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I- GIAI TICH TO HGP
1. Giaithta: n!=1.2...n
0'=1
n!/n- kK!'=m-k+1).(n-k+2)..n
2. Nguyén tic cong : Trudng hgp 1 ¢c6 m cdch chon, trudng hgp 2 ¢6 n cdch chon; mdi cdch chon déu thudc ding mot
trudng hgp. Khi d6, tdng s6 cach chon 1a : m + n.
3. Nguyén tic nhan : Hién tugng 1 c6 m cdch chon, mdi cach chon nay lai c6 n cdch chon hién tugng 2. Khi d6, tdng s6
céch chon lién ti€p hai hién tugng 13 : m x n.
4. Hoén vi: C6 n vat khdc nhau, x€p vao n chd khdc nhau. S8 cdch x€p : P, =n !.

. K n!
5. T8 hgp : C6 n vat khac nhau, chon ra k vat. S6 cdch chon : Cn =—
k!(n—k)!
. ~ . k n! K k
6. Chinh hgp : C6 n vat khdc nhau. Chon ra k vat, x€p vao k chd khdc nhau s6 cdch : AIl = W, An = Cn .Pk
n-— :
Chinh hgp = t6 hop rdi hodn vi
7. Tam gidc Pascal :
0
1 CO
1 1
¢ G
1 2 1 0 1 2
1 3 G G G
0 1 2 3
4 4 1 G G G G

c) ¢ ¢ ¢
Tinh chat :
Cl=Cr=1,Ck=Crk

ciich=ch,
8. Nhi thitc Newton :
+ (a+b)" =C%"b’ +Cla"'b! +...+C"a%b"
a=b=1:.. C, +C, +..+Ch =2"
Véia, b e {£1, £2, ...}, ta chiing minh dugc nhiéu dfmg thic chira :
cd.cl,.cn
+ (a+x)"=Cl%" +Cla"x +...+CIx"

;,...,CE bing cdch :

-Paoham 114n, 2 14n, chox =+1, +2, ...a==+1,+2, ...
- Nhan v6i x*, daoham 114n, 2 1dn, cho x = 1,42, ...,a = 1, +2, ...

Ta chitng minh dugc nhiéu ding thic chita Cg ,C

+1 2 B8
-Choa= #1,#2, ..., J hay J...hayj
0 0 «

Chi y:
* (a+b)":a,bchda x. Tim s& hang doc 1ip véix : Cﬁa”"‘b" =Kx"
Gidipt: m =0, ta dugc k.

* (a+b)":a,bchdacin. Tim s& hang hitu ty.
m r

C*a"*p* = KcPd¢

m/peZ
Gidi hé pt: , tim dudc k
r/qe”Z

k

*  Giai pt, bpt chita AH,CE ...: dat didu kién k, n € N ..., k < n. Can biét don gidn cdc giai thira, qui ddng miu sd,

dit thira s6 chung.
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* CAn phan biét : qui tic cong va qui tic nhan; hodn vi (x&p, khong bdc), t& hgp (bdc, khong x&p), chinh hgp (bdc rdi
x&p).
*  Ap dung so d6 nhdnh d€ chia trudng hgp , tranh tring 14p hoic thi€u trudng hop.
* Vi bai todn tim s cdch chon thda tinh chat p ma khi chia trudng hgp, ta thay s& cdach chon khong thda tinh chat p it
trudng hgp hon, ta lam nhu sau :
s6 cdch chon thda p.
=58 cdch chon tlly ¥ - s6 cdch chon khong thda p.
Can vi€t ménh dé phii dinh p that chinh x4c.
* Vé s8, s6 bién lai, bdng s6 xe ... : chit s6 0 c6 thé ding ddu (tinh tir trdi sang phai).
*  DA&u hiéu chia hét :
-Cho2:tancungla0,2,4,6,8.
- Cho 4 : tAn cling 12 00 hay 2 chif s cudi hgp thanh s& chia hét cho 4.
- Cho 8 : tAn cling 12 000 hay 3 chif s6 cudi hgp thanh sé chia hét cho 8.
- Cho 3 : t6ng cdc chit s& chia hét cho 3.
- Cho 9 : téng cic chif s6 chia hét cho 9.
- Cho 5 : tan cung 1a 0 hay 5.
- Cho 6 : chia hét cho 2 va 3.
- Cho 25 : tdn cung la 00, 25, 50, 75.

II- DPAI SO
b=c=0
1. Chuyénvé: a+b=ccoa=c-bjab=c < b#0
a=c/b
a=bc 20+l 2n4l
alb=c& ; a"™ =beo=a= n«/g
b#0
b:aZn
A =beoa=+4b,a=%b <
a=0
!PT aclog, b b=t
a=b < >0 ,a=log, b b=a
b=0,c>0
b>0
atb<c&oa<c-bjab<ecs
a<c/b
b<0
a>c/b
2. Giao nghiém :
X>a x<a )
< x >max{a,b}; < X <min{a,b}
X>b x<b
p
X>a a<x<b(méua<b) [pvq I
S ) : S
x<b VN (néua=>b) I q
I

Nhiéu dau v : vé& truc d€ giao nghiém.
3. Cong thifc cAn nhé :

a.4/ : chi dugc binh phuong néu 2 v& khong am. Lam mét o/  phi dat diéu kién.

b>0 b>0
f:b@{ bz,ﬁgb@{
a=

0<a<b?
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C.

pPUe oo

b<0 [(b=0
a>be
[ {azov{asz

Jab = Ja~/b (n€ua,b>0)

J—a~/-=b (n€ua,b<0)
|| : phi || bling cach binh phuong : | a |2 =a” hay bing dinh nghia :
a (néua>0)
—a(néua <0)
b>0

|a|=b<:>{ ;

a==xI

lal=

a|=|b|<:>a=ib
laj]<bs -b <a<b

b>0
|a|>b< b <Ohay
a<-bva=b

la|<|b|<a’-b* <0
Mi: y=a*, xeR,y>0,y Tnéua>1,yInéud<a<l.
a’®=1;a™" =1/‘\‘/a7m; a™a"=a™"
a"/a"=a"";(@")"=a"";a"/b"=(a/b)"
a"b"=(ab)";a" =a"<(m=n0<a=1) va=1
m <n(néua>1)

a" <a" . ,oo=a
m>n(n€ul<a<l)

logy o

log:y=log,x,x>0,0<a=#1,yeR
yTnéua>1,ydnfub<ac<1,a=loga”
log,(MN) = log,M + log,N (<=)
log,(M/N) = log,M — log,N (<=)

2 2
log, M~ = 210ga|M ,2log, M =log, M~ (=)

log, M’ = 3log,M, log,c = log,b.log,c

1
logyc = log,c/log,b, log a M= _loga M
a
(04
log,(1/M) = - log,M, log,M =log,.N &M =N
0 <M <N(n€ua>1)

log, M <log, N& .
M>N>0(néulO<a<l)

Khi 1am todn log, né€u mién xdc dinh néi rong : diung diéu kién chin lai, trdnh diing cong thiic 1am thu hep mién xdc

dinh. M4t log phdi c6 diéu kién.
Pdi bién :

Pon gidn t=ax+beR,t=x2>>0, t=+x 20,t=|x|20,t=aX >0,t=log,xeR

N&u trong dé bai c6 diéu kién cla x, ta chuyén sang diéu kién clia t biing cdch bi&n ddi tryc ti€p bat ding thifc.
Ham s6 : t = fx) dung BBT d€ tim diéu kién ctia t. N&€u x ¢6 thém diéu kién, cho vao mién xdc dinh ciia £,
Lugng gidc : t = sinx, cosx, tgx, cotgx. Diing phép chi€u lugng gidc d€ tim diéu kién cia t.

Ham s6 hgp : tirng budc 1am theo cdc cdch trén.
Xét ddu:

Da thitc hay phan thitc hitu ty, ddu A/B gidng didu A.B; bén phdi ciing ddu hé s6 bic cao nhdt; qua nghiém don (b6i 18) :

ddi dd'u; qua nghiém kép (bdi chdn) : khong d6i dau.
Biéu thiic f(x) vo ty : gidi f(x) < 0 hay f(x) > 0.
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c.  Biéu thic f(x) vo ty ma cdch b khong lam dugc : xét tinh lién tuc va don diéu cla f, nhdm 1 nghiém cta pt f(x) = 0,
phdc hoa db thi cdia f, suy ra ddu cda f.
6. So sdnh nghi€m phuong trinh bac 2 v6i o :
f(x)=ax’+bx+c=0 (a # 0)

*S=x,+Xx,=—Dbl/a; P=xx,=c/a
Dung S, P d€ tinh cic biéu thifc d6i xitng nghiém. Vi ding thic g(x;,x,) = 0 khong d6i xdng, gidi hé pt :
g=0
S=x;+X,
P=x,x,

Biét S, P thda S>— 4P >0, tim x;, X, tir pt : X>— SX + P =0
*  Duing A, S, P dé so sanh nghiém véi 0 :

A>0
X;<0<x,oP<0, 0<x;<x, =< P>0
S>0
A>0
X <x,<0=<P>0
S<0
*  Dung A, af(a), S/Zdésosénhnghiémvéia:x1<(x<x2c>af((x)<0
A>0 A>0
o<X; <X, a.f(oc)>0 ; X< <a&s a.f(oc)>0
a<S/2 S/2<a
af(B)<0 a.f(0) <0
a<x <Pp<x e af(@)>0; x<a<x, <pe=qaf(B)>0
a<pP a<p
Phuong trinh bac 3 :
a. Viéte: ax’ +bx* +cx+d=0
X;+Xo+X3=—Db/a , XX+ X;X3+XXz=c/a , X;.Xp.X3=—d/a

Biftx; + X +X3=A , XX + X X3+ XX3=B , X;.X2.x3=C

thi Xy, X5, X3 12 3 nghiém phuong trinh : x’— Ax*+Bx-C=0
b.  S& nghiém phuong trinh bic 3 :

ex=avfix)=ax’+bx+c=0(a=0):

A>0

f(o) %0

A>0 A=0

fo)=0 " {f(oc) £0
A=0

1 nghiém ®A<OMyf 0
o =

3 nghiém phan biét & {

2 nghiém phén biét & {

e Phuong trinh bic 3 khong nhim dugc 1 nghiém, m tich dugc sang 1 v& : diing sy tuong giao giita (C) : y = f(x) va (d) :
y=m.

e Phuong trinh bac 3 khong nhdm dugc 1 nghiém, m khong tich dugc sang 1 v€ : dung sy tuong giao gitta (C,,) : y = f(x,
m)va (Ox):y=0

»
»

Ay >0 ./
/ A4
Yep-Yer <0 /\/

AL /
4 A%

3 nghiém < {

v
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Ay. >0
Yep-Yer =0

{Ay' >0 N /\/
I nghiém & Ay <0 v
Yep-Yer >0 / / 7 >

c.  Phuong trinh bac 3 ¢6 3 nghiém lap thanh CSC :

{Ay. >0 /

=S

Yuen = 0

d. Sosdnh nghiém véi o :
o x=x,vix)=ax’+bx+c=0(a#0):sosinh nghiém phuong trinh bac 2 f(x) véi a.
e Khong nhim dugc 1 nghiém, m tich dudc sang 1 v& : diing sy tuong giao ctia f(x) = y: (C) vad y = m: (d) , dua o vio
BBT.
e Khong nhdm dugc 1 nghiém, m khong tich dugc sang 1 vé : diing su tuong giao ciia (C,,) @y = ax’ + bx” + cx + d (c6
m) ,(a>0) va (Ox)

2 nghiém {

Ay,>0

Yep-Yer <0 L

y(o) <0

A <X <X3<X3=

o <Xep
Ay, >0

Yep-Yer <0 _)‘1@&7{,7’

X; <0< Xy < X3 & 0.

y(a)>0
o <Xcr
Ay, >0

Yep-Yer <0 _x;,%;

y(a) <0

X1 <X <U<X3=

Xcp <O

Ay.>0

Lo

Yep-Yer <0
y(o) >0

X1 <X <X3<O =

Xep <O

8. Phuong trinh bic 2 c6 diéu kién :
f(x)=ax*+bx+c=0(a=0),x#a

A>0
f(o) %0 f(a)=0
2 nghiém < , 1 nghiém <
A>0 A=
f(a)=0
A=0
Vo6 nghiém & A<0 v
f(a)=0

Néu a ¢6 tham s&, xét thém a = 0 v6i cdc trudng hop 1 nghiém, VN.
9. Phuong trinh bic 4 :
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t=x>2>0
a. Trung phuong : ax*+bx’+c=0(az0) <
f(t)=0
t:x2®x:i\/¥
A>0
P=0
4 nghiem < < P >0 ;3 nghiém <
S>0
S>0
P=0
PrO
<0
2 nghiém E=0 ; 1 nghié¢m < E 0
S/2>0 B
S/2=0
A>0
VN A<O v P>0oA<0viP>0
S<0 S<0
0<t; <t,
4 nghiém CSC
nghicm f— \/gz3x/a
t2:9t1
Gidihépt: 3 S=t, +t,

1
b. ax'+bx’+cx’+bx+a=0.Pitt=x+ —.Tim dk clia t bing BBT : ‘t‘ZZ
X

1
c. ax'+bx’+cx’ —bx+a=0.Pitt=x—- —.Timdkciiat bing BBT : t € R.

X
d. (x+a)(x+b)(x+c)(x+d)=ev6ia+b=c+d.Dat:t=x2+(a+b)x.T“lmdkcﬁatbi'mgBBT.
. . a+b
e. (x+a)'+(x+b)’=c.bit: t=x+ ,teR.
ax+by=c
10. Hé phudng trinh bac 1 : ' ' ,- Tinh :
a'’x+b'y=c
ab cb ac
D= V| 0 X T V| = v
a'b c'b a'c

D # 0 : nghiém duy nhdtx = D/D , y = D,/D.
D=0,D,#0 vDy#0:VN
D=D,=D;=0: VSN hay VN (gidi hé v6i m da bi&t).
11. Hé phuong trinh d6i xing loai 1 :
Tung phuong trinh ddi xiing theo x, y. Pat S =x +y, P = xy.
DK : S~ 4P >0. Tim S, P. Kiém tra dk S* - 4P > 0;
ThE S, P vao pt: X* — SX + P =0, gidi ra 2 nghiém 1a x va y.
(o, B) 12 nghiém thi (B, o) ciing 12 nghiém; nghiém duy nhat
S>a=p=>m="?
Thay m vao hé, gidi xem c6 duy nhat nghiém khong.
12. Hé phuong trinh d6i xdng loai 2 :
Phuong trinh nay d8i xding véi phuong trinh kia. Trir 2 phuong trinh, diing cdc hiing ding thitc dua vé phuong trinh tich
AB=0.



13.

14.

15.

16.

Nghiém duy nha't lam nhu hé ddi xitng loai 1.

2 2
ax“ +bxy+cy” =d
Hé phuong trinh ding c4p : 5 yrey 5
a'x“+b'xy+cy” =d
Xéty =0. Xéty =0 : dit x = ty, chia 2 phuong trinh d€ khit t. Con 1 phuong trinh theo y, gidira y, suy ra t, suy ra x. C6
thé xétx =0, xét x 20, diaty = tx.
B4t phuong trinh, bi't ding thiic :

* Ngoai cdc ba't phuong trinh bic 1, bic 2, dang co ban clia \/7 R

. | , log, mii c6 thé gidi truc ti€p, cdc dang khdc can

lap bang xét ddu. Vi bat phuong trinh dang tich AB < 0, xét diu A, B rdi AB.
*  Nhan bat phuong trinh v6i s6 duong : khong ddi chiéu
s6 Am : ¢6 ddi chiéu
Chia bat phuong trinh : tuong tu.
*  Chi dugc nhin 2 bi't pt v€ theo v€ , néu 2 v& khong Am.
*  Bat ding thic Cosi :

a+b
a,b>0: >4+/ab
2
DAu = x4y ra chi khia = b.

a+b+c
a,b,c>0: TZ%}&bC

DiAu=xdyrachikhia=b=c.

* B4t ding thic Bunhiacdpxki: a, b, ¢, d

(ac + bd)> < (a® + b?).(c* + d*); Ddu = xay ra chi khi a/b = c¢/d
Bii todn tim m d€ phudng trinh c6 k nghiém :
N&u tich dugc m, diing sy tuong giao clia (C) : y = f(x) va (d) : y = m. S6 nghiém bing s6 di€ém chung.
Néu c6 diéu kién cta x € I, 1ap BBT cia f v6ix € L.
Bai todn im m d& b4t pt vo nghiém, luén ludn nghiém, c6 nghiém x I :
Né&u tach duge m, ding db thi, 1ap BBT véix € L.

f(x) <m:(C)du6i (d) (hay cit)

f(x) >m : (C) trén (d) (hay cit)

III- LUQONG GIAC 5+

Dudng tron lugng gidc : —2n 2n
Trén dudng tron lugng gidc, goc o ddng nhat véi cunm, ddng nhat véi diém M
1 diém trén dudng tron lugng gidc ng v4i vo s6 cic so thuc x + k2.

2n P 2=
Trén dudng tron lugng gidc, nim vitng cdc géc dic biét : bdiclia — (— cung phin tu) va —
3 M
1 R
(— cung phan tu) ‘&
2 ° 0
2km o . . .
X=0o+ cola 1 goéc daidi€én, n: so di€m cach déu trén dudng tron lu’(jngt%léc. +tk2n
n .
sin A
Ham s6 lugng gidc : N
am s0 lugng gidc : > cotg

M “j\\ M [~

_ ; > COS

Sm%©¥&i o \\‘ L A e e Axm&m#én@m
boi diu, khong d6i ham : doT; o4, h@ﬁ@'ﬁl@_tlen khong dbi dau : sin b, Cos ¢0i, tg cotg hi€u ).

*  PG&i ham, khong d6i ddu : phu

2 s 2. . TE . 2 2. ’
*  POoidau, doi ham : hiéu — (sin 16n = cos nho : khdng d6i dau).

Cong thic :
a. Cdbdn : ddi ham, khong ddi géc.
b. Cong:d6igécatb,raa,b.



c. Nhan d6i : d6i géc 2a ra a.
d. Nhanba : d8igéc 3ara a.
e. Ha bac: d8i bac 2 ra bac 1. Cong thiic dSi bac 3 ra bac 1 suy tir cong thifc nhan ba.

. a N .
f. Puavé t= th : dua lugng gidc v€ dai so.

g. Tdng thanh tich : d8i tong thanh tich va ddi goc a, b thanh (a £ b) /2.
h. Tich thanh t8ng : d8i tich thanh tdng va d6i géc a, b thinh a £ b.

5. Phuong trinh ¢d ban : sina = 0< coso =— | hay cosa = 1< a =k,

. TE . TE
sinc=1<<a=—+k2xn;sint = -1 < o =- —+ k27,

T
cosa =0 < sinat =—1 hay sino =1 < a= —+Kkn,

cosao=1<a=k2xn, cosa=— 1< a=n+k2xn
sinu=sinve u=v+k2nvu=n-v+Kk2n
cosu=cosveu=12v+k2n

tgu=tgv < u=v+kn

cotgu = cotgv < u=v +kn

Phuong trinh bac 1 theo sin va cos : asinu + bcosu =c¢
*  Piu kién c6 nghiém : a’ + b’ > ¢?

* Chia 2 v& cho / a?+b? , diing cong thifc cong dua vé phuong trinh co ban.
N u
(cdch khdc : dua vé phuong trinh bac 2 theo t = th)

Phuong trinh d6i xtng theo sin, cos :
Pua cdc nhém d6i xitng vé sin + cos va sin.cos.

. s . t* —1
Pit : t = sinu + cosu = ﬁsm u+Z],—\/§StS\/§,smu.cosu = 5

Phuong trinh chita | sinu + cosu | va sinu.cosu :

: ] T 2.1
Pat: t=|sinu+cosu| =2 sm(u +Zj

2

—

0<t<+/2,sinu.cosu =

Phuong trinh chita sinu — cosu va sinu.cosu :

) ) i ) -t
bit: t=slnu—cosu = 2sm(u—zj,—\/5£tS\/E,smu.cosuz

10. Phuong trinh chita | sinu — cosu | va sinu.cosu :

11.

1-t2

0<t<+/2,sinu.cosu = 5

Pit t=|sinu—cosu| =2

oo

Phuong trinh toan phudng (bac 2 va bac 0 theo sinu va cosu) :
Xét cosu = 0; xét cosu # 0, chia 2 v& cho cos’u, diing cong thic

1/cos®u = 1 + tg’u, dua vé phuong trinh bac 2 theo t = tgu.
12. Phuwong trinh todn phuong md rong :

* Bac 3 va bac 1 theo sinu va cosu : chia 2 v&€ cho cos’u.
* Bac1vabic— 1:chia?2 v& cho cosu.

13. Gidi phuong trinh biing cdch d8i bién :

Né&u khong dua duge phuong trinh vé dang tich, thit dit :
t = cosx : n€u phuong trinh khong ddi khi thay x bdi — x.

*

*  t=sinx : n€u phuong trinh khong ddi khi thay x bdi & — x.
*ot=1gx : néu phuong trinh khong ddi khi thay x bdi © + x.
* t=cos2x : néu ca 3 cich trén déu ding

* t=tg— :néucd 3 cdch trén déu khdng ding.
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14.

15.

16.

Phuong trinh dic biét :

* 1’+vi=0

—
< <
Il Il
oS O

u=v
u
* uSCcz{
v>C
u<A
* v<B
u+v=A+B

0
—
< <
i

>

sinu=1 sinu=-1
* gsinu.cosv=1< \Y

cosv=-1
sinu=1 sinu=-1
Vv

cosv=-1

cosv=1

* ginu.cosv=— 1<
cosv=1

Tuong ty cho : sinu.sinv = + 1, cosu.cosv =% 1.
Hé phuong trinh : V&i F(x) 12 sin, cos, tg, cotg

Fx)tF(y)=m(®»
a. Dangl: . Dung cdng thic doi + thanh nhén,
xty=n 2)
X+y=a

thé& (2) vao (1) dua vé hé phuong trinh :
x—y=b

F(x).F(y)=m e
b. Dang?2: . Tuong ty dang 1, dung cOng thic d6i nhdn thanh +.

Xty=n
{ F(x)/F(y)=m
c. Dang3:
Xty=n

a C a+c a—¢C
Ding ti 1é thic: — = — & =
b d b+d b-d
cong thiic d6i + thanh x.
d. Dang khéc : tim cdch phdi hgp 2 phuong trinh, dua vé cdc pt co ban.
Todn A :
* Ludncé sdn 1 pttheoA,B,C:A+B+C=x
* A+ BbuvéiC, (A +B)/2 phu véi C/2.
* A,B,Ce(0,m);A/2,B/2,C/2 € (0, n/2)
A+Be(0,n);(A+B)/2<(0,n/2);
A-Be(—n,m),(A-B)2 e (—n/2, n/2)
Diing cdc tinh chi't nay dé chon k.
* PGi canh ra géc (ddi khi d6i géc ra canh) : diing dinh 1y him sin :
a = 2RsinA hay dinh 1y ham cos : a® = b* + ¢ — 2bc.cosA

* S= lahal = labsinC _abe_ pr
2 2 4R

=Jp(p—a)(p—b)(p—c)

. 1
* Trung tuyén: m, = 5\/2]2)2 + 202 - a2

bi€n d8i phuong trinh (1) rdi ding

2bccosé
2

* Phangiic: ¢, =
b+c
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IV- TICH PHAN

1. DPinh nghia, cdng thdc, tinh chit :
* Fla | nguyén ham cla < £la dao ham cta F.
Ho t4t cd cdc nguyén ham clia £

Jf(x)dx =Fx)+C (CeR)

a+l

Jdu:u+C; Iu“du: 4 +C, ax-1

a+l

Jﬂ=ln|u|+C; Ie“du=e“ +C; Ja“du:a“/lna+C
u

Isinudu =—cosu+C ; Jcosudu =sinu+C

Jdu/sinzu =—cotgu+C ; Jdu/coszu =tgu+C

b= F(b)—F(a)

IOIIHF

j(f+g) jf+jg jkf kjf

a

2. Tich phan titng phan :
Judv =uv-— Jvdu
Thudng dung khi tinh tich phan cdc him hdn hgp.
a. Jx“eX , Jx“sinx;jx“cosx:u:xIl
b. jx“lnx cu=Inx
c. Jexsinx,JeXcosx :u=e" hay dv=e*dx
titng phan 2 1in, gidi phuong trinh &n ham [

3. Cédc dang thudng gép :

2n+l1 X

a. Jsin”1 X.COS u = sinx.

2n+l X

Jcosm X.sin U = COSX.

2nX

Jsin2m X.COS ha bac vé bac 1

b. thzmx/ cos?" u=tgx (n=0)
2m s .2n
Icot g“"x/sin“" x u = cotgx (n=0)
J chia a® — u? u = asint
J chia u? — a? u = a/cost
J chita a’ + v’ u = atgt
JR(sin X,CO0SX) , R :ham hitu ty
R(-sinx, cosx) = — R(sinx, cosx) 1 U = COoSX
R(sinx, —cosx) = — R(sinx, cosx) 1 U= sinx

10
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o

jar

()¢}

=

—-

&

*

ax’ +bx+c(A<0)—>

5.

R(-sinx,—cosx) = R(sinx, cosx)

X
Rdongidn: u=tg—

2
/2 -
j -thit diit u=——x
0 2

i
I:thi’r ditu=m—x

LU =1gx vu=cotgx

0

jxm(a+bx“)l°’q,(m+1)/nez:uq —a+bx"

Ixm(a+bxn)p/q,m—+1+EeZ:uqxn =a+bx"
n q

. Idx/[(hx+k) ax® +bx+c:hx+k=t

) jR(x,\/(ax+b)/(cx+d) ,R1a ham hitu ty : u=\/(ax+b)/(cx+d)

J chita (a + bx®)™ : thtt datu" = a +

Tich phan ham s6 hitu ty :

u

bx*.

j P(x)/ Q(X) : bac P < bic Q

Pua Q vé dang tich clia x + a, (x + a)",

ax>+bx +c (A<0)

Pua P/Q vé dang tdng cdc phan thiic don gidn, dwa vao céc thira s6 clia Q :

A A
Xx+a—>——,(x+a)" > —1
X+a X+

AQax+b)

A2 An
+ 3 +...+
a (x+a) (x+a)"

ax’> +bx+c ax’
Tinh dién tich hinh phing :

+bx+c\’ ax? +bx+c

& U dx (A<0)=Idu/(u2+a2):datu=atgt)

b

a. Dgidihanbdix=a,x=b, (0Ox), (C):y=1f(x): SD = I|f(X)|dX

b.

C.

f(x) : phan thic hitu ti : 1dp BXD f(x) trén [a,b] dé mé

dudng tron lugng gidc.
D gidihanbdix=a,x=b, (C):y=1(
b

a

X)

C):y=gx): SD = ”f(x) - g(X)|dX

a
Xét dau f(x) — g(x) nhu trudng hop a/.
D gidi han bdi (C)) : fi(x,y) =0, (Cy)
f(x)

X=a X=b y=b
g(y)@ f(y)

y=a

Véi trudng hgp o) : néu bién trén hay bién dudi bi gdy, ta cit D bing cdc dudng thing ding ngay chd giy.
Véi trudng hop B) : n€u bién phdi hay bién trdi bi giy, ta cit D bing cdc dudng ngang ngay chd giy.

H(x,y)=0

ol Sy =||f(x)—g(x)|dx

0 ey

B S, =[lty)-gw)|dy

11

.15 f(x) : ham lugng gidc : xét d4u f(x) trén cung [a, b] cda
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Chon tinh J. theo dx hay dy dé | dé& tinh todn hay D it bi chia cit.
CAn gidi cdc hé phuong trinh toa d6 giao di€m.

CAn bi€t vé dd thi cdc hinh thudng gip : cdc ham cd bén, cdc dudng tron, (E) , (H), (P), ham lugng gidc, hAam mi,

he‘lmH.

Cin bi€t rit y theo x hay x theo y tir cong thic f(x,y)

0 va biét chon +4  hay

—f j:...+\/7:trén,y:...—\/7:du’61,x:...+\/7:phéi,x:...—f:tréi_

6. Tinh thé tich vt th€ tron xoay :
a. Dnhu 5.a/ xoay quanh (Ox) :
¢ z
V=n ﬂ(x) “dx
/ E
F
b b 7, 1)
b V=rffy) 2dy
a f(x)
b ! |
L g(x .
. V=r|[fPx)-g*(x)ld ' —> ,)
¢ n! [£2(0) - > (0ldx % -
‘ﬂ_-j
b
0 f(y)
. V=nflf(y)-gy)dy N
a a
f(x) fx)  -9(x)
C b a b e
e V= TEI £2(x)dx + TEJ.gZ(X)dX J %’
a C _a C b
gx
>
f.

C b
V =n[g2(y)dy +x[ 2 (y)dy

Chii  : xoay quanh (Ox) : | ...dx ; xoay quanh (Qy) : | ... dy.
V- KHAO SAT HAM SO

0
1. Tim lim dang 6, dang1”:

P(x)

(x

Phan thic hitu ty : 1im
X—a

d 0/0)=1
(dangd/ 0= =0 ()

pam g - lim 2O (dang0/ 0), diing cong thitc lim 1Y = 1
x—a g(x) u—>0 u

x-a)P () _

P
Xx—a Ql
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. f(x
c. Ham chita cédn: llmg(dangO/ 0), dung Iugng lién hiép :
x—a g(X)

2~ b= (a—b)a+b) d€phd 1/ ,a’~b’=(a—b)a’+ab+b?) dé pha 3/

d. Ham chtta mii hay log (dang 17) : ding cong thic lim(1+ u)l/u =¢
u—0
2. Paoham:
. f(x)—f(x
a. Tim dao ham biing dinh nghia : f'(Xxy) = lim M
x=Xxo  X—X,
Tai diém x, ma f ddi cong thiic, phai im dao ham tirng phia :

f/(x,)= 1im+,ff(x0) = lim . Néu f}(x,) =f/(x,) thi f c6 dao ham tai x,.
XXy X—Xgo

b. Y nghia hinh hoc :

k:tg(x:f/(xM)
YOC
c. f+:1£7 , f—:fl f(x) M
'+ :flom , - :f1di
' (xy)=0
d. fdatCP@iM < //( m)
" (xp) <0
f/(xy)=0
fdat CT tai M < //( m)
" (xp) >0
M Ia diém udn cia f < f'(xy) = 0 va ' di ddu khi qua xy.
' 1
e. Tinhdao ham biing cong thitc : C'=0, x* =ox*", (Inx) = I/x, log, x = ) (e =¢e*
Xina

(a®) = a*.Ina, (sinx)’ = cosx , (cosx)’ = — sinx, (tgx)' = 1/cos’x,

(cotgx)/ = —1/sin’x, (ku) = ku’, (uxv) =u’ £V, (uv) =u'v +uv’,

(ll/V)/ = (ll/V - llV/)/V2

* Ham hop : (g,f) = g1f()]. £(x)

*  Pao ham 16garit : 14y log (In : co s6 e) 2 v€& , rdi dao ham 2 v&; 4p dung véi ham [f(x)]5™ hay f(x) dang tich, thuong,

chtra {
f.  Viphan: du=u'dx
Tiém cin :

limyzoo =>x=a:tcd

X—>a
X a
y oll o0
limy=b =y=b:ten
X—>0
X —00 40
y b b
X —o0 +c0
lim[y —(ax+b)]=0 = y=ax+b:tex
X—>0
y 0 )

* V& d6 thi c6 tiém cin :
-tcd:khiy cang ti€n vé oo thi dudng cong cang gan dudng tc .
- tcx :khi x v y cang ti€n vé * oo thi dudng cong cang gan dudng tc.
- tcn:khi x cang ti€n vé + oo thi dudng cong cang gan dudng tc.

13
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o Cotcdx=akhiQa)=0,P(a)=0
e (6 ten khibic P <bic Q: véix = w, tim lim y biing cdch 14y s& hang bic cao nhit clia P chia s6 hang bic cao nhit

cua Q.
P (x)
X

,texlay=ax+b.NuQ=x-a,cé

e C6 tex khi P hon Q 1 béc, khi d6 chia da thitc ta c6 : f(X) =ax+b+

th& chia Honer.
*  Biénludn ti€m cAn ham bac 2 /bac 1 :

y=ax+b+ (d=0)

dx+e
eaz0,c#0 :cotcd, tcx
ea=0,c#0 :cb tcn, tcd.
e c =0 : (H) suy bi&n thanh dt, khong c6 tc.
4. Db thi c4c ham thudng gip :

a/y=ax2+b: A) *<O a=0

b/y=ax"+bx+c

_ .3 2
c/ly=ax’+bx"+c+d U a>0 /\ a<0

a>0:
;A,<O Ay'zo
A, >0 g
d/y=ax*+bx’+c¢ \

a>0
: ab< 0 l

e/y=(ax+b)/(cx+d) (c20)

45

ad-bc<0
fly= ;
i <
ad>0 /) Ay_o A 0
y,>O
ad<0
A o
X=a
5.pOI XUNG PO THI : b
g(x) = f(—x) : dx qua (Oy) a b/ L —h
g(x) = - f(x) : dx qua (Ox) X<a X>a y=
y<h

14



(Ch:y= ‘f(X)‘ : giif nguyén phan (C) bén trén y = 0, 14y phan (C) bén du6i y = 0 d6i xting qua (Ox).

(C'y:y = f(|X|) : gitt nguyén phan (C) bén phdi x =0, 18y phin (C) bén phdi x = 0 ddi xitng qua (Oy).

6. DIEM PAC BIET CUA (Cm) : y = f(x, m)
a/ Biém c6 dinh : M(x,, y,) € (Cm), Vm <y, = f(X,, m), Vm < Am + B =0, Vm (hay Am’ + Bm + C = 0, Vi) <

A=0
A=0
(hay 3 B =0). Gidi h¢, dugc M.
B=0
C=0

b/ Piém (Cm) khdng di qua, Ym : M(X,, y,) € (Cm), Ym < y, # f(Xxo,m), Ym < y, = f(X,, m) VN m < Am + B =0 VN

A=0 A%0
m (hay Am* + Bm+C=0 VN m) & (hay < B=0 v ). Gidi hé , duge M.
B=0 A<O
C=z0
A B#0
Chiy: —=C VN B=0v
B A =BC VN

¢/ Piém cé n dudng cong clia ho (Cm) di qua : Cé n dudng (Cm) qua M(X,, Yo) < Yo = f(X,, m) ¢6 n nghiém m. Cin nim
vitng diéu kién c6 n nghiém clia cdc loai phuong trinh : bac 2, bic 2 c6 diéu kién x # a, bic 3, tring phuong.

~ s N ~ ~
7. TIEP XUC, PHUONG TRINH TIEP TUYEN :

Y=Y

/

R Nghiém x clia hé 1a hoanh do tiép
yc=y'c

a. (O):y=1fx),tx (C/) 1y = g(x) khi hé phuong trinh sau c6 nghiém :
diém.

b. Tim ti€p tuyén véi (C) : y = f(x)
* Tal M(Xo’ YO) y= f(Xo)(X - Xo) *+ Yo-
*  Qua M (X,, Yo): Vi€t phuong trinh dudng thing qua M : (d) : y = k(x — X,) + Y,. Diing diéu kién tx tim k. S& lugng k =
s0 lugng ti€p tuyé&n (néu f bac 3 hay bac 2/ bac 1 thi s6 nghiém x trong hé phuong trinh dk tx = s8 lugng ti€p tuyén).
*NN(A):y=ax+b:(d)//(A) = (d):y=ax+m. Tim m nh¢ dk tx.

1
*L(A):y=ax+b(@=z0):(d)L(A)=(d):y=——x+m. Tim m nhd dk tx.
a

c.  Baitodn s6 lugng ti€p tuyén : tim M e (C') : g(x, y) = 0 sao cho tit M ké dugc d&€n (C) ding n ti€p tuyén (n=0, 1, 2, ...),

Yc =Y .

M(xo,y0) € (C) & g(xo,yo) = 0: (d) qua M : y = k(x — x5) + yo: (d) tx (C) : { h 12 (1). Thé k vao (1) dugc phudng
yc=

trinh 4n x, tham s8 x, hay y,. Pit dk d€ phuong trinh ndy c¢6 n nghiém x (s6 nghiém x = s8 ti€p tuyé&n), tim dudc x, hay

Yo-
8. TUONG GIAO :

*  Phuong trinh hd diém chung ciia (C) : y = f(x) va () y =g(x) 1a : f(x) = g(x). S nghiém pt = s di€ém chung.
* Tim m d€ (C,,) : y = f(x, m) va (C: y = g(x, m) ¢6 n giao di€m : Viét phuong trinh hoanh d6 di€m chung; dit dk dé
pt c6 n nghiém. N&u pt hoanh d6 di€m chung tich dugc m sang 1 v& : F(x) = m : dit diéu kién dé (C) : y = F(x) va (d) :
y =m c6 n diém chung.
*  Bién ludn sy tuong giao cla (Cp,) va (CNE

e N&u pt hd diém chung dang : F(x) = m : 1ap BBT cia F; s6 diém chung cia (C,,) va (C') = s6 diém chung ctia (C)
va (d).

¢ PThd di€m chung, khong tich dugc m, dang f(x) = ax’+bx+c=0(x#a) hay dangbac3:x=a v {(x)=0:14p A,
xét dau A, gidi pt f(x) = 0 @€ bi€t m nao thi o 12 nghiém cda f, v6i m d6, s6 nghiém bi bst di 1.

9. CUCTRI :
* fc6 ding n cuc tri < f d6i ddu n I4n.
/(x,)=0
* f dat cyc dai tai x, & y
7 (x,) <0

15
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/ _
g . f (XO)_O
f dat cyc ti€u tai x, p
" (x,)>0
* fbac3(haybiac2/bicl)cédcuctri = fco6CbvaCT & Af/ >0

* fbac3(haybac2/béc1)cé cuctri:
e Bén phdi (d) : x = o < y =0 ¢6 2 nghiém o < X < X».
OBéntréi(d):x=(xc>y/=0062nghiémx1<x2<(x.

Af, >0
e 1bén (Ox) =
yCD'yCT >0
Af, >0
2 bén (Ox) =
yCD'yCT <0

*  V@&iham bac2/bic 1, cdc diéu kién Yep-Yer < 0 (>0) c6 thé thay bdiy =0 VN (c6 2 nghiém.).
* Tinh ycp.yer ©

eHambic3:y=y (Ax + B) + (Cx+ D)

Yep-yer = (Cxcp + D).(Cxer + D), diing Viete v6i pt y' = 0.
e Him bac 2/bacl:y =E
\'%
/ /

U (Xcp)-U (Xer)
v/ (Xcp ).v/ Xer)
*  Pudng thing qua CP, CT :

eHambiac3:y=Cx+D

eHambac2/bacl:y=uv'/Vv
* y=ax4+bx2+ccé lcuctri< ab>0,3 cuctri< ab<0

Yep-Yer = , ding Vigte véipty = 0.

10. PON PIEU :

a.

ii)

iif)

b.

Bién luin sy bi€n thién cia ham bic 3 :

i) a>0vay =0vdnghiém = ham s6 ting trén R (Iudn ludn ting)

a<0vay =0vo6nghiém = ham s6 gidm (nghich bi€n) trén R (Iudn ludn gidm)
a>0vay =0co6 2 nghi€m phan biét x;, X, v6i x| < X,

= ham s6 dat cuc dai tai x, va dat cuc ti€u tai x,.

Ngoairataconcé:

+ X; + Xy = 2X, V6i X 12 hoanh d6 diém udn.

+ ham s6 ting trén (—oo, X,)

+ ham sd ting trén (x,, +o0)

+ ham s6 gidm trén (x;, X,)

a<0vay =0c6 2nghiém phan biét x;, X, v6i X; < X,

= ham dat cuc tidu tai x; va dat cuc dai tai x, thda diéu kién x; + x, = 2x, (X, 12 hoanh d6 di€ém udn). Ta ciing ¢6 :
+ ham s8 gidm trén (—oo, X;)

+ ham s8 gidm trén (x,, +0)

+ ham s6 ting trén (X, X»)

bac2
bacl

Bién luin sy bién thién cla y =

i) N€u a.m >0 va y' = 0 vo nghiém thi ham ting ( ddng bi&n) trén tirng khdang xdc dinh.
ii) N&u a.m < 0 va y' = 0 v6 nghiém thi him gidm ( nghich bi€n) trén titng khdang xéc dinh.
iii) Néu a.m > 0 va y/ = 0 c¢6 2 nghiém phan biét x,, x, thi ham dat cuc dai tai x, va dat cuc ti€u tai x, thda x; < x, va

X1 tXp P
2 m
iv) Néua.m < 0 va y/ =0 c6 2 nghiém phin biét x,, x, thi hAm dat cyc ti€u tai x, va dat cuc dai tai x, thda x; < X, va
X{+Xy P
R

16



c. Tim m dé& ham sd bac 3, bac 2/bac 1 ddng bi€n (nghich bi€n) trén mién x € 1 : dit dk d€ I nim trong mién ddng bi&n
(nghich bi€n) ctia cac BBT trén; so sinh nghiém pt bic 2 y' = 0 v6i a.

11. BIEN LUAN SO NGHIEM PT BANG PO THI :

a. Cho pt: F(x, m) = 0; tich m sang 1 v& : f(x) = m; 1ap BBT clia f (n€u f d4 khio sit thi ding d4 thi clia f), s6 nghiém = s&
diém chung.

b Véiptma, log, A
dé thi f.

12. QUY TiCH PIEM DI PONG M(x., yo) :
Dya vao tinh chi't diém M, tim 2 ding thitc chita x,, yo, m; khit m, dudc F(x,, y,) = 0; suy ra M € (C) : F(x, y) = 0; gidi
han quy tich : M tén tai < m ? <>x, ? (hay y, ?)
e Néux,=athiMe (d):x=a.
e NEuy,=bthiM e (d):y=b.

13. TAM, TRUC, CAP PIEM POI XUNG :

a. CM ham bac 3 c6 tdm dx (diém udn), ham bac 2/bac 1 ¢ tim dx (gd 2 tc)

tail:dGitoa dd :x =X +x,y=Y +yp; th€ viohamsd : Y = F(X), cm :

F(—x) = — F(x), suy ra F 12 ham 1&, db thi c6 tdx 1a gdc toa do 1.

b. CM ham bdc 4 c6 truc dx // (Oy) : gidi pt y' = 0; néu x = a 1a nghiém duy nhét hay 1a nghiém chinh giita ctia 3 nghiém :
dBitoa dd x =X +a,y = Y; th€ vao ham s6 : Y = F(X); cm F(—X) = F(X); suy ra F 1a ham chdn, d6 thi ¢6 truc d6i xitng
1a truc tung X =0, tifc X = a.

c. Timtrén (C):y =f(x) cip diém M, N d&i xting qua I : gidi hé 4 pt 4 4n :

Xy T Xy = 2X,
Yu T YN =2V,
Y =f(xy)

yn =f(xy)
d. Timtrén (C):y=1(x) cip diém d/x quadt(d):y=ax+b:dtL(d)la

. | , Iugng gidc : d8i bi€n; cAn bi€t mdi bi€n mdi t dugc may bién cii x; cAn biét dk ctia t d€ cit bt

(d):y=— —x+m;lap pt hd diém chung cta (C) va (d'); gia st pt c6 2 nghiém X, X, tinh toa d6 trung diém I ciia AB theo
a

m; A, B d6i xting qua (d) < 1 € (d)
< m?; thay m vao pthd di€m chung, gidi tim x,, Xg, suy ra y, yg.

2 C
14. Tim diém M € (C) : y = ax + b + c6 toa d0 nguyén (a, b, ¢, d, e € Z) : gidi hé
dx+e
y axy +b+—O
c M ~ 44AMm
Yy =axy +bt— dxy +e
dxy+e < c
XM s e’/ Xy, €2
M>YM “dxy +e
yM =aXy tb+
< dxy +e
Xy € Z,dx,, +€ =ubcsd cliac
15. Tim min, max cia him s6 y = f(x)
Lap BBT, suy ra mién gid tri va min, max.
16. Gidi bat phuong trinh biing db thi :
Xx<a f
f<goa<x<b f>go
b<x : .
x<a i\
f<geoasx<h,fzgo ! ! >
Xx2>b a b

VI- HINH HOC GIAI TfCH
1. Toa &6 , vecto :
* (a,b)x(a,b)=(ata,btb)

17
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k(a, b) = (ka, kb)
a= a/
b=b
(a, b).(a’,b)) = aa’ + bb’

(a,b)| =va? +b?

o

cos(V,v’ ):%

(a,b)=(@, )= {

E?; =(Xg—XA,Yg—Ya)-AB =‘§§‘

M chia AB theo ti s6 k & MA =kMB

X, —kx ya —ky
1-k 1-k
X, +X +
M : trung diém AB < Xy =%, Y™ :%
X +Xp +Xc
R T
M : trong tim AABC <
_Yat¥stYyc
IMTTTTT

(twong tuf cho vecto 3 chiéu).
*  Vectd 3 chiéu c¢6 thém tich c6 hudng va tich hdn hgp :

- -/
v=(a,b,c),v =(a',b',c")
=

bc ab J
[V.V'] =[v] '] .sin(v.v")

b’ ¢/ a’' v
[v,v/]Lv,v
=0 VIV & [VV']=0: V.,V .V

+ VIV o vy
& [V,v13 =0 ]
SAABC :%‘ E’Rl
Vs.apc :é‘ E,A_C’;’TS

S —
VaBcD.ABCD = ‘[AB, AD].AA ‘

c a
/

~

b b

a/

/ I

ddng phing

A, B, C thing hang = AB // AC

AHBC=0
* Atrongmp:Hlatryctime § — —.
BH.AC=0
AHBC=0
Hla chan dudngcaoh, < § —
BH//BC

A — AB —
M la chdn phén gidc trong A < MB = —A—C MC

18
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A — AB —
M la chin phén gidc ngdai A & MB = +A—CMC

112 tAm dudng tron ngoai ti€p < IA = 1B = IC.
A N
I 13 tim dudng tron nodi ti€p < I 1a chan phan gidc trong B clia AABM véi M 1a chin phan gidc trong A clia
AABC.
2. Pudng thing trong mp :

*  Xdc dinh bdi 1 diém M(x,,y,) va Ivtcp V = (a,b) hay I phdp vecto (A,B) :
X=X, tat X —X y—y
(6]
(d): { 0 = 2

, (d):
y=Yy,+bt @) a b

(d):AX-%x)+B(y-yo,) =0
Xy
* (d)quaA(a,O);B(O,b):—+—=1
a b
X=XA _Y~YaA
XB7XA YB7YaA
* (d):Ax+By+C=0c6 Vv =(—B,A); n =(A,B)

* (d)//(A):Ax+By+C=0=(d):Ax+By+ C =0
* (d)L(A) =) :-Bx+Ay+C'=0
*(d), (d) tao géc nhon ¢ thi :

_

* (AB):

cosp = #cos(ny,n,, )
\nd\ \n | "
R ‘Axi\}[ ;Byg; C|
+

* Phén gidc cha (d) : Ax+By +C=0va (d): Ax+By+C'=01a:
AX+By+C:+A/X+B/y+C/
\/A2+B2 \/A/2+B/2

nd.nd/ >0 : phdn gidc géc tu +, nhon —

_

nd.nd, <0 : phan gidc géc tu — , nhon +

*  Tuong giao : Xét hpt toa do giao diém.
3. Mit phing trong khong gian :
*  Xdc dinh bdi 1 diém M(X,, Yo, Z,) va 1 phdp vectd : Il =(A,B,C)hay 2 vtcp V, V'
P): Ax-%x,)+B(y-yo,) +C(z-12,)=0

n=[v,v]

(P):Ax+By+Cz+D=0c¢6 N =(A,B,C).

(P) qua A(a,0,0); B(0,b,0); C(0,0,c) <= (P):x/a+y/b+z/lc=1
*  Cho M(Xo, Yos Zo)s (P) : AX+By+Cz+ D=0

|Ax0 +By, +Cz, +D|
VA% +B*+C?

* (P), (P/) tao géc nhon @ thi: cos (P = ‘COS(H(P),H(P'))

d(M,(P)) =

_— _—

* (P)L(P) = nep) 1 Nepy , (P)// P) e np, // np,
4. Pudng thing trong khong gian :
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_—
1

*  Xdc dinh bdi 1 diém M (X, yo, Zo) V2 1 vicp V= (a, b, ¢) hay 2 phdp vecto: n,

X =X, +at
@:4y=y,+bt ,(d): 2o =Y"Yo _Z7%
a b c
z=17,+ct
v =[n,n']
* (AB): X=Xa _ Y= Ya — L=1Z,

XB—XA yB_yA ZB_ZA
Ax+By+Cz+D=0
£ (d=P)nP):9 . . :
A'x+B'y+C'z+D'=0
* (d) qua A, vtcp 7 thi :
‘va]
e

* @ la géc nhon giita (d), (d’) thi:

dM,(d)) =

e —

cosp = ‘cos( Vi Vd/)

* la géc nhon gitra (d), (P) thi:

—_—

sing =‘cos( Vi np)

* (dyquaM,vtecp V,(P)coépvt N :
dcit(P)= v.n =0
/Py v.n =0vaM g (P)

—_ —

(dc@P) < v.n =0vaMe (P

* (d)yqua A, vtep V '(d "y qua B, vtcp V'

(d)cat(d/)c>[V v 1# O [v,V']AB =0
(d)//(d’)c>[V,V']= 0 LA ¢ (d)
() chéod)=[V,V' 12 0.[V,V]AB =0

(d)z(d’)®[7,7]= 0. Ae (d)

[v,V']AB
hVV]

* (d) chéo (d') , tim dudng L chung (A) : tim n =[V, V']; tim (P) chta (d), / n ; tim (P) chita (d), / N ;(A) =

(P) n (P).

(d) L (P), cit (d) = (d) niim trong mp L (P), chita (d).

(d) qua A, // (P) = (d) nim trong mp chita A, // (P).

(d) qua A, cit (d) = (d) niim trong mp chita A, chita (d).

(d) cdt (d), // (d") = (d) niim trong mp chia (d'), // (d”).

(d) qua A, 1 (d') = (d) nim trong mp chita A, L (d').

Tim he H ctia M xudng (d) : vi€t pt mp (P) qua M, L (d), H=(d) n (P).
Tim hc H ctia M xudng (P) : viét pt dt (d) qua M, 1 (P) : H=(d) n (P).
Tim hc vudng géc cla (d) xudng (P) : vi€t pt mp (Q) chita (d), L (P);
d)=P) " @Q

* Tim hc song song ctia (d) theo phuong (A) xudng (P) : viét pt mp (Q) chia (d)

* (d) chéo (d) : d(d, d) =

*OKk K ¥ X ¥ X ¥
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1(N); (d) = (P) "~ (Q).
5. Pudng tron :
*  Pudng tron (C) xdc dinh bdi tim I(a,b) va bk R : (C) : (x — a)* + (y — b)* =R?

* (C):x*+y+2Ax + 2By + C=0c6 tim I(-A,~B), bkR= VA? + B> —C
*(d) tx (C) & d(I, (d)) =R, cit & <R, khong cit  >R.
*  Ti&p tuyé&n véi (C) tai M(X,,y,) : phan ddi t/dd trong (C) :
(Xo—a)(x—a) + (yo—b)(y—b) = R hay XX + yoy + A(Xo + X) + B(y, +y) +C=0
% Cho (C) : F(x,y) = X* + y* + 2Ax + 2By + C = 0 thi Py/(C) = F(xy, ym) = MA.MB = MT? = MI” - R? v6i MAB : cit
tuyé&n, MT : ti€p tuyén ; M € (C) < Py/(C) =0, M trong (C) < Py/(C) <0, ngodi < > 0.
* Truc ddng phuong ciia (C) va (C) 2(A - Ax +2(B - By +(C-C)=0
% (C), (C') ngoai nhau < II' > R + R : (c6 4 ti€p tuyén chung); tx ngodi < = R + R’ (3 ti€p tuyé&n chung); cit <

R - R/‘ <II'<R + R’ (2 tt chung); tx trong < = ‘R - R/‘ (1 tt chung 1a truc ding phuong) chita nhau < < ‘R - R/‘

(khong c6 tt chung).
6. Mitciu:
* Mc (S) xd bdi tAim I (a, b, c) va bk R : (S) : (x — a)* + (y — b)) + (z— ¢)* =R~
*(S):x2+y +72°+2Ax + 2By +2Cz+ D =0c6 tim I(-A,~B,—C), bk R =
JA2+B2+C2-D
* (P) tx (S) & d(I,(P)) =R, cit © <R, khong cit < > R.
* Pt ti€p dién vdi (S) tai M : phan doi tdo (S).
% Cho (S) : F(x, y, z) = 0. Py/(S) = F (Xw, v, zm); Pu/(S) =0 = M € (S), <0
< M trong (S), > 0 © M ngoai (S).
*  Mit ding phuong cda (S) va (S)
2A-ANx+2B-B)y+2(C-Chz+(D-D)=0
*  Tuong giao giita (S), (S)) : nhu (C), (C).
% Khi (S), (S) tx trong thi ti€t dién chung 12 mit ding phuong.
*  Khi (S), (S') cit nhau thi mp qua giao tuy&n 12 mit ding phuong.
7.Elip: * cho Fy, F,, F,F, =2¢c,choa>c>0
M € (E) & MF, + MF, = 2a.

2 2

Xy
(E): —+2= =
a’> b?

*

1 (a>b>0):tiéu diém : F,(=c,0), F»(c,0); dinh A,(-a,0); A(a,0); B;(0,—b); B»(0,b); tiéu cu : F,F,

= 2¢, truc 16n A A, = 2a; truc nho

BB, = 2b; tim sai e = c¢/a; dudng chuin x = + a/e; bk qua ti€éu : MF; = a + exy,

MF, =a — exy; tt v6i (E) tai M : phan d6i toa d6 (E),

(B)tx (d): Ax+ By +C=0 < a’A>+b’B*=C?;a’=b’ + c*.

x? y? ) .

* (E) : ?+a_2 =1 (a > b > 0) : khong chinh tic; tiéu di€m : F,(0,—c), F»(0,c); dinh A;(0,—a), A5(0,a), B (=b,0),
B,(b,0), tiéu cu : F|F, = 2¢; truc 16n A |A; = 2a; truc nhd BB, = 2b; tAm sai e = c/a; dudng chudn y =+ a/e; bdn kinh qua
tieu MF, = a + eyy, MF, = a — eyy; ti€p tuyén vdi (E) tai M : phan doi toa do (E); (E) ti€p xdc (d) : Ax + By +C =0 <
a’B*+b> A’=C% a> =b* +¢? (Chi ¥ : tit ci cdc k&t qua cia trudng hgp nay suy i trudng hgp chinh tic trén bing cach
thay x béi y, y bdi x).

8. Hypebol :
* ChoF,, F,, FbF,=2¢c,cho0<a<c.

Me ®H) < |MF, —MFE,| =2a
H) x’ i 1 (pt chinh tdc)
: ——== =1 (ptchinh tac

a’ b’

tiéu diém F,(-c,0), F,(c,0); dinh tr.thuc A ,(-a,0), A,(a,0); dinh truc 40
B,(0,-b), B,(0,b); tiéu cw F,F, = 2c; d0 dai truc thuc A;A, = 2a; do dai truc do
B B, =2b; tim sai : e = c/a; dudng chuin : x = + a/e; ban kinh qua tiéu : M € nhdnh phdi MF, =exy +a, MF,=exy—a, M
€ nhanh trai MF, = — exy — a,
MF, = —exy + a; tiép tuyén véi (H) tai M : phan d6i toa do (H);
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b
(H) tx (d): Ax+By+C=0<a’A’-b’B*=C’>0;tiémcidny =+ —x
d
hinh ch nhdtcos§: x =xa,y==1b; Z=al+ b
y2 2
H): a—z—b—z =1 (pt khdng chinh tac)

tiéu di€m F,(0,—c), F»(0,c); dinh truc thuc A,(0,—a), A,(0,a); dinh truc 40 B,(=b,0), B,(b,0); tiéu cu F,F, = 2c; d6 dai
truc thuc A A, = 2a; d6 dai truc 4o B|B; = 2b; tAm sai : e = c/a; dudng chuén : y =t a/e; ban kinh qua ti€u : M € nhdnh
trén MF, = eyy + a, MF, = eyy — a; M € nhdnh dugi MF, = —eyy — a, MF, = — eyy + a; tiép tuyén vdi (H) tai M : phan
do6itoa do (H);

b
(H)tx (d): Ax+ By +C=0<a’B* - b’A’=C*>0;titmcdnx =+ —y
a

hinh chit nhitcd s§ : y= £ a, x =+ b; ¢* = a’+ b® (chii ¥ : tdt ¢4 cdc k&t qua cla trudng hop nay suy tir trudng hdp chinh
tic bing cdch thay x bdi y, y bdi x).
9. Parabol : * ChoF, F ¢ (A)
M e (P) & MF = d(M,(A))
(P) : y* = 2px (p > 0) (phudng trinh chinh tic).
tieu di€m (p/2, 0), dudng chuin x = — p/2; ban kinh qua tiéu MF = p/2 + Xy; tAm sai e = 1, ti€p tuyén véi (P) tai M :
phén doi toa do; (P) tx (d) : Ax + By + C =0 < pB? = 2AC (p : hé s cla x trong (P) di v6i B : hé s cla y trong (d));
tham s6 tiéu : p.
(P) : y* = — 2px (p > 0) (phwong trinh khong chinh tic).
tieu di€m (—p/2, 0), dudng chudn x = p/2; ban kinh qua tiéu MF = p/2 — xy; tAm sai e = 1, ti€p tuyé&n véi (P) tai M :
phan d6i toa do; (P) tx (d) : Ax + By + C =0 < pB* = — 2AC.
(P) : x* = 2py (p > 0) (phuong trinh khong chinh tic).
tiéu diém (0, p/2), dudng chuin y = — p/2; ban kinh qua tiéu MF = p/2 + yy; tAm sai e = 1, ti€p tuyén véi (P) tai M :
phan doi toa do; (P) tx (d) : Ax + By + C =0 < pA>=2BC (p : hé s6 ctia y trong (P) di v4i A : hé s8 ciia x trong (d)).
(P) : x> = — 2py (p > 0) (phwong trinh khong chinh tic).
tiéu diém (0, — p/2), dudng chudn y = p/2; ban kinh qua tiéu MF = p/2 — yy; tAm sai e = 1, ti€p tuy&n vdi (P) tai M :
phéan d6i toa do;
(P)tx (d): Ax+ By +C =0 < pA*’=-2BC.
CHU Y :
* Cin c6 quan di€m gidi tich khi 1am todn hinh gii tich : dit cAu hdi cAn tim gi? (diém trong mp M(X,,Y,) : 2 4n ; diém
trong khong gian (3 4n); dudng thing trong mp Ax + By + C=0:3 4n A, B, C - thyc ra Ia 2 4n; dudng tron : 3 4na, b, R
hay A, B, C; (E) : 2 4n a, b va cin bi€t dang ; (H) : nhu (E); (P) : 1 &n p va can bi€t dang; mp (P) : 4 4n A, B, C, D; miit
cidu(S):44na,b,c, R hay A, B, C, D; dudng thing trong khong gian (d) = (P) n (Q); dudng tron trong khdng gian (C) =
P)~ (S).
* V@i cdc bai todn hinh khong gian : can 1ap hé truc toa do.
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