3]

11
g(-2)20  [4+4(m+1)+3m+320 mz-—

Yebt: 1g(3)20 <{9-6(m+1)+3m+320 < m<2
—2£%£3 -2<m+1<3 -3<m<?2

-11
So sanh diéu kién (*) ta suy ra: B <m<-1

d) C6 hoanh d6 duadng

9(0)>0 (31,350 m>-1
Ycbt: & s <

0<—= m+1>0< m>-1

So sanh véi (*) ta suy ra: m>2
€)Cd hoanh do trai dau.

Yebt: g(0)<0<3m+3<0em<-1
So sanh diéu kién (*) = me(—0;-2)v(-2;-1)

Bai 2: Chohamsg (C):y=—> va (d):y=mx+1

Tim m dé d cat (C):
a)Tai 2 diém phéan biét ndm trén 2 nhanh cua dd thi.
b)Tai 2 diém phén biét ndm trén cung 1 nhanh cla do thj
Giai:
Phuong trinh hoanh dé giao diém cua (C) va d:
X+1
—1=mx+1 (x#1)  <g(x)=mx’-mx-2=0 (1)
X_
a)Tai 2 diém phén biét ndm trén 2 nhanh cla dd thi. (Hinh 1)
Ycbt: phuong trinh (1) cé hai nghiém phan biét théa x, <1<X,

—0 X, 1

tiem can dung

+00

g(x) Cung d&u m 0 Trai ddu m

Cung ddu m

omg(l)<0em(m-m-2)<0<-2m<0<m>0
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Luu y: Trudng hop nay khong can phai xét biét thirc A vi khi d cat
C vé 2 phia cta tiém can dirng x=1 thi mac nhién phuong trinh da
c6 2 nghiém, khdng can thiét phai xét A

TC ngang

b)Tai 2 diém phén biét ndm trén cung 1 nhanh cla dbd thj

(Hinh 2)
Phuaong trinh (1) cé hai nghiém phan biét thoa:
X <X, <1
1<x <X,
m<0
A>0 m®+8m<0
" (1)>0<:> om0 & 49/m>0
& m<-8
< m<-8

Bai 3: Viét phuadng trinh dudng thdng cat db thi :
(C):y=x>-3x+2 tai 3 diém phan biét A,B,C sao cho x,=2 va

BC=24/2.

>
>
x1 \ o |1 x2 X

TC dung

TC Hung

Giai: (hinh 3)
X, =2=>Y,=4
Phudng trinh dudng thang qua A(2;4) 1a Ay =K(X—X,)+Y, =AYy
L4p phuang trinh hoanh d6 giao diém cua (C) va A:
X°—3x+2=k(x—2)+4 < x*-3x-2=k(x—-2)

<:>x3—(k+3)x+2k—2=0<:>(x—2)(x2+2x—k+1):0

X=2

< g(x)=x"+2x—-k+1

Diéu kién dé cb BC:

{A'>O {k>0 {k>0 L .
i P Khi d6 toa do

g(2)=0 4+4-k+1%0 k=9 B(x:Y,); C(x,:Y,)thoa

hé:

x> +2x-k+1=0 (1)

y=kx-2k +4 (2)

L\/Fzzﬁ

al

(2) <:'>|y2_y1|:‘k(xz_)%)‘:Zk\/E

‘%‘:\/(Xz_&y*'(yz_yl)z :2\/5

Ak +4K° =242 < 4k° +4k -8 =0k =1
vay A:y=1(x-2)+4

(1)< |x, —x|=
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Bai 3: Cho (C)y = f (x)=x*—3x*+2. Tim trén dudng thang (d):y=-2 nhiing diém ma tr d6 c6 thé vé&
dugc dén (C) :
a. Ba ti€p tuyén phan biét
b. Ba ti€p tuyén phan biét trong dé cé 2 ti€p tuyén vudng gdc vdi nhau
Giai:
a. Ba ti€ép tuyén phan biét
Xét A(a;—2)ed:y=-2.
Phuang trinh dudng thdng A qua A(a;—2) va c6 hé s6 goc :
y=k(x—a)-2 (A).
A tiép xac véi (C) © Hé phuaong trinh sau cé nghiém:
x*=3x*+2=k(x-a)-2 (1)
3¢ —6x=k (2)
Thay k tur (2) vao 1 ta dudc:
X =3x* +2=(3x" -6x)(x-a)-2  (3)
<2x* -3(a+1)x* +6ax—4=0

& (x-2)[2x°~(3a-1)x+2]=0
X=2
‘:{g(x):zﬁ_(ga_l)xu:o (4)

TU A ké dudc ba ti€ép tuyén phan biét dén (C)
& phuaong trinh (3) cé 3 nghiém phan biét
< phuong trinh (4) cé 2 nghiém phan biét khac 2

{Ag >0 {(3&1—1)2 -16>0 a<—1va>g
&

(*)

b. Ba tiép tuyén phan biét trong do cé 2 ti€p tuyén vudng géc vdi nhau
Khi d6 phuang trinh (3) c6 3 nghiém phan biét:
X, =2, X;; X, (VGi x1;X; la hai nghiém cta phudng trinh g(x)=0) va 3 tiép tuyén ing véi hé s6 goc la:

ko =T I(Z):O; k =T '(X1)23X12_6X1; k, = f I(X2)23X22_6X2
Vi k, =0 nén : Ycbt & ki.kp=-1.
(3% —6x,) (3% —6x, ) =—1<> 9] X)%; — 2%, (X, +X,) +4xX, |=—1 (**)
Ap dung dinh Ii Viet cho phuong trinh (4) ta cé:

X +X, =

=
g(2)=0 2.2°—(3a-1).2+2=0 a2

va XX, =1
Do dd (**) 99[1—2(36‘7_1}4}:—1 @azg (thda didu kién (*)).

Vay diém can tim la A(;;—Zj.
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DANG TOAN: HO PUONG CONG TIEP XUC VOI MOT PUONG CO
DINH

Phuong phéap:
Dang 1: Cho ho dudng cong (C,, ) :y=f(x;m). chitng minh (C, ) ludn ti€p xtic véi mét dudng (C) cb dinh .

<& TH1:

(C,):y=f(x;m). Ia ham da thirc.

Pua :y=f(x;m) vé dang: y=+(ax+bm)" +g(x) (n:nguyén>2).

Xét duding cong (C):y=g(x) va chiing minh hé:
+(ax+bm)"+g(x)=g(x)
+na(ax+bm)" +g'(x)=g'(x)

¢ TH2:

(C,):y=f(x;m). Ia ham hitu ti: (Dang t8ng quét)

(A) tiép xuc vdi (C) < hé sau cd nghiém

Cb nghiém ¥m

c
ax+b+m:k(x—xo)+ Yo (1)

C
a————=k (x=a) (2)
(x+d)
Giai hé trén qua 3 budc:
B1: nhan 2 vé cla phuadng trinh (2) cho: x+d

c
d———=k d 3
ax+a o (x+d) (3)

B2: (1)-(3):
boad+ 25 —k(—x,—d)+y, o2 —k(-x,—d)+y,+ad+b (4)
x+d x+d
B3: Thay (4) vao (2) s€ cé 1 phuong trinh theo k. giai phuong trinh nay va tim m sao cho phuong trinh
dung vm.
ax+b
cx+d
Dang 2: Tim diéu kién d& ho dudng cong tiép xutc vdi 1 dudng c6 dinh:
Dung diéu kién tiép xuc.

Luu y: cach giai trén cé thé ap dung ddi v6i ham s6

II/ Mot so vidu:

Baj 1: Cho (C,):y=x’+2x"+(2m+1)x+m”+2. Chiing minh réng (Cm) ludn ti€p xtc v8i mdt dudng
cong c0 dinh.

Giai:

Ta c6: (C,):y =X +2¢ +(2m+1)x+m? +2 < (x+m) +x° +x* +x+2

Xét dudng cong (C):y=x"+x*+X+2
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(C,) ludn ti€p xtic véi (C): hé sau c6 nghiém:

(x+m)2+x3+x2+x+2:x3+x2+x+2
2(X+m)+3x* +2x+1=3x" +2x+1

2
=0
Taco: (1)< (x+m)
2(x+m)=0
vay Vm, (Cn) ludn ti€p xtic véi 1 dudng cong c8 dinh: (C):y=x>+Xx*+Xx+2.
Bai 2:

RGO rang vdi moi m, hé (1) luén cé nghiém x=-m

(m=2)x—(m*-2m+4)

Cho (C,):y= o . Chitng minh (Cn) luén tiép xtc véi hai dudng thadng c6 dinh.
(m=2)x—(m*-2m+4) 4

C.)iy= =(m=-2)———

(Cn):y —— Sy=(m-2)-——

(Cm) ludn ti€p xtc véi dudng thang (A):y=ax+b
<> Hé phuang trinh sau cé nghiém Vm:

(m-2)-——ax+b (1)

. 0
o @

¢ Nhan 2 vé cua phuong trinh (2) cho: x-m

4
—a(x- 3
= a(x-m) (3)
O Lay (1)-(3):
-2)- =b —=(a-1)m+b+2 (4
< (m-2) _— +am<:>x_m (a-1)m+b+ (4)

¢ Thay (4) vao (2):
=[(a-1)m+(b+2)] =16a

= (a—l)2 m? +2(a—1)(b+2)m+(b—2)2 —-16a=0 (*)
Hé (1) c6 nghiém Vm < (*)ding Vm:

(a-1)"=0
e l2(a-1)(b+2)=0e 27"
K - b=2vb=-6
(b+2)° ~16a=0

Vay (Cm) lubn ti€p xtc véi 2 dudng thing cé dinh y=x+2 va y=x-6
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CAC BAI TOAN LIEN QUAN DPEN CHU VI VA DIEN TICH
Kién thi'c cdn nhd:
< Khoang céch gitfa hai diém A(X,;Y,); B(X:Y,)

AB = (% =%, ) +(¥% - ¥.)’
% Cho M(xq;Yo) va (A):Ax+By+c=0
) | A, + By, +C|
Taco: d(M,(A))=—F——
)= e
< Dac biét: d(M;0x)=|y,|
% Cho AABC:

S e = % BC.AH = % AB.AC.sin A

;o d(M0y) =[x

. Né’u:mz(ai;az)

AC=(a;3,)
1

ABC |a1b 2b1|:E§1

» Chuvi AABC= AB+AC+BC
II/ Mot so vi du:

&

b,

Thi:

N

X —

Bai 1: Tim kié€m t&t ca cac diém trén (C):y = 1
X_

cach déu 2 diém A(0;0)va B(2;2)
Gidi:

(C): Y—

I—“I\J

-2
M(xo;yo)e(C)ayO:%
M cach déu A va B

< AM =BM < AM? = BM?

2

<:>X02+y02 =(X0_2)2+(y0_2)
S X +Y,—2=0

<:>x0—2+X°_2:O
X, —1
& (% —2)(%—-1)+%—-2=0
X, =0, y,=2

S X —2%, =0
X =2, Y,=0

Vay hai diém can tim la M, (0;2); M, =(2;0)
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2X+1
X+1
Tim m dé dudng thdng y =—-2x+m cat do thi ham sé tai hai diém phan biét A;B sao cho tam giac OAB

c6 dién tich bang /3 (O Ia géc toa @)
Giai:

Bai 2: Cho hams6: y=

=-2X+m

. 2X+1
Phudng trinh hoanh d6 giao diém: 1
X+

< 2x+1=(x+1)(-2x+m)(do x=-1 khéng phai la nghiém cla phuang trinh)
<22 +(4-m)x+1-m=0 (1)

A=m*+8>0 Vm=>y=-2X+m ludn cit dé thi (C) tai hai diém phan biét A,B véi moi m

1
Sore = Be §|XAyB _XByA| -Be ‘XA (_ZXB +m)_XB (_ZXA +m)‘ =23

2
m°+8
& [m(x, =% )| =28 & m? (x,— %, ) =12 < m’. =12
om +8m°-48=0=m’ =4 m=+2
. 2X+1
Cach 2: Phuang trinh hoanh d6 giao diém: =-2X+m

x+1

< 2x+1=(x+1)(—2x+m)(do x=-1 khéng phai |a nghiém ctia phuang trinh)

< 2x2+(4-m)x+1-m=0 (1)
A=m*+8>0 Vm=>y=-2X+m ludn cit dé thi (C) tai hai diém phan biét A,B v4i moi m
Ta c6 : A(X; Y, ); B(X:; Y, )trong d6 xi;x,la cac nghiém ctia (1) y, =-2X+M; Y, =—2X, +M

ml . 5(m®+8
d(O,AB):%vaAB:\/(xl—x2)2+(yl—y2)2 :\/5(x1+x2)2—20x1x2 :¥
2 2

Sers :%AB.d(O;AB):|m| “T +8 _ Im “T 8_

Ldi binh: Trong cac dé thi trudc, ta chi gap dang toan c6 tham sé m & d6 thi goc (d6 thi cho khao sat).
Nhung chi cdn mot su thay d6i nho trong cach ra dé nhu bai trén cling khién khéng it hoc sinh ling
tang. Cac ban chi rap khudn phuong phap d6 la quy vé dinh i Viet khi xét phuang trinh hoanh dé giao
diém cua 2 do thi, k&t qua dan dén 15i giai ludn quan, réc réi khéng 16i thoat... Qua bai trén ta suy ra
dudc rang, khi gap bai toan lién quan dén dién tich ma tham sd khdng ndm & d6 thi gbc, ta cd thé

a &
b, b

S m=12

~ , . R , 1 1
nghi ngay dén hudng dung cdng thirc: S, :§|a1b2 —a,b| =3

Bai tap tu luyén
g 1 1 o s "
1. Cho ham s& y=§x3—(m+1)xz+2(m2+m)x—§. Dinh m dé ham sé:
a) Tang trén R

b) Giam trén (0;1)
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c) Tang trén (-o0;2)
d) Giam trén doan cé do dai bang 3
e) Tang trén 2 khoang (-;0) va (2; +)
2. Cho ham s8 (C,):y =X*+3mx’ +3(-m” +m+1)x+m’ +1. Tim m dé:
a) (Cn) cb diém cuc dai nam trén x=5 )
b) Ham s6 dat cuc dai va cuc tiéu tai nhitng diém c6 hoanh d6 >1

. n . e . X, -14
¢) Ham s dat cuc dai va cuc tiéu tai x; va x; sao cho: ﬁ+—2=—
X, X O
3. Chohams6 (C,):y=x>—3x+2.
a) Viét phuadng trinh ti€p tuyén cé hé s6 goc nho nhat
b) Viét phuadng trinh ti€p tuyén di qua M(1;0)
c) Tim trén Ox nhitng diém ma tir d6 ké dugc trén C ding:
¢ mot ti€p tuyén ¢ hai ti€p tuyén
¢ Ba ti€p tuyén ¢ hai ti€p tuyén vudng géc va@i nhau

d) Tim trén dudng thdng x=1 nhitng diém ma tir dé ké dugc trén C ding:

¢ mot tiép tuyén ¢ hai ti€p tuyén
¢ Ba ti€p tuyén ]
e) Tim trén (C) nhitng diém ma tur dé ké dudc trén C dung 1 tiép tuyén.

4. Cho ham s (C,):y=x"-2mx*+2m—1. Tim m dé (Cn) cét Ox tai b&n diém phan biét c6 hoan d6 lap
thanh cép so cong.

5. Xac dinh m dé phuong trinh c6 nghiém duy nhat: x*+mx?—-1=0

6. Cho ham s& (C,):y =x*—3mx* +3(m’ —1)x—m’. Tim m d& (Cr,) cit Ox tai 3 diém phén biét trong d6
¢ ding 2 diém cé hoanh d6 am.

7. Chohamsé (C,):y=x>+k(x+1)+1. Tim k d& (Cy) tiép xdc véi dudng thdng (A):y=x+1

8. Cho hamsé (C,):y=x>—3mx’+4m’. Tim m dé (Cn) cdt dudng thang (d):y =X tai A,B,C sao cho

AB=BC.

2X+1

9. Chohamsé (C,):y= 5 Chirng to6 r&ng dudng thdng y=-x+m ludn ludn cdt do thi tai hai diém

phan biét AB. Tim m dé doan AB ngan nhét.
(3m+1)x—m?+m
X+m
a) Tim nhitng diém ma dd thi khéng di qua vm.
b) Ching minh réng db thi cia (1) ludn ti€p xdc véi 2 dudng thang cd dinh.
11.Cho ham s8 (C,,):y =(m+3)x*—3(m+1)x* —(6m+1)x+m+1 (1). Ching minh réng ho @b thi (Cm)
ludn ludn di qua 3 diém cd dinh thadng hang.

10.Cho ham s6 (C,,):y =

(1). Trong d6 m la tham s6 khac 0:
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Bai VI: Mot so dang toan khac can luu .

I/ Gidi han:

Dang toan nay da ting xuat hién trong dé thi dai hoc tir rat 1du (nam 2002 - 2003) Tuy nhién da rat lau
khong thdy xudt hién trong dé thi dai hoc. Tuy nhién ta cling nén chu y dén dang toan nay
O dau tdi xin trinh bay phuong phap téng quat dé lam bai dang nay /13 " Goi s6 hang véng bdng hé sé bét

d.‘lnh//
V53 =X +7

Bai 1. Tim lim

x—1 X2—1
Gidi:
3 3/ 2
Ta cé: Iim\/5_x ~Yx 47 _lim [ 5-x° -2 I +7 2} B
x-1 X° -1 x—1 -1 X 1
\5-x*-2 1-x° _ —(x*+x+1) _3
lim =lim =lim __° 2
-1 x?>—1 x—-1 (X2 —1)(«}5_)(34_2) xal(x+1)(\/5__)(3+2) 8 ( )
I +7-2 x2 1 . . .
M1 > =lim ——— — -2 (3)
(xz_l)(a(xz-ﬂ) +2ﬂ3/x2+7+4j %/(X +7) +23xX°+7+4
Thay (2),(3) vao (1) c6: A_%S_é:%

Luuy:

Trong IGi giai ta da thém sd 2 vao ti thic f(x). Co 1€ ban dang tu hoi:

e Tai sao phai thém sd 2 ?

e Lam cach nao d& nhdn ras6 2 ?

SO 2 la hang tir d& bi x6a! Mubn lam dang bai nay, ta phai khoi phuc nd. Muén khoi phuc s6 2 nay ta

[am nhu sau:
B1l: YceR ludn co: f 5-x° —c¢_ X +7—c
x* -1 x* -1

B2: Trong cac s6 ¢ d6. Ta tim s8 ¢ sao cho x?-1 ¢4 cling nhan tu chung véi f, (x)=v5-x° —c va

f,(X)=3x*+7 —c. bidu d6 xay ra khi va chi khi c & nghiém cta tuyén:

[f(1)=0
c=2
f,(1)=0
< | [c=+/6 ©c=2 D6 chinh Ia li do tai sao 2 xut hién trong bai giai.
fl(_l):0 {CZZ
I f,(-1)=0

Day la viéc nén lam trong gidy nhap. Khong nhat thiét trinh bay trong bai lam.
Qua vi du trén ta néu lén thuat toan sau:
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Gid sir F(x)= f(x) cb gidi han %

B1: Phén tich f(x)= flé)g(;c + fzg()((l)_c :

B2: (Tim c): Goi ¢ (i=1;2;...) 1a nghiém cua hé g(x)=0
f,

;+c 0 (i=12;..)

Khi dé c la nghiém cua hé: { E
f()c f,(x)-c . . | L . .
V@i ¢ tim dugc thi lim——— va lim ———— sé hoac la dang xac dinh hoac la dang quen thudc.
X—a; g (X) X—q; g (X)
Sau khi tim ¢, viéc trinh bay IGi gidi nhu da lam.
BAI TAP AP DUNG:
3 2 2

. X°=1+4/2x"+1
A=lim J3 \/
x>0 1—-cosx

¢1+ 2x — 1+ 3x

er X

(dé du bi 2002)

B=

II/Phuong trinh va bat phuong trinh mi va logarit:

Pay la dang toan ciing rat thudng xuyén xuat hién trong dé thi. Nhin chung, dang toan nay khong
kho. T4t ca cac phép bién dbi chi xoay quanh cac cdng thirc da néu trong sach gido khoa. & phan
nay, téi khong néu lai cac cong thic trén. Xin trinh bay cach giai cia 1 s6 dé thi gan day.
Bai lam qua 2 budc:
B1: D3t diéu kién. (N&u diéu kién qua phuc tap thi cé thé dén budc 2 roi thé nghiém vao diéu kién)
B2: Bién ddi phuang trinh hay bat phuong trinh vé& dang don gian clng co s6 & ca 2 vé:

¢ Mi: Chia
log, x

e Logarit: log, x=
log, a
m
log , X" = o log, x

« D&t &n phu: t=log, f(x)= phuang trinh hitu ty hodc phudng trinh mii

t=a' = phuong trinh hitu ty.
e Phuong phap ham s6

2x2-3x+1

Bai1. 8147 _7867 11169 <0 (1)
Giai:

6 2x2-3x+1 9 2x2-3x+1 3 2x2-3x+1 3 2.(2x2—3x+1)

3 2x2-3x+1
Dat t:(ij Pk: t>0
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Phuang trinh tré thanh: 16t° —78t+81<0 <t e[g,%}

2x%-3x+1
<:>§s 3 SZQ 1<2x?-3x+1<3
2 2 8
x>
2 59
2x?-3x+1>1  [2x*-3x>0 x<0 |*=
= <=9 =
2x° —3x+1<3 2x° —3x-2<0 1 X<=
XSE 2
| X=2

Bai 2.  Giai bat phuong trinh: e gl oy 1

u=x+¢x—1
bat: Su-v=x-1
v=1+/x-1

Phuong trinh tré thanh: €' —e' =u-v

< f(u)<f(v)

Véi f(x)=e"—x; x>1

= f'(x)=e"+1>0 = f(x) téng.

Do d6 USV <> X+/X—1<1++/x-1ex<-1
B3i3.  Giai phuong trinh: Iog2(1+ﬁ):|og3x

Giai:

P&t log, x=t < x=3

Do d6: log, (1++/x) =t > 1+x =2 >1+(V3) =2

3)-(] =05 -18)
< f(t)=1(2) ot=2 (Vi f(x):(%)t{g]t Ia ham giam)

w

St=2<x%x=9

B3i4.  Gidi bat phuong trinh: log, [ log, (4 ~8)|>1 (1)
Giai:
PK: 41 -8>0: 20" >2° 2(x-1)>3 < X >g
(1) < log, [Iog2 (4 —8)] >log, x <> log, (4 —8)=x <> log, (4 -8)>log, 2*

48



Ix—1+2-y=1 (1)

(DH A 2005)
3log, (9x*)—log, y° =3 (2)

Bai 5. Gidi hé phuadng trinh: {

Giai:

x>1
bk:
{O< y<?2

(2) ©3(1+log, x)-3log, y=3<log, x=log, y < x=y
Thay x=y vao (1) ta co:

IX-1+42-Xx =1 X—142-x+2 (x-1)(2-x) =1

< J(x-1)(2-x)=0=x=1, x=2

Vay hé co6 hai nghiém la (x;y)=(1;1) va (x;y)=(2;2)

Bdi 6.  Giai phuong trinh: log, (x—1)+ =1+Iogzx/x+2 (1) (Dv bi 1A - 2007)

log,,,4 2
Giai:
PbK: x>1
(1)<:>Iog4(x—1)+Iog4(2x+1)—log4(x+2)=%
@|094|i%j|:l Vé.X>1
X+2 2

2
@Lsz va x>1

X+2

< 2x*-3x-5=0 va x>1<:>x=g

BAI TAP AP DUNG:
log, (X* +6x-7)

>2 4) |093(X+«/x2—15)Iog5(x—M):2

1+ IogA(x2 —x+£11j 5) log,, (x—2)+log, x> log, (x+2)
6) (x+3)log,”(x+2)+4(x+2)log,(x+2)=16

1)

2) log, x+log, x> log, xlog, x
3) XIng3+X2 — X|0925

7) log,(3x-1)+ =2+log, (x+1)

X+3

8) CMR: vdi moi a>0, hé phuaong trinh sau cé nghiém duy nhat:
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e*—e’ =In(1+x)-In(1+y)
X—y=a

log, (X* +y*)=1+1log, (xy)

9) Giai hé phuong tr‘mh:{ (x,yeR) (PH A 2009)

340 —g1
10) Tim m dé phuong trinh sau c6 duing 1 15) Tim m dé€ phuong trinh sau c6 dung 1
nghiém: nghiém:
(E1) +am(4B-1) -2
16) | ,(3— 1

11) 7¥+957 =5%4+9.7% ‘ 1(;g3;(_x ( 6)()4> +8-2x=0

. : 17) 16* —6)4*%4+8-2x=
12) (5)" =(7) ) J:’(x ) +8-2x

X 10 18) Cho bat phuadng trinh:
13) (33) +(¥B) -84=0 Iogz( ﬁx2+l)<logz(ax+a) 0
14) 16X_3+(X—6)4x_3+8—2)(:0 a) Giai bat phuang trinh khi a=2

b) Tim t&t ca gia tri cua a dé b4t phuong
trinh cé nghiém

19) [x-3" " =9-6x+ X 23) [2(5" +4) -5 -3 <5 +3

20) 3.25°° +(3X—1O).5X_2 +3—x=0 24) Tim m dé hé c6 nghiém:

21) Tim m dé phuong trinh cé 2 nghiém trai log, (x+y)+log, (x—y)=1
dau: )(Z_y2 =m

(m+3)16* +(2m—-1)4"+m+1=0
22) Tim m dé phuong trinh c6 nghiém:

9" —m3*+2m+1=0
26) Giai bat phuaong trinh

25) Giai bat phuong trinh: 3x—1 X+1
log (Iog (—Dslog [Iog ]
Iog{logo_s[Zx _%HS 2 U U x+t R

o
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Bai VII: SO PHUC

Nam 2008-009 sb phuc chinh thifc dugc dua vao giang day & bac thpt va xuat hién trong dé
thi dai hoc 2009. Bé thi phan s6 phic thudng khong kho va xoay quanh cac dang nhu sau:

> Giai phuadng trinh trén tap sé phdrc.

> Tim tap hop sd phirc (Biéu dién trén mat phang phirc)

» Dang tinh toan lién quan dén Iy thira ( Chu yéu dung céng thifc Moavrd, nhi thic
newton...)

> Tim thanh phan cua s6 phuc, chiing monh s6 thuc, ao, thoa biéu thirc yéu cau...

» Toan hon hgp: két hgp yéu té phiic va cac yéu to dai s6 thong thudng nhu tim m
dé phuong trinh cé nghiém

Ph3in I: KIEN THUC CAN NHO:

SG phlc bang nhau:

a+hi=a,+bji<a =a,;b=b,

SO thuc cé dang: a+0i
S6 thuan ao c6 dang: 0+bi
Modun cua so phutc

z:a+bi:>|z|:\/a2+b2

S6 phuc hién hgp:

z=a+bid Lién hgp cta z; ki hiéu z véi z=a—bi
=7=2 ‘E‘=|z|

I. Dang lugng giac clia s6 phuec:

. Argument clia s6 phuc (Arg):

Goi r va 8 1an Iugt [a modun va argument cla s phirc: z=a+bi

7 =+/a +b? z=+/a’+b?
= =
sinH:E;cosH:E tan¢9:9
r r a

Dang lugng giac:
Vz =a+bi;|z|#0 lubn c6 dang:

z:\/a2+b2[ a b ij hay z=r(cos@+isin6) (1)

+
JaZ+b? a2 +b?

(1) bugc goi la dang lugng giac cua s6 phuc!

3.

z4Luu y: trude khi thuc hién bat ki phép toan nao lién quan dén s6 phiic dang lugng
giac, ta phai quy vé dang chudn z=r(cos@+ising)

Tinh toan vdi s6 phuc:
u=a, +hbi | v=a,+h,i



jul=a’+b? U=a, b
u=r(cosg +ising,)
v=r,(cose, +ising,)
JJ—ZZ%Z%(COS(—¢1)+isin(—¢1))
u+v=(a+a,)+(b+b,)i
u-v=(a-a,)+(b-b)i
uv=(aa,—bb,)+(ab, +a,b)i=nr,[cos(p +@,)+isin(g +p,) |
u'=r" [COS(nqol)HSin(nq)z)] (Cong thirc Moavro)

u v (a1a2+b1b2) (aleaZ_bl)- I f i
—=U—= —~ i=-| cos(p,—¢,)+isin(p —
v OV al+b? a7 +b, rz[ (2—9) (2-9.)]
4. Can bac 2 cta s6 phuc:
Cach 1: Dung cbéng thic Moavrg
cach 2: Gidi hé sau:

\F:x+yi<:>{

2_y2:a

X
2xy =b

Phan II: GIAI PE THI:
1. Céach giai phuong trinh bac 2 bang may fx-570es:
VD1. Giai phuang trinh: 5x° +9x+3=0
Giai:

JA =9 —453=21
—b+A _-9+v21
2a 10
—b-Ja -9-J21
2a 10
Loi binh: Cé |1€ ban dang cam thay hai ki la va dat cau héi: Tai sao lai dua 1 bai toan “I8p nhi” dé giai
thé nay?? PUng voi chdn nan! Day chinh la ki ndng quan trong dé giai toan bang may tinh! May fx570es
cé chirc ndng dang gia Ia Natural display - hién thi s6 truc quan! Chlic ndng nay khéng thé tim thay &
bat ki dong may MS nao! D& giai bai toadn I8p nhi kia ta lam nhu sau:
Luu hé sG: A=5 B=9 C=3 bdng cach nhén:
5 _SHIFT_STO_A
9_SHIFT_STO_B
3_SHIFT_STO_C

Tinh A =+/b? —4ac . Ta soan vao man hinh: YB?—4AC _ SHIFT_STO_D
Sau do ta cho “ra |0” két qua nhu sau:
Soan vao man hinh:

=X =
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-B+D

-B-D

roi nhan = ta dugc x1

roi nhan = ta dugc x2

= DAy chinh I3 tién dé dé ta giai cac phuong trinh phirc sau nay! néu luyén tap thanh thuc, ta sé giai
moi phudng trinh bac 2 va phuadng trinh phic ma khéng can gidy nhap! Ta cung dén véi VD2:

VD2,
Giai:

Giai phuong trinh sau trén tap s8 phic: 4z2+2z2+9=0

JA =+b? - 4ac = 24/35i
——_b+\/z—_—l+@i
2a 4 4
_-b-JAa_ 1 J_

2a 4 4
Ldgi binh: S dung cach bam may thong thudng, phudng trinh cho ra nghiém “xau”. Bam tiép
Mode_2:CMPLX dé& vao me nu tinh toan véi s6 phrc!
Luu A=4 B=2 C=9

Phuong trinh cé 2 nghiém phirc vi thé luon ton tai JA xac dinh. Soan vao man hinh biéu thirc

au: VB> —4AC _ SHIFT_STO_D = Ta dudc D= 2+/35i
Sau doé thé vao cong thirc nghiém nhu phuang trinh I18p nhi vira giai, ta dudc két qua.
Qua bai trén ta thdy them phan nao céng dung clia mdy 570es. Nghiém x&u ludn la ndi &m anh
clia ngudi lam toan va cac thi sinh khi lam bai. Qua trinh khai, truc can, lam gon mat kha nhiéu
thdi gian. Trong khi ban bén canh dang hi huc tinh \/Zta qua vi du 3:
VD3. Giai phuong trinh phirc: 2% +242iz% +242i-1=0 (1)
Giai:
Pat t=x?; (1) trd thanh:
2+ 22it+242i-1=0 (2) PEy: a-b+c=0 D> t=-1 v t=1-i24/2

Véit=-1 & X’ =i’ < x=4i
Véi: t=1—i2ﬁ=(ﬁ—i)2@x2=(ﬁ—i) & x=%(y2-i)

Vay phuang trinh cé 4 nghiém: X=4=i; (\/_ )

vD4. Giai phuong trinh phirc: (1+1)x* +(8+i)x+3(5-2i) =0
Giai:
Ta c6: A=(8+i) ~12(1+i)(5-2i)=—(21+20i)=(2-5i)’
A =%(2-5i)
T d6 ta co:
lez—b+\/Z:8+|—2_+5| _3
2a 2(1+1)
_-b-VA _8+i+2-5i _5-2i
2a 2(1+1) 1+i

—5(1—i)
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Trong bai trén ta d& &n chirng céng doan giai hé phuong trinh dé€ tim \/Z bang ménh dé :
A=(8+i)" —12(1+i)(5-2i)=—(21+20i) = (2-5i )’
VD5. Giai phuadng trinh sau trén tép s6 phudec, biét phuong trinh cé 1 nghiém thuan
do: z°—(3+5i)z° +(-5+8i)z+5+i=0 (1)

Giai:

(1) = (z-i)[ 2" —(3+4i)z-1+5i | =0
z-i=0<z=i

T\ 22~ (3+4i)2-1451=0 (2)

Giai (2) |AT Ty ~2+3
=
zz__b_\/Zzlﬂ
2a

Ldi binh: Trong phuadng trinh trén ta may man *mo” dudc 1 nghiém la z=1I sau dé ta chia theo sg do
Horner (Xem phu luc) rdi cudi cing dé bét giai dai dong, ta &n chirng bang cach phén tich thanh tich:

(1) = (z-i)[ 2* —(3+4i)z-1+5i | =0.
D& tién tinh nhanh sc d6 Horner va khéng sd sai ta si dung cach “lién hoan b&m” nhu sau:
1 ~(3+5) | (-5+8i) | 5+

i 1 ! a | B | p

a ;B; Y la cac sb can dién. Pau tién ta nhdn 1_=. P& luu vao bién nhd Ans.
Sau do ta soan ti€p vao man hinh:
Ans_x_i_+_A (goi i bang cach vao Mode_CMPLX = nh&n SHIFT_ENG)

Nhén ti€p CALC. Méy hoi A? ta nhap vao: —(3+5i) rdi nhdn =. Dugc -3-4i, ta ghi két qua vao vi tri a.
B&m CALC méy hoi ti€p A?: ta nhdp vao: (—5+8i)nhdn = ta dugc -1+5i ta ghi két qua vao vi tri B.

Ti€p tuc lam nhu vay cho dén hét. ta dudc sc dé Horner hoan thién.
Cac ban téng quat cach 1am trén cho cac dang ap dung sc d6 Horner khac khi can phan tich 1 da thirc

nao da!
. 2010
VD6.  Tinh: A:(“'ﬁ]
1-i
Giai:
1I|\/§ :1—2J§+1+2J§i B
—1

Tz .. Irx
=+/2| COS— +1SIn—
\/_( 12 12)
Ap dung céng thirc Moavrao:
o0 2010.77 .. 2010.7x . .
A=(+/2 COS ——— +isin——— | =219 (0 +j) = 2'%%j
(¥2) [ 12 12 j (0+7)
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Ldi binh: Gap dang bai tinh toan phic tap nhu bai trén ta dung may tinh “béc tir trong ra ngoai” va gi
két qua ra nhu budc (1). Dau tién ta “bdc”:

1+iv3 _1-\3 1+\3.
i 2

. 5 i R&i nhan tiép Ans_SHIFT_2(cmplx)_¥ r.Z @) dé tim modun va arg cla s8

“ " 7
phiic can tim. Nhan = ta dudc ﬁé%

Cac ban c6 thé soan nguyén biéu thirc va dung phép goi (» rZ ) tuy nhién ta nén trinh bay nhu budc 1
dé gidm khao “tudng” 1a minh lam tha céng!!!
= Sau d6 ta dung cdng thlrc Moavrs. Dung may tinh dé tinh ra gia tri cu thé cua gia tri lugng giac.
May tinh chung ta 7ch|’ tinh dudgc gia tri s6 phiic 22,73 qhtr khoéng tinh dugc gia tri bac cao hay khai
can. Do dé gap biéu thc s6 phlc bac 2, bac 3 ta cé thé dung may tinh cho tién!
= s6 phitc dang lugng gidc phai la: z=r(cos@+ising) (cos “trudc” sin “sau”). Ta phai nhé dang dé
tranh lam sai!
= May tinh cé thé tinh dugc cac sé phirc bac 2, bac 3 va khdng thé tinh bac cao hon hay |8y can, do
dd gap s6 phiric dang bac 2, bac 3 ta cf dung may va tinh cho tién...
=
Dang 2: Tim tap hop sé phdc trén mét phang phic, tinh chat cua sé phic.
Cho :z, =x+yi; A(X;y) hay u(x;y)

z,=x'+y'i;, A(X5y") hay v(x4y)

lZ|=R; R>0 <x’+y’=R*=Dudng tron tdm 0 Ban kinh R

|Z|S R: R>0 <X +y2 < R? = Hinh tron tdm 0 ban kinh R

‘Z—(a—bi)‘ =R; R>0 <:>(x—a)2 +(X—b)2 = R? = Pudng tron tdm I(a;b) ban kinh R
Bai Tap:

. . . Z— <A
VD7. Chung minh rang: ———— la so0 ao:
3
YA +(Z)

Giai:
Ta tinh s6 phuc lién hiép:
1=z 1-1  1-1
3 -3 —\3
z3+(z) 23+(z) 23+(z)
. -7 . .,
Vay: ————= laso ao

z° +(z)
Lgi binh: 713 s6thuc < z=1
zlasbdo < z=-2
Ta cb thé tinh theo kiéu khai trién z=a+bi, tuy nhién ta c6 thé suy ra tir sé phuc lién hiép
VD8. Tim sO phuc z thoa man:

‘z—(2+i)‘:ﬁ
2.2=25
Giai:
Goi s6 phi'c can tim la Z=X+VYi
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=z-(2+i)=(x-2)+(y-1)i
olz-(2+1)=y(x-2)" +(y-1) =10 & (x-2) +(y-1)* =10
Lai cé: z.z=x>+Yy2 =25
Do dé: phan thuc va phan do ctia s6 phic can tim la nghiém cua hé:
(x—2)2+(y—1)2=10 4x+2y=20 y =10-2x
< NI <12 2
y =25 X“+y =25

< 5x? —10x+100 = 25
X’ +y>=25

{X:5 {y:O

& &

Xx=3 y=4

At e R R

Vay co 2 gia tri z thoa man la: .

L:S+4|

VD9. Tim phan ao cla sb phuc z biét: E=(\/§+i)2 (1—\/§i)
Giai:

Tacs: (V2+i) =1+2¥2i (1)

= 7= (1+242i)(1-V2i)=5+2i (2)

:>Z=5—x/§i

Vay phan ao cua sé phuc z 1a—2

Luu y: Céc budc (1) (2) lam hoan toan bdng may tinh. Ta chi ghi ra chi tiét coi nhu “chiéu I&”. Vay la ta
dd méat 5 phut dé 18y tron 1 diém trong dé thi dai hoc 2010.

VD10. Trong mét phdng Oxy tim tp hop biéu dién s6 phirc z théa man:

|z-i|=|(1+i)7]
Giai:
Goi: z=x+Yi=z-i=x+(y-1)i=(1+i)z=1+i)(x+yi)=x+yi+xi—y
=X—y+(x+y)i

Vay tap

TheoGT ::>\/x2+(y—1)2 :\f(x—y)2+(x+ y)2 SX+Y -2y+1=2X"+2y* & x2+(y—l)2 =2

hgp s6 phurc la dudng tron tdm I(0;-1) va c6 ban kinh R :»\/E
Luu y: )
Déi v8i dang todn tim tap hdp diém, cach dat z=x+yi sau d6 khai trién theo biéu thirc gia thiét luén dan
dén su thanh céng cua Igi giai!
VD11, Tim cac s thuc x; y sao cho:
(x+ yi)3 =i (1)
Giadi:

3 2 _
(1)< X3—3Xy2+i(3x2y—y3):i @{x 3xy” =0

3y -y’ =1
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X =3xy’ =0 < x(x* -3y’ ) =0

Xét: THL: x=0=y=-1

1
y=§
TH2: x= J_r\/§y =
NE)
X=*+—
2
VD12.Cho s6 phirc: a=xy+X+(x’y*+xy)i;  b=7y+13y%;  c=1+i
Tim tap hgp s6 phifc z=x+yi théa man a+c=b biét b la sé phrc.

Giai:
Ta cé: a+C=(xy+X+1)+(x’y* +xy+1)i

(1

Xy+X+1=7y
a+c=bo
X2y + xy +1=13y?

Do b la s6 phtrc nén y =0

1) x 2
x+ X417 (X+—]+—=7 (x+£j +(x+1]—20:0
y y - y, ¥ y y

X=1 n ~ , - N N 1. o .
Vay s6 phurc can tim la: Z=1+§| hodc z=3+i

x+£:4 y—1
y = 3
X=3y X=3
y=1

VD13. Tim tap hgp s6 phic z thoa man a=

co mc}tArg:Z
Z+2 3
Giai: y
79 7492 z.z—4+2(z—z)
a= = =
7+2 7+2 (z+2)

Theo gt: c6 1 Arg = %@ z.E—4+2(z—E)=|(1+iJ§) (IeR;1>0)

Goi: Z=X+Yi thi Z.E—4+2(z—2):x2+y2—4+4yi:I+I\/§i
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4y=(x2+y2—4)J§>0<:>x2+[y—i] _16

3

2«@} I NE

Vay trong mat phang phirc, tdp hop sb z 1a dudng tron tam | ( ;T 60R :— nam trén truc thuc.

Bai tap tu luyén )
1) Tim tap hdp céc diém biéu dién z trén mat phang phuc:

a.

22—(2.E)Z‘=4 Ggi V: y=lvé y:_l
X X

|z—i|+|z+i|=4

Goi y: < MF, +MF, =4

Vay tap hgp z Ia elip cé 2 tiéu diém F (-i;0) F,(i;0) va d6 dai truc I16n 2a=4

51343 )
1+ 24/3i

Ggi y: “BOc” tir trong ra ngoai bang may tinh sau d6 dung cdng thirc Moavro

)

3) Cho s6 phirc z thdéa méan z =

2) Tim module va Argument cla sé phdec: z =(

1 Tim module cta sé phidc a= 7+iz
—i

Gdi y: “BOc” tlr trong ra ngoai, tir tir s6 d&n mau s8. Dung ham CONJG trong menu CMPLX.
Péps6: a=-8-8i = r=8J2

A
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PHU LUC: MOT SO PE THI CAN THAM KHAO (Theo cau tric
deé thi cia B6 GD& DT 2010)

DE 1:
A. PHAN CHUNG:
: 1 . "
C5u 1: Cho ham s (C) y=Z(X2 —m)(x2 +1) , m la tham s6.

1. Khao sat va vé d6 thi (C) khi m =3
2. Dinh m biét d6 thi ham s (C) cat Ox tai A va B sao cho 2 tiép tuyén tai A va B vudng goc.
Ciu 2:

7 . .
1. Giai phuong trinh: c0532x+Esm2 X =2sinx
2. Giai phudng trinh: X\/;+(X—4)\/4—X =4(x—2)

. o . x*+log, (cos x)

Cau 3: Tinh gidi han: lim—

x—0 2xsmx _m

Ciu 4: Cho hinh nén dinh S c6 thiét dién qua truc SO=a la mét tam gidc vuéng. Mat phdng qua S va cat
dudng tron ddy tai A va B sao cho A SAB d@éu. Tinh thé tich hinh cau ngoai ti€p hinh chép SOAB.

Cu 5: Cho x,y,z €[0;1]. Tim gia tri I6n nhét: A:(x—y)2+(y—z)2+(z—x)2

B. PHAN TU CHON: (Thi sinh chi dudc chon C4u 6 hodc Cau 7

Ciu 6: (Chuong trinh chudn)
a. Trong Oxy cho AABC c6 A(0;2), B(2;6), va Ced:x—3y+1=0 sao cho phan giac ké tir A song song
v@i d. Tim toa d6 C.

. . . o o X z-1 | "
b. Trong Oxyz viét phuong trinh dudng thang Aqua A(0;1;2) cat d, :—1=—=T va hgp vdi

X+l y-2 z-4
d2 = = =
2 1 -1
c. Cho a,(x-1)"+a,,(x-1)"" +..+& (x-1)+a = X", ¥xeR. Tim n biét a, +a, +a, =231
Ciu 7: (Chuong trinh ndng cao)

2 2

X . \ s ~
a. Trong Oxy tim M e(E):€+y?:1 biét khoang cach tir M dén d: x+y=0 13 16n nhat

mot gdc 60°

b. Trong Oxyz viét phuong trinh mat phang qua M(1;2;2) va cét Ox, Oy, Oz tai A,B,C sao cho:
1 1 1 1

+ + =
OA*> OB?> 0OC?* OM?

N , . -~ - n ~ s . n n n
c. B&ng céch khai trién: (1+i)”" héy ching minh: CJ, —C2 +Cj —..+(-1)"C¥ =2 Cosg,

(neN,n>0).
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A. PHAN CHUNG:
. " 2
Céu 1: Cho ham s8 (C) y=-x" +§x2

1. Khao sat va vé db thi (C)
2. Tim trén dd thi (C) cac diém A biét ti€p tuyén tai A cdt (C) tai B va C sao cho AB=AC ( B,C khac A)
Ciu 2:

1. Gidi phuang trinh: (1—ﬁcosx)sin x+(ﬁ—cosx)cosx:1
JX+2y —x-2y =2

4\3/x+3+«fx2 —4y* =5

. L At dx
Cau 3: Tinh tich phan: J.

1 X+ Xy1-In?x

Ciu 4: Cho Idng tru ding ABC.A'B'C’ c6 AB’=a; BC'=b va AABC vudng cén tai A. Tinh thé tich ldng

tru. (a<b<a\/§)

2. Giai hé phuong trinh:

Ciu 5: Cho X,y €[1;2]. Tinh gid tri I6n nhét va nho nhat:

A=(x* +y2)[x—12+%J+4(x—y)(l—lj

Xy
B. PHAN TU CHON: (Thi sinh chi dugc chon C4u 6 hodc Cau 7

Ciu 6: (Chuong trinh chudn)
2 2

X .
a. Trong Oxy tim M e(E):€+y?:1 biét goc FiMF, bang 60°.
b. Trong Oxyz viét phuong trinh tham s dudng thang A song song véi (P): 2x+2y-z-3=0 va cét hai

X_2=X= z-1 va dz:x—_l=y—+l=E tai A va B sao cho AB=3
-2 1 1 1 -2 1

c. Gieo ddng thdi 3 con xuc x3c, tinh xac suét dé tich 3 s6 ndt xuat hién 1a 1 s6 chan.

dudng théng d, :

Ciu 7: (Chuong trinh nédng cao)
a. Trong Oxy viét phuong trinh chinh téc hypebol qua M(2;1) théa gbc F;MF, bang 60°

b. Trong Oxyz viét phudng trinh mat phang hdp vai (Oxy) mot géc 45°, song song véi Ox va cach Ox mot
khoang bang J2

c. Choz= \/§+i . Tim s& tu nhién n>0 sao cho z" Ia s6 nguyén duong bé nhét.
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A. PHAN CHUNG:
mx + 2

X+m
1. Khao sat va vé do thi (C) khi m =-1
2. Tim trén d6 thi (C) cat Ox tai A, Cat Oy tai B sao cho 2 ti€p tuyén tai A va B song song
Cau 2:

Ciu 1: Cho ham s6 (C) y=

. 1
3. Giai phuang trinh: cost+cosx+«/§smx=§
4. Giai phuong trinh: Iogz(x+»\/x2 —12).I0g3(x—x/x2 —12) =2

sin 3xdx
o (1+cos x)4

Céu 4: Tinh thé tich hinh chdép S.ABCD cé ddy la hinh chit nhat, chiéu cao SA=a hdp vdi (SBC) va
(SBD) céac gbc 45° va 30°

o |y

Cau 3: Tinh tich phan:

2

1
. . s L e R
Cau 5: Pinh m dé hé sau c6 nghiém: 2 4

X +X—y=m
B. PHAN TU CHON: (Thi sinh chi dugc chon C4u 6 hodc Cau 7)

Ciu 6: (Chuong trinh chuén)
a. Viét phuadng trinh dudng tron di qua gdc toa dd va cat Ox, Oy tai A,B sao cho AB= 42 . Biét rang
tam dudng tron thudc d:x+y-4=0
x . . s v 4. X—3 z .
b. Trong Oxyz viét phuang trinh mat phang (P) qua M(1;1;0), song song vdi d :T =l5:§ va cach
gdc toa d6 moét khoang bang 1.

. x . a b . A 5i . A
c. Tim a,beR biét phudng trinh ——+——=3 ¢6 1 nghiém z, =——. Tim nghiém con lai.
z+1 z-5 1+2i

Ciu 7: (Chuong trinh néng cao)

a. Tim toa d6 3 dinh AABC vudng can tai A c6 truc déi xirng la x-2y+1=0; Ag¢Ox;B Oy va
Ced:x+y-1=0.

b. Viét phuadng trinh tham s8 ctia dudng thang d qua M(1;2;0), song song vdi (P):2x-y+z-1=0 va hgp véi
(Q): x+y+2z-1=0 mdt géc 60°

c. Trong hdp dung 15 vién bi gdbm 4 bi dd, 5 bi xanh va 6 bi vang. Tinh xac suit d& chon dudc 4 vién bi
du ca 3 mau.
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A. PHAN CHUNG:
3

. X L em iy
Ciu 1: Cho ham sé y:—€+ x* c6 dd thi (C)

1. Khao sat va vé db thi (C)
2. Viét Phuadng trinh dudng thang d qua gdc toa dd O va cat (C) tai A va B (khac O) saocho 2 ti€p
tuyén cua (C) tai A va B vudng géc.

Ciu 2:
5. Giai phu’dng trinh: 4tanx+2tanx+sin2x 21+25in2x
. . N2+2x-3
6. Giai bat phuong trinh: f
J2—2x -5Jx 5f
4 In" X
Céu 3: Tinh tich phan: Is—d
Sin X+COS X

Cau 4: Tinh thé tich h‘|nh chép S.ABCD cé day la hinh vudng chiéu cao SA. Biét SC=2a hdgp vdi (SAB)
mot goc 30°.
a’ +b*+c?
Ciu 5: Cho a,b,c>0 va a+b+c=1. Tim gia tri nho nhat: A=a’+b®+¢c® B
B. PHAN TU CHON: (Thi sinh chi dudc chon C4u 6 hodc Cau 7)
Ciu 6: (Chuong trinh chuén)

I/ Trong Oxyz cho A(2;3;-1), B(5;-3;2) va (P): x+y+z-3=0:

a. Viét phuadng trinh tham s8 dudng thang d vuéng gdc vdi (P) va cét dudng thadng AB tai I sao cho
Al +2BI =0

b. Tim M e(P)sao cho AM?+2BM? nho nhat

II/ H3y phan phdi 2010 diém lén 2 dudng thang song song sao cho tdng s tam gidc thu dudgc la 16n
nhat.

Ciu 7: (Chuong trinh nédng cao)
I/

a Viét phuaong trinh dudng tron trong Oxy di qua A(2;1), Tam thudc Oy va cét Ox tai B va C sao cho géc
BAC bang 60°

b. Trong Oxyz cho A(0;1;2), B(1;-1;1), C(-1;3;0). Viét phuong trinh tham s& dudng thang d vudng géc
véi (ABC) va cat (ABC) tai truc tdm H cla AABC.

x> —(m+1)x+2m-1

X—m

II/ Dinh m biét d6 thi ham s6 y = ti€p xuc véi Ox.
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A. PHAN CHUNG:
Ciu1:  Chohamsé y=2"S c6 db thi (C)
X+1
1. Khao sat va vé db thi (C)
2. Cho A(0;2). Tim trén (C) diém M sao cho AM ngdn nhét.
Cau 2:

. . 3
1. Giai phuong trinh: €os® X —C0S X C0S 3X + C0s” 3X =7

\/x2+i2+\/y2+i2:3
X y

1 1
= +==1
X+y Xy

2. Giai hé phuadng trinh:

4

. L .t xInx
Céu 3: Tinh tich phan: Igdx

341+ X

4
Ciu 4: Cho hinh chép S.ABCD cé (SAB) L (ABC), AABC déu va AABC vuong can tai A. Tinh thé tich

mat cau ngoai ti€p hinh chép Biét SC= a«/z

Ciu 5: Cho a,b,>0 va l+1=1. Tim gia tri nho nhat: A= a + b + 25ab
a b a-1 b-1 4(a2+b2)

B. PHAN TU CHON: (Thi sinh chi dudc chon C4u 6 hodc Cau 7)
Ciu 6: (Chuong trinh chuén)

I/ Trong Oxyz cho A(2;-1;2), B(3;-3;3); C(1;-2;4) va (P): 2x-3y+z+1=0:

_a. Viét phuadng trinh tham s6 dudng thang d di qua tdm dudng tron ngoai ti€p A ABC va vubng gdc
vai (P)

b. Tim M e(P)sao cho AM?+2BM?+CM? nho nhat

. . c o 3 . i . A . . a b .
II/ Tim a,beRbiét Z=i—i?+i*=i*+...+1®® 1a nghiém cta phuadng trinh 1—+l—=1. Tim
+7Z A

nghiém con lai.
Ciu 7: (Chuong trinh nédng cao)
X=t
. x-1y
I/ Trong Oxyz cho d,:qy=1+2t; d, .T=—1=
2+t
a Tim Aed, biét khodng cach tir A dén d, bang J6
b. Viét phudng trinh mat phang (P) chira d, va hgp vdi d; mdt géc 30°
2I093x + y|0932 — 6

log, y+|ogl x=1

X

z
1

II/ Giai hé phuaong trinh:

61



PE 6:

A. PHAN CHUNG:
4

g X \ ~
Ciu 1: Cho ham s6 (C) y:Z—mx2 +m+1, m la tham s&.

1. Khao sat va vé do thi (C) khi m =1
2. Binh m biét d6 thi ham s8 (C) c6 3 diém cuc tri tao thanh tam gidc cé truc tdm 13 gbc toa dd

Cau 2:
1. Giai phuadng trinh: sin(2x+%j+cos(2x+%j:tan(x+%j
(x3+y3)[i3+i3j+(x+ y)[1+lj:8
2. Gidi hé phuadng trinh: A Xy
X y
|ngE|093§:1
NG
xdx
Cau 3: Tinh tich phan: | = -
[

Ciu 4: Tinh thé tich hinh 18ng tru déu ABCD.A’B’C'D’ biét AC’=a va gdc gilta BD va CD’ bang 60°.

) 111 e b+tc ~c+a a+b
Céu 5: Cho a,b,c>0 va —+—+—=1. Tim gia tri I6n nhat: A= 3t 3 3
a b c b>+c® c’+a’ a'+b

B. PHAN TU CHON: (Thi sinh chi dugc chon C4u 6 hodc Cau 7
Ciu 6: (Chuong trinh chuén)
a. Trong Oxy cho AABC vudng can tai A c6 dién tich bang 2, biét Aed, =2x—y+1=0 va

B,Ced,:x+y—2=0. Tim toa d A,B,C vGi Xa, xs>0.
b. Trong Oxyz viét phuong mé&t phang (P) qua A(0;1;2), B(1;3;3) va hop véi (Q):x—y—2z=0 mét goc

nho nhat.

N a \ 1
c. Tim s6 ty nhién n théa: C°,—-C’ | =7Af

n+l
Ciu 7: (Chuong trinh néng cao)
a. Trong Oxy cho hai dudng tron (C,):x*+y’—2mx—my+m—-2=0va (C):x*+y?—3x+1=0. Dinh m
biét sd ti€p tuyén chung clia hai dudng tron la mot sé6 lé.
b. Trong Oxyz viét phuong trinh dudng théng d song song véi (P):x+2y+2z—-1=0 va cét 2 dudng théng
X—2 +1 z . . n
Ox va A:T =yT =—1 tai 2 diém A,B sao cho AB ngan nhat.
c. Giai phuong trinh: z*+2°+1=0, zeC.
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PE 7:

A. PHAN CHUNG:
Ciu 1: Cho ham s6 (C) y=x’-3ax’+b , (1) (a,b>0)
1. Khao sat va vé d6 thi (C) khi a=1 b=4
2. Binh a,b biét dd thi ham s& (C) ¢ 2 diém cuc tri A va B sao cho A OAB vudng can.

Céu 2:
s X 2
3. Giai phuadng trinh: tan2x| 1+tanx.tan— |=—
2) sin3x
1 1 1
_ Y — ==
2L a \ X+y xy 2
4, Giai hé phuong trinh:
5 3 1
X2+y2 X2y2 2

. , . e —x+1
Ciu 3: Tinh gidi han: lim—————
x>0 In(1+sin x)

Cau 4: Cho hinh chop S.ABCD chiéu cao SA=2a, day la hinh thang vudng tai A va B c6 AB=BC=a,
AD=2a. M3at phang qua trung diém M ctia SA chlra CD, cat SB tai N. Tinh dién tich t& gidc CDMN.

Céu 5: Pinh m dé& b&t phuong trinh c6 nghiém:

- +|n(|x|+|x—m|+|2x—m|)£1 . Tim nghiém tudng (ng
27/mx — X

B. PHAN TU CHON: (Thi sinh chi dugc chon C4u 6 hodc Cau 7
Ciu 6: (Chuong trinh chuén)

a. Trong Oxy cho A(7;1),B(-3;—4),C(1;4). Viét phudng trinh dudng tron ndi ti€p A ABC.
x-1 y+1 z-2
2 -1

va

b. Trong Oxyz viét phuong trinh mat phang (P) qua géc toa dd, song song véi d :
X+1 -2 1z
hdp vdi A _Y=e 2 moét gbc 60°
2 1
> Y r 2 . r 6
c. Tim hé s6 clia x*trong khai trién thanh da thic cua biéu thic: (X2 +X—1) .
Ciu 7: (Chuong trinh néng cao)
a. Trong Oxy cho dudng tron (C):x*+y?—6x+5=0. Tim M thudc truc tung sao cho qua M ké dugc hai
ti€p tuyén cua (C) ma gdc gilta hai tiép tuyén bang 60°

. ) . x—-1 +1 z o .
b. Trong Oxyz Cho M(2;1;0) va dudng théng d c6 phudng trinh —2=yT=—1. Viét phudng trinh

chinh tdc ciia dudng thang di qua diém M, cit va vudng goc vdi dudng thang d.
> A r 2 - N ’ 5
c. Tim hé s8 cua x3trong khai trién thanh da thirc cua biéu thirc: (X2 +X—1) .
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A. PHAN CHUNG:
mx +1

X+1
1. Khao sat va vé do thi (C) khi m =-1
2. Binh m biét ti€p tuyén tai diém c6 dinh cla ho dd thi (C) cach I(1;0) mét khodng 18n nhét
Ciu 2:
1. Giai phuang trinh: sin? X +sin 2x.sin4x = cos’ 2x

2. Giai bat phudng trinh 22+3X+22-3X—7(2X+2-X)s15

™" Ae el R s . . N . ; 1 f 1
Ciu 3: Tinh thé tich vat thé tron xoay sinh ra bdi hinh phang tao bdi (C): y=,1+—+,1-—, truc Ox
X X

va 2 dudng thang x=1; x=2 quay quanh Ox.
Ciu 4: Cho hinh vuéng ABCD canh a va hai dudng thang d,;d, lan lugt qua A va C va vudng goc Vi

Ciu 1: Cho ham s6 (C) y=

mat phang (ABCD). Ldy M ed,, Ned, sao cho AM,CN cung chiéu va cé t8ng dd dai béng 6a. Tinh
thé tich t&r dién MNBD

1 1
Xy+—=X"+—-—
. s ‘ X 1+ylny
Cau 5: Giai hé phuong trinh: 1
Xy+==y" +——
1+ xInx

B. PHAN TU CHON: (Thi sinh chi dudc chon C4u 6 hodc Cau 7)
Ciu 6: (Chuong trinh chuén)
a. Trong Oxy cho A,B la hai diém trén (P):y” =X sao cho AOAB vudng tai A. Tim toa do A,B
A <0)biét OB ngan nhat.
x-1 y-1 z-2
2 2 1

b. Trong Oxyz viét phuong trinh mat phang (P) qua g&c toa db va song song véi d :

va cach d mot khoang bang 1.
c. Cho da giac 16i n dinh, biét rang s6 tam giac c6 dinh va canh chung vdi da giac la 70. Tim s tam
giac cé dinh chung va khong c6 canh chung vai da giac.

Ciu 7: (Chuong trinh néng cao)

a. Trong Oxy viét phuadng trinh chinh tac elip (E) qua M(2;1) sao cho MF.MF, nhé nhét.
b. Trong Oxyz viét phuong trinh mat phang (P) qua géc toa dd va lan lugt hgp véi 2 mat phang

b
(Q):x+z-1=0va (R):x+2y—-z+1=0 cac géc 30° va 60°
c. Tinh gid tri: Z =(1+2i+3i° +...42009i*" ) (1-2i +3i* - 4i° +...+ 2009i*** )
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DE 9:
A. PHAN CHUNG:
Céu1:  Chohams§ (C) y=(x-m)(x’—x+1)
1. Khao sat va vé d6 thi (C) khi m =3
2. Dinh m biét (C,,) cdt Ox tai A, cat Oy tai B sao cho hai ti€p tuyén cia (C.) tai A va B vudng goc.
Ciu 2:
1—sin X+ cos X

1. Giai phuong trinh: tanx = -
1+sin X +cos X

2 +log,, 0.
2. Gidi bat phuong trinh © (7+5v2) " =(3-242)
Céu 3: Tinh dién tich hinh phdng gidi han bdi: (C): y:‘xz —2X—3‘ vad:y=x+1

Cau 4: Cho hinh chép S.ABCD chiéu cao SA=a, day la hinh vudong canh a. chi’ng minh AI L (SBD) av2
tinh thé tich t& dién SIBD, biét I 1a trung diém SC.

1 1
—+—==3

Ciu 5; Tim gid tri nhd nhat tham s6 m dé hé: Xy c6 nghiém x,y>0. Tim nghiém tuadng
2X°+y=m

ng.
B. PHAN TU CHON: (Thi sinh chi dudc chon C4u 6 hodc Cau 7)

Ciu 6: (Chuong trinh chuén)
a. Trong Oxy cho AABC c6 dudng cao va trung tuyén ké tr Ala h, =2x+y+4=0, m,=y—-2=0 va

dudng trung tuyén ke tir B la m, :3x+11y+21=0. Tinh géc C
x=t

Xx-2 y-1 z-2

b. Trong Oxyz cho d, : 1 5 1

d,:3y=2t Ch&ng minh rang cé vé s6 mat phang (P) chira
z=1+t

d, va song song vdi d;. Viét phuang trinh (P) sao cho d, la hinh chi€u vuéng géc cia d, Ién (P)

1 1 1

. Ti , R thoa: — =
c. Tim X,ye oa x+(2—y)i 2+ y+xi (1+i)2

Ciu 7: (Chuong trinh nédng cao)
2 2

X > A Y <& n ’
a. Trong Oxy cho (H):—z—ézl (a,b>0)co hai tiéu diém Ia F, ;F,. Budng thang d qua ;F, vudng géc
a

Ox va cat (H) tai M va N sao cho AFMN déu. Tim tam sai clia (H) va viét phuong trinh (H) néu biét dién
tich ARMN =443
b. Trong Oxyz cho A(-1;2;2), B(0;3;0). Hay tim trong (P) sao cho A ABC déu.
T O H R
¢c. Mot dudng thang tiép xuc va@i do thi ham sé y =I+_ va cat 2 dudng tiém can tai A va B. Tinh dién
X

tich AOAB.
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PE 10:

A. PHAN CHUNG:

4
, —X S an L . ~
Ciu 1: Cho ham sé y:T+(m +1)x* —m, (1) c6 db thi (C) . m la tham s6.

1. Khao sat va vé d6 thi (C) khi m=0

2. Chirng minh réng d6 thi ham s8 (1) ludn di qua 2 diém A va B c¢d dinh. Pinh m biét 2 ti€p tuyén tai
A va B hgp nhau géc 60°
Cau 2:

3. Giai phuang trinh: 4sin 2xsin(x+%j:1+\/§sin 2X —C0S 2X

N X -xy+dy=8
4. Giai hé phuong trinh:
Xy +y?+3x=12

< . Iy 2. X hY - by <
Ciu 3: Tinh dién tich hinh phang gigi han bdi: y = —, truc Ox va hai dudng thang x=1;x=4.

e\/X-F

Ciu 4: Tinh thé& tich hinh chép S.ABC biét SA, SB, SC ddi mot hgp vai nhau goc 60° va cé dd dai lan
lugt 1a a, 2a, 3a.

Ciu 5: Dinh m dé phuong trinh log, (|2x—4|+m)=1+Iog3[m—(x—1)(x—3)] c6 nghiém duy nhat. Tim
nghiém duy nhat do.

B. PHAN TU CHON: (Thi sinh chi dudc chon C4u 6 hodc Cau 7)
Ciu 6: (Chuong trinh chuén)

I/ Trong Oxyz cho d :%2=%=Z—Ilvé (P): x-y-1=0:

_a. Viét phuadng trinh tham s6 dudng thang d’ 1a hinh chiéu vudng géc ctia d 1én (P). Tinh goc gilra
dvad'.

b. Goi A la giao diém cta (P) va d. Viét phuong trinh cadc mat cau tiép xtc (P) tai A va cdt d tai B
sao cho AB= \/6

3
II/ Gidi phuong trinh: Ioga(gjlog2 x—Iog3{%J =%+ log, Jx
Ciu 7: (Chuong trinh néng cao)
X=t
I/ Trong Oxyz cho A la giao diém cta d,:{y =142t va méat phang (P):x-2y+z=0
2+t
a Viét phuang trinh chinh tdc dudng thdng A qua A vudng gbc vdi d va hop véi (P) mdt gc 30°
b. Viét phuong trinh mat cdu c6 tdm I thudc d, di qua A va cdt P mot dudng tron dai 27z»\/§
X* +(2+cosp)x++/3sing

II/ Tim ¢ €(0;27) biét d6 thi ham s§ y = .
X_

cé hai diém cuctri 1A AvaB

sao cho AB dai nhéat, ngan nhat.
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PE 11:

A. PHAN CHUNG:
, 2X em i
Céu 1: Cho ham s6 y=—1, (1) c6 dd thi (C) .
X_

1. Khao sat va vé d6 thi (C) cia ham s6 (1)
2. Tim M trén (C) biét ti€p tuyén tai M tao vdi 2 tiém can cta (C) mot tam gidc co chu vi bé nhat.
Ciu 2:

5. Giai phudng trinh: 16sin? x+4cos4x:«/§cosx+sinx
3
6. Giai phuang trinh: x/X—S(x/;—xJX—S) =2

Ciu 3: Tinh thé tich vat thé tron xoay sinh ra bdi hinh tron (C):(X—B)2 +(y—1)2 =1 quay quanh truc
Oy.

Ciu 4: Cho tUr dién ABCD c6 AB=a, AC= aﬁ, AD=2a. Pbudng thing AC hgp vé6i AB,AD cac gbc 45°
AB hgp vdi AD géc 60°. Tinh ti s6 thé tich cua t& dién va hinh ciu ngoai tiép t dién.

Ciu 5: Cho a?+b?+c? =1. Chitng minh réng: ‘a3 +b%+c? —3abc‘ <1.

B. PHAN TU CHON: (Thi sinh chi dugdc chon C4u 6 hodc Cau 7)
Ciu 6: (Chuong trinh chudn)

a. Trong Oxyz viét phuong trinh mat phang (P) di qua H(1;2;3) va cét Ox, Oy, Oz lan lugct tai A, B, C
sao cho H la truc tam AABC
b. Trong Oxyz viét phudng trinh mat cadu tdm I € Oz, di qua A(1;1;1) va cat (Oxy) mot dudng tron dai 2n

c. Gidi phuong trinh :  C)+Ci+C} +...+C? =120 ,xeN

Ciu 7: (Chuong trinh néng cao)
I/ Trong Oxyz cho A(3;0;0) B(1;-2;8) va mat phdng (P):x-2y+2z+6=0

AM +BM
b. Viét phudng trinh mat phing (Q) qua A, B va cat (P) theo giao tuyén d hgp vdi AB gbc 90°

X x2—y? X-y

II/ Giai hé phuong trinh : {4°+2 ¥ =547
log, x+log, y =log; x.log, y

nho nhat.

a Tim Me(P) sao cho
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PE 12:

A. PHAN CHUNG:
Py \ n _X3 2 16
Ciu 1: Cho ham s6 (C) y:T+mx —2(m—2)x+§ (1)
1. Khao sat va vé d6 thi (C) khi m =0
2. Ch’ng minh réng (C.) ludn tiép xuc vdi 1 dudng thadng cd dinh tai 1 diém ¢ dinh.
Cau 2:

3. Giai phuong trinh: sin3x+sinx:J§(cosx—l)

. . 4
4. Giai bét phuong trinh : log ; — +log ;. 0,25 > log,, x*
X

,de
1-2x

Cau 4: Cho hinh tru c6 chiéu cao bdang ban kinh day va bang a. Ldy trén cac dudgn tron day (O) va
(0O’) cac diém A, B sao cho AB=2a. tinh gdc gilfa hai dudng thdng OA, O’'B va thé tich t& dién O'OAB

Cau 3: Tinh tich phan: | =

[SY SN

1 a’+b*> ab
+—=1. Tim gia tri nho nhat: P = +—

Ciu 5: Cho a,b>0 va
a+b ab ab a+b

B. PHAN TU CHON: (Thi sinh chi dudc chon C4u 6 hodc Cau 7)

Ciu 6: (Chuong trinh chuén)
a. Trong Oxy cho AABC c6 tdm dudng tron ngoai ti€p 1a I1(2;1), AeOy va dudng thing
BC:3x—y—10=0. Tim toa d6 A,B,C biét goc BAC bang 45° va y, >0>y,
b. Trong Oxyz cho A(0;1;0), B(1;-2;2). Hay viét phuong trinh mat phdng (P) qua O, B va cadch A mét

. 2
khoang bang %
c. Giai phuong trinh : 4z* +1=0

Ciu 7: (Chuong trinh nédng cao)
a. Trong Oxy cho (P):y* =2xc6 hai tiéu diém la F . Dudng thdng d quay quanh F c&t (P) tai M,N.
. 1 1 N .
Ching minh rang —— + —— khong doi.
MF NF

b. Trong Oxyz viét phuong trinh tham s dudng thang qua M(1;-2;2). d L OM va d hgp vdi Oy mét goc
45°
c. Tim hé s6 cia x°trong khai trién thanh da thirc cua biéu thic: P :(X+1)n+l(X2 +X+1)n. Biét hé s6 cua

x* béng 10.
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PHU LUC II: Cach giai nhanh bai toan bang may tinh bo tui.
Trong cac ki thi quan trong cd mon toan, may tinh bo tui dugc phép st dung va tré thanh céng cu khong
thé thi€u dGi véi thi sinh. Tuy nhién it ai c6 thé tdn dung dudc t6i da cac chlic ndng clia may tinh trong
giai toan. Nay toi xin gidi thiéu mot s6 phuong phap tim nghiém bang chic ndng SOLVE cla may tinh. Bai
viét dudc viét vdi may fx-570ES va toi cling khuyén cac em tap lam quen s dung may nay trong qua
trinh giai toan.

VvD1. Tim nghiém c8 dinh: 2x° —3(a+1) X +6ax—4=0 (1)

Giadi:
Soan phudng trinh (1) vao may tinh. 2x* —=3(A+1)x*+6Ax—4=0 . D4u = soan b&ng cach nhan: ALPHA
+ CALC

Nhan tiép: Shift + SOLVE
Sau d6, may hoi: A=? ta cho ngau nhién A=2 rdi nhan phim =
Tiép dén, dua vao “linh cAm” mach bdo, ta doan x=-3, nhan ti€p phim =

May hién nghiém x=0.5. Ta ghi nghiém nay ra gidy. c6 thé day sé& la nghiém c6 dinh can tim??!!
Nhan ti€p Shift + SOLVE véi A=2

Lan nay ta tha véi x=10

May hién x=2 .
Thay A=-3;4;5.. va lam tudng tu ta chi thdy may bao x=2
Vay ta két luan x=2 la nghiém c6 dinh.
Pay chinh la cach tim nghiém cd dinh trong bai tap & trang 35

VD2. Tim m sao cho: y=x’—3(m+1)x’ +2(m2 +4m+1)x—4m(m+1) cit Ox tai 3 diém phan biét

c6 hoanh d6 >1
Giai:
Soan phudong trinh X° —3(A+1)x* +2( A’ +4A+1)x—4A(A+1)=0 vao may va nhan Shift + SOLVE.

May hdi gia tri cia A. Ta cho a=3
Tai lai ti€p tuc doan nghiém x=-5
May hién x=1.732281591 . Ta khong quan tdm dén nghiém nay vi day la nghiém “xau”. Muc dich cua
ta Ia tim nghiém hitu ti d€ phan tich thanh nhén td. Nhén tiép Shift + SOLVE.
Lan nay ta cho A=9 va x=10
May hién x=10. Ta ghi nhan nghiém nay
V@i A=9 cho x=-5 ta nhan dugc két qua x=2
Thir tuong tu véi A bang 1 vai gid tri va thé x=2, x=10 vao ta déu nhan dudc théng bdo x=2. Vay x=2
la nghiém c6 dinh cua phuadng trinh.
VD3. Giai phudng trinh: sin2x+cos2x—cosx+3sinx=2 (1)
Giadi:
Lac nay “i tri” méach bao ta rdng. Can phén tich phuong trinh vé phuong trinh tich. Hon nita, phai cé
nghiém “dep” mdi cé thé phéan tich dudc. Ta dung Shift + SOLVE dé tim nghiém nay.
Nhap phuong trinh trén vao may
Nhan Shift + SOLVE.

Ta lan lugt thir x bdng cac gbéc dac biét nhu: +—;+—;+

wly
oy
NN

s, an , A T T . , in ~, P, ~ .
Khi tha dén cac nghiém la Evag thi may hién rat nhanh. Dé kiém tra ta nnan: sin( _ ALPHA _X_)
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May hién =1 va =E. Va néu coi sin(x) la bién thi c6 thé phan tich phuadng trinh qua 2 nhan t' la

(sinx—1) hay (2sinx—1). Ta chon phén tich theo hudng (sinx—1).

(1) < 3sin x—3+1—cos x+sin 2x+c0s2x =0

&> 3(sin x—1) +1+(1-2sin’ x) +sin 2x—cos x =0

< 3(sinx—1)+2(1-sin® x) +sin2x—cosx =0

< (sinx—1)(1-2sin x)+2sin xcos x—cos x =0

(sinx—1)(1—2sin x)+cosx(2sin x—1) =0 <> (sinx—1)(1-2sin x+cosx) =0

Dén day, ta da hoan thanh dugc y d6 dua phudng trinh dau tién vé phuaong trinh tich. Viéc giai phuang
trinh dau gid day da tré nén dé dang.

GIAI CAC BAI TOAN HINH HOC GIAI TICH BANG MAY TINH BO TUI
FX - 570ES

X=2+2t x=1
Ciu 1: Trong Oxyz cho: d;:qy=-1+t ; d,:qy=1+t
z=1 z=3-t

a) Tinh khoang cach gitra d; va d,.
b)Viét phuong trinh mat phang (P) chlra d; va song song vdi d-.

Giai:
D& sir dung chilrc ndng vectd clia mdy ta nhan: MODE + 8 (vector)
Chon vectd A may hoi ta chon hé vectg nao (Vct A(m) m?)
Chon 1:3
Nhap toa dd vecto chi phuong clia d;. (2;1;0) Nhén tiép Shift + STO + B dé copy cac thong sb cla vextd
A vao vectd B.
S(ra toa do cua vectd B thanh (0;1;-1)
Tacé M(2-L0)ed, ; N(L13)ed, = MN(-12;3) (Budc nay ghi ra gidy)

Nhan Shift+5(vector)® Nhadn 1 (Dim)=> 3(Vct C) sau d6 nhap théng sd cia vector W(—L‘ 2; 3)
‘[E;@]W ‘[Z;E]E‘
=r——=r— tuong ung v@i: Y———=—

[d:d.] [~8]
tinh.

Dé tinh tich cé hudng cla hai vects A& B ta nhan: ONShift+533(vct A)dx> Shift+534> =

D& tinh dd dai vector ta dung chilfc ndng ABS(. bdng cach nh&n phim Shift+hyp

PE tinh tich vd hudng A& B cua ta nhadn ON=Shift+593(vct A)>Shift+5> 7:e(dot) Shift+5>4(vct
B)>=

VAy nén dé tinh dd dai can tim ta soan vao man hinh may tinh nhu sau:

(Abs((VctAxVctB)eVctC))+(Abs(VctAxVctB))

a) Theo coéng thuc: d(dl;dz) = la cac vec tg dudc luu trong may
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. R 1 !
Két qua may hién: 3

b) Viét phuang trinh mat phang (P) chira d; va song song vdi ds:
Viéc dau tién can lam d6 la ta phai tim 1 vectd phap tuyén cia mét phang (o). goi vector phép tuyén
1d

L3 @R

- ald,
cantimla a ta théy:{
Nén a can tim Ia [djdt} P& tim a bang may tinh ta lam nhu sau:

ON=Shift+593(vct A)Dx> Shift+534> =
Man hinh soan thao hién nhu sau:

VctAxVctB nh&n phim = d€ xem két qua
May hién: Vct Ans (-1;2;2)

Vay 5.:(—1;2;2). Mp () di qua M(2;-1;0)
Nén (a):—(x—2)+2(y+1)+2(z)=0< —x+2y+2z+3=0

Thi sinh chi can gi cac budc 1am vao bai lam, céng viéc con lai hdy d€ cho mdy tinh. Ta thdy hoan thanh 1
bai hinh hoc giai tich trong dé thi that nhe nhang.

Cac ban cé thé th 1am céc bai toan cé I8i giai trong sach gido khoa hinh hoc 12 hay trong céc sach tham
khao bang chi€c may tinh cda minh. S& c6 nhiéu bat ngd dang chd cac ban kham pha!

SO’ DO HORNER VA UNG DUNG:

Chia da thitc P(X)=a,X"+a,x"" +...+a, cho(Xx—C) ta c¢:
P(X)=(x—C)(bX"" +b X" +...+b_x+D,)

Trong d6 b (i=0;12;3;...;n) dinh bdi so d6 Horner:

| a | a; | a, | as .
C | bo | b1 =Cb0+ di ‘ b2 =Cb1+ ar | b3 =Cb2+ das ’ ’ bi =Cbi_1+ ad;
Ap dung:
VD1. Tinh thuong va s6 du trong phép chia:
P(x)=2x"+x>—8%x*—X+6 cho x+2
Giai:
Ta c6 so d6 Horner:
| 2 | 1 | -8 | -1 | 6
-2 2 | -3 | -2 | 3 | o

Vay P(x)=(x+2)(2x°~3x* —2x+3)+0

Dén day, ching ta da hiéu phan nao céng dung clia s6 d6 horner. Trong bai todn lién quan dén tham
s0, viéc tim dudgc nghiém c6 dinh va phan tich thanh tich sé lam céng viéc gidi toan nhe nhang rat
nhiéu. Nghiém c6 dinh da c6 may tinh, con viéc chia da thirc: Hay dé sd do Horner lam cho ban.

Ta quay lai véi vi du dau phan phu luc:

vD2. Phan tich thanh tich: 2x°-3(a+1)x*+6ax-4=0 (1)

Giai:
2x°—3(a+1)x* +6ax—4=0 Ta d& c6 dugc nghiém c8 dinh x=2. vay nén
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| 2 | -3(a+1) | 6a | -4

2| 2 | -(3a-1) | 2 | 0

Vay (1)< (x-2)[ 2 -(3a-1)x+2]=0
bay chinh la mot phéan trong bai lam & Bai3 & trang 35.

VD3. Binh m d& phuang trinh: mx* —(3m—4)x*+(3m-7)x-m+3=0 (A)
c6 3 nghiém dudng phan biét.
Giai:

Ta dé dang nhan ra: a+b+c+d=0 = phudng trinh (A) c¢6 1 nghiém x=1
Sg d6 Horner:
m | -3m-4 | 3m+7 | -m+3

1| m | -2(m-2) | m-3 | 0
Nén (A)<:>(x—1)[mx2—2(m—2)x+m—3]=0
(A)C6 3 nghiém dudng phan biét < g(x)=mx’-2(m—-2)x+m-3=0 c6 hai nghiém duong phan
biét déu khac 1

m=0
A':(m—Z)Z—m(m—3)>0
= S:mT_2>0 < me(—0;0)u(3:4)
P—m—_3>0
m
g(1)=m-2(m-2)+m-3+0
vD4. Dinh m dé phuong trinh cé 3 nghiém phéan biét:

x*—1-m(x-1)=0 (1)
Giai:
(1) = x> —mx+m-1
Dung may tinh ta “mo” dudc nghiém: x=1
So do Horner:
| 1 | 0 | -m | m-1

1 1 | 1 | 1-m | 0
Vay (1)<:>(x—1)(x2 FX+1- m) =0

(1) C6 3 nghiém phan biét: g(X)=x>+x+1-m=0 cé hai nghiém phan biét khac 1

{A=4m—3>0 Mm-S
=

D141l 0c> Z<:>§<m¢3
g(1)=1+1+1-m= %3

Sd d6 Horner Ung dung rat nhiéu trong giai toan, nhat la dang toan lién quan dén khao sat ham sé.
Cac ban nén tap sir dung sc do6 nay mét cach thuan thuc. Bai tap ap dung t6i sé néu Ién 2 bai dang
chia da thirc nham gilp cac ban hoan thién ki ndng.
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TINH SO PO HORNER BANG MAY TINH BO TUI:

DE tién tinh nhanh so dd Horner & vi du 3, ta si* dung cach “lién hoan bdm” da gidi thiéu sd lugc trong
chuang S6 Phirc! Cach lam nhu sau:
Coi tham s6 m la s6 i trong hé s6 phirc, Ta v hé tinh s6 phldc bdng Mode_2:CMPLX

i ‘ —3i+4 ‘ (3i-7) | -i+3
1| i | a | B | u
a ;B; W la cac s can dién. Pau tién ta nhan i_=. D& luu vao bién nhé Ans. (goi i bdng cach vao

Mode_CMPLX = nhan SHIFT_ENG)
Sau dé ta soan ti€p vao man hinh:
Ans_x_ 1 +_A
Nhan ti€p CALC. May hoi A? ta nhap vao: —3i+4 rbi nhan =. budc 4-2i, ta ghi két qua vao vi tri a.
B&m CALC méy hoi ti€p A?: ta nhap vao: (3i—7)nhén = ta dugc -3+1I ta ghi két qué vao vi tri B.
Bam CALC may hoi ti€p A?: ta nhap vao: —i+3nhan = ta dudgc 0 ta ghi két qua vao vi tri p.
Ti€p tuc lam nhu vay cho dén hét. ta dugc sc dé Horner hoan thién.
Khi dugc s6 d6 Horner vdi i, ta chi viéc thay I bang m.
Cach lam trén rat hitu ich vdi dang bai khao sat ham sé. Cac ban hay thi thuc hién véi cac bai tap
khac
BAI TAP:
Bai 1. N&u x=-m la mdt nghiém cua phuong trinh X* —4mx* +m?x+6m® =0. H3y tim ghiém con
lai.
Bai2.  Cho biéu thuc: (Q)=2x"+3x"—x* - 7x* +11x+9
a. Tinh gid tri biéu thic tai x=3
b. Tim thuong cla phép chia (Q) cho x-3
Ggi y: DU s0 clia phép chia (Q) cho x-3 la gia tri ciia Q(3).

GIAI BAI TOAN HINH HOC KHONG GIAN THUAN TUY BANG MAY
TINH CASIO FX-570ES:
Bai todn: Cho hinh I&ng try diing ABC.AB'C’ véi AB=a; BC=+2a; CA=+3a; BB'=+5a. Tinhthé
tich ABC.A'B'C'.

Giai:
Vi ABC.A'B’C’ |a lang tru di'ng nén BB’ L (ABC) B

—V =5h=5,,.B'B
Theo cdng thiic Heron: Sz\/p(p—a)(p—b)(p—c) C'AA'

AB=a: BC=+2a: CA=+3a; BB'=+5a

2 2 3
Jza ',

Véy nén: SABC :TV =S.BB'=

(dvtt)

Ldi binh:
O vi du trén, cac ban tinh dién tich tam gidc ABC bang céch nao? D6 |a .
mot tam gidc thudng, véi 3 canh cho san, chi cé thé tinh S bang céng "
thirc heron. Nhung néu ban tinh theo Heron vdi bién a, ban s& d6i mat L A
vGi viéc khai trién va thu gon mdt biéu thirc khdng phai 1a dé chiu chat C

nao. Lam sao cé thé cé két qua ngdn gon nhu bai trén Thdi gian khéng

73




dai ta.... Chang I chiu b tay?
Vi khi cua chung ta chinh la chiéc may tinh casio fx-570es...
Ta ti€n hanh giai bai toan trén bang may tinh nhu sau:
Budc 1: coi nhu khéng thay chit a. Ta luu cac hé s6 diing trudc a vao cac bién A,B,C trén may tinh..
1_Shift_STO_A
J2 _ shift_sTo_B
J3_ shift_STO_C
Luc nay, cac bién A,B,C trén may da cd gia tri tuong Ung la: 1; «/E,\/g D6 chinh la 3 canh cua tam giac.
Ta tinh ti€p gia tri cia nlra chu vi. Soan vao man hinh may tinh:
ATB*C shift_sto_p
LUc nay gia tri cia D chinh la nifa chu vi. Néu cé ra gia tri |&, ban hay binh tinh va ti€p tuc cong viéc...
Ta rap cac bién nay theo cong thirc heron:Soan vao man hinh may \/D(D—A)(D—B)(D—C) roi nhan =

J2a?
2

Ta c6 nhan dudgc két qua: 7 Viét k&t qua nay ra gidy va thém a’ phia sau két qua nay va dudc

DAy chinh 1a dién tich can tim. T d6 tinh thé tich khéng kho!
Trén day mdi la vi du daon gian nhét cla thuét todn “quy ddi” va tinh todn bang mdy tinh fx570es. Ta
cung dén véi VD2:

VD2. Cho hinh chép S.ABCD c6 ddy ABCD Ia hinh vuéng canh a. goi M va N Ian lugt Ia trung diém
clia cac canh AB va AD; H 1a giao diém cia CN ddi vsi DM. biét SH vudng goéc vdi mat phing
(ABCD) va SH =a+/3. Tinh thé tich khdi chép S.CDMN va tinh khoang cach gilta hai dudng thang
DM va SC theo a.

Giai: D ¢
» Thé tich kh&i chép SCDMN.
SCDMN = SABCD - SAMN - SBCM H
= AB® —EAM AN 1 BC.BM
2 2
_p & & 5a A M B
8 4 8
1 5/3a°
:VS.CDNM :§SCDNM SH = 24
» d(DM;SC)

AADM = ADCN = ADM =DCN = DM _L CN va DM vuo6ng géc véi SH
Suy ra DM J_(SHC)

Ha HP vudng géc SC (H € SC) suy ra HK la doan vuéng géc chung ctia DM va SC, do dé:
d (DM : SC) =HK

DM =CM = a+4a f
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DH_DN _5_ 5

DA DM 5

HC:\/DCZ—DHZ:Z\fa; SCZ\/SH2+HCZ=@

2\/§a
SH.HC_a\/g' 5

= a.
SC \95 a 19
5

Loi binh: Ta mat gan 10’ dé vira tinh todn vua trinh bay ra gidy mét dé thi dai hoc kh&i A nam 2010!
O bai trén cling nhu cac bai hinh hoc sau nay, Cac ban xem nhu “khong thdy a” va dung hé s6 phia
trudc a rbi tinh bang may tinh. Tinh xong , néu la tinh khoang cach, dd dai... thi thém a ra sau két qua;
néu tinh dién tich ta thém a? sau k&t qua. N&u tinh thé tich thi thém a® ra sau s8 vira tinh dugc. Tinh
dén dau ghi két qua ra gidy dén dé. Khi nhin ra dugc cach tinh ro6i, viéc tinh toan du phic tap dén dau
cling da cé may tinh lam cho ban!

a

SH.HC =SC.HP = HP =
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