HAM SO
@®1. TINH PON PIEU CUA HAM SO
Dang 1: Tinh don diéu ciia ham sé
L Kién thikc co bin
1. Binh nghia
Gia stir ham sb y = f(x) xac dinh trén K:
+ Ham s6 y = f(x) dugc goi dong bién trén khoang K néu:
VX, X, € Ko x <%, = F(x) < f(x,)
+ Ham s y = f(x) dugc goi la nghich bién trén khoang K néu:
VX, X, € Ko X <X, = F(x)> f(x,)
2. Qui tic xét tinh don diéu
a. Dinh li
Cho ham sé y = f(x) c6 dao ham trén K:
+ Néu £(x) > 0 voi moi x thude K thi ham sé dong bién
+ Néu £(x) < 0 voi moi x thude K thi ham sé nghich bién
b. Qui tdic
B1: Tim tap x&c dinh caa ham sb
B2: Tinh dao ham cua ham sb. Tim céc diém x; (i =1, 2....,n) mA tai 46 dao ham bang 0 hoic khong xéac

dinh.
B3: Sip xép céc diém x; theo thir tu ting dan va lap bang bién thién.
B4: Néu két luan vé cac khoang dong bién, nghich bién.

Il Cdc vidu

Logi 1: Xét sy bién thién cia ham sé

Vi du 1. Xét sy dong bién va nghic bién caa ham sé:

a.y:%x3—%x2—2x+2 b.y=-x*+3x+4 e.y=x(x-3), (x>0)
x-1
cy=x"-2x"+3 dy=—
Y ) ) Y X +1
Vi du 2. Xét su bién thién cua cdc ham so sau:
a.y=3x*-8x’ b.y=x*+8x*+5 C.y=x>—6x"+9x
2 —_—
d y:3 2X e.y:ﬂ f.y:w/25_)(2
X+7 . ) x+1
Loai 2: Chung minh ham s6 dong bién hoac nghich bién trén khoang xac dinh.
Phuong phap
+ Dua vao dinh Ii.
Vi du 3.
Ching minh ham sé y =+/2x—x* nghich bién trén doan [1; 2]
Vidu4

a. Chung minh ham s6 y =+/x* -9 ddng bién trén nua khoang [3; + ).
b. Hamsb y= x+§ nghic bién trén mdi nira khoang [-2; 0) va (0;2]

Vi du 5. Chirng minh rang

.z X . h A . , f L. .
a. Hamso y= nghich bién trén moi khoang xac dinh cua né.
2x+1
N z 2X2 +3X A e n x. R , . ) P
b. Hamso y= ol dong bién trén moi khoang xac dinh cua no.
X+

c. Hamsd y=—x++/x?+8 nghich bién trén R.



Dang 2. Tim gia tri ciia tham s6 d¢é mot ham sb cho trude dong bién, nghich bién trén khoang xac dinh cho trudc
Phuong phap:
+ Str dung qui tic xét tinh don diéu caa ham sb.
+ Str dyung dinh If diu cua tam thac bac hai
Vidu 6.
Tim gi4 tri ctia tham s6 a ¢é hamsé  f (x) = % x® +ax? +4x +3 ddng bién trén R.

Vidu?7.
x> +5Xx+m* +6
X+3

Timmdé ham s f(x) = dong bién trén khoang (1; +<0)

, e es . . N X m A e ~ x. , , . N ,
Vidu 8. Vi gia tri nao cia m, ham so: y = X+ 2+—1 dong bién trén moi khoang xac dinh cua no.
X_

Vidu9
3
Xéc dinh m dé ham s y = —% +(M=1)x2 +(Mm+3)x ddng bién trén khoang (0; 3)

Vidu 10
mx+4

X+m
a. Tim m dé ham s6 tang trén ting khoang xac dinh
b. Tim m dé ham so tang trén (2;+o0)

Cho ham s y =

c. Tim m dé ham sb giam trén (—oo;1)
Vidu 11
Cho ham s6 y = x*—3(2m+1)x* +(12m+5)x +2. Tim m dé ham so:

a. LiéntuctrénR

b. Tang trén khoang (2;+<0)
Vidu 12 (PH KTQD 1997)

Cho ham sé y = x*—ax? —(2a> —7a+7)x+2(a—1)(2a—3) dong bién trén [2:+x)
Dang 3. Str dung chiéu bién thién dé chang minh BBT
Phuong phap
Str dung cac kién thue sau:

+ Dau hi@u dé h,am so6 don diéu trén mot doan.

+ f ( X) dong bién trén [a; b] thi f (a) < f(x) < ()

+ f(x) nghich bién trén [a; b] thi f(a)> f(x)> f(b)
Vi du 1. Ching minh cac bat dang thirc sau:

2
a. tanx > sinx, 0<x<% b.1+ %x—%<\/1+x <1+%x, 0< X<+
x2 x3
c.cosx>1-?,x¢0 d.sinx>x-€,x>0
Vidu 2.

Choham sé f(x) = 2sinx + tanx — 3x

a. Chimg minh rang ham s6 dong bién trén ntra khoang [O;%j

b. Chimng minh ring 2sin x +tan x > 3, ¥x e (0; %)
g g 5

Vidu3 ’
Cho hamso f(x)=tanx-Xx



a.Chtng minh ham sé dong bién trén nira khoang [O;%j

, . X3 T
b. Chirng minh tan x > X+§,VX e (0; E)

Vidu3

Cho hamsé f(x) =ix—tanx, xe[0: 21
V4 4
a. Xét chidu bién thién cia ham sé trén [0; %]

b. Chiting minh rang tan x < 4 X, Vx e [O;%]
7

® CUC TRI CUA HAM SO

Dang 1. Tim cyc tri ciia ham sé

Phuong phap:
Duya vao 2 qui tac dé tim cyec tri cia ham so y = f(x)

Qui tac 1.

B1: Tim tap xac dinh.

B2: Tinh £(x). Tim cac diém tai d6 £(x) = 0 hodc £(x)
khong xac dinh.

B3. Lap bang bién thién.

B4: Tir bang bién thién suy ra céc cuc tri

Qui tac II.

B1: Tim tap xac dinh.

B2: Tinh £°(x). Giai phuong trinh £(x) = 0 va ki hi¢u
la x; la cac nghiém cua né.

B3: Tinh f”(x;)

B4: Dua vao diu cua £ (x;) suy ra cuc tri

( £7(xi) > 0 thi ham sb ¢6 cuc tiéu tai x;; ( £”(x;) <0
thi ham sb c6 cuc dai tai x;)

* Chl y: Qui tac 2 thuong dung véi ham sé luong giac hodc viée giai phuong trinh £(x) = 0 phirc tap.

Viduy 1. Tim cuc tri ciia ham s6 y = 2x% +3x* —36x—10

Qui tac 1. Qui tac I
TXD: R TXD: R
y'=6x"+6Xx—36 y'=6x"+6Xx—36
y'=0&6x*+6x-36=0 y'=0<6X*+6x-36=0
o o
X=-3 X=-3
X | o -3 2 +00 y”: 12x+6 n N z .2 . N
; " . y”’(2) =30 > 0 nén ham so dat cyc ticu tai x = 2 va

Vay x = -3 la diém cuc dai Va yea =71
x= 2 la diém cuc tiéu va y = - 54

th = - 54

- 0 N
71 +o0 y”’(-3) = -30 < 0 nén ham s dat cyc dai tai X = -3 va
N7 / Yea =71
© -54

Bail. Tim cuc tri caa cac ham sd sau:




a.y =10+ 15x + 6x° - x° b.y=x*-8x>+432
C.y=x>-3x*—24x+7 dy=x*-5x>+4
e.y=-5x"+3x’ -4x+5 f.y=-x*-5x
Bai 2. Tim cuec tri ctia cAc ham s sau:
y= x+1 by = X*+x-5 cy= (X - 4)°
x> +8 ' x+1 T X*-2x+5
9 x*—3x+3 X
dy=x-3+ — ey=~—"=< f.y=
Y X -2 ’y x—1 Y g
Bai 3. Tim cuc tri cac ham so
+ -
a.y=xv4-x? b.y= x+1 c.y= 5- 3
VX +1 V1 - x?
X x®
dy=s —— ey= f.y=x3-x
V10 - X X’ -6
Bai 4. Tim cuc trj cac ham sb:
a.y=x-sin2x + 2 b. y =3 - 2cosx - cos2x C. y = sinX + cosx
d. y =sin2x €.y =CosX + %COSZX f. y = 2sinx + cos2x v6i x €[0; 7]

Dang 2. Xéc lap ham sb khi biét cuc tri
Pé tim diéu kién sao cho ham sé y = f(x) dat cuc tritai x = a
BL: Tinhy’ = £(x)
B2: Giai phuong trinh f(a) = 0 tim dugc m
B3: Thur lai gié tri a c6 thoa mén diéu kién da néu khong ( vi ham sb dat cuc tri tai a thi £(a) = 0
khong ké CP hay CT)
Vidu 1. Timm dé ham sé y = x3 — 3mx® + (m - 1)x + 2 dat cuc tiéu tai x = 2
LG
y'=3x" —6mx+m—1.
Ham sé dat cuc tritaix = 2thi y’(2) =0 3.2 —6m2+m—-1=0=m=1

, X . o
V6im=1tadugchamsd: y=x>—3x* +2¢6 : y':3x2—6x:>y':0<:{ tai X = 2 ham s dat gié tri cuc
X

tiéu ‘
Vay m=1 la gia tri can tim
Bai 1. Xéc dinh m dé hamsd y =mx’® +3x% +5x+2 dat cuc dai tai x =2

Bai 2. Timm dé ham sé y = x* —mx* +(m —%)x+5 ¢6 cuc tri tai x = 1. Khi d6 ham s6 ¢6 CD hay CT

2
Bai 3. Tim m dé ham s6 y = X mrrl dat cuc dai tai x =2

X+m
Bai 4. Tim m dé ham s6 y = x* —2mx? + m*x —2 dat cuc tiéu tai x = 1
Bai 5. Tim cac hé s6 a, b, ¢ sao cho ham sé: f(x) = x* +ax® + bx+c dat cuc tiéu tai diém x = 1, f(1) = -3 va do thi
Cét tryc tung tai diém c6 tung do bang 2

Bai 6. Tim cé4c s thuc g, p sao cho ham sé f(x) = xp +L1 dat cuc dai tai diém x = -2 va f(-2) = -2
X+

Huéng dén: f'(x)=1-—1—, Vx #-1I
(x+1)

+ Néu ¢ <0 thi f'(x) >0 v6i Vx #-1. Do d6 ham s6 luon dong bién . Ham s6 khong c6 cuc tri.
+ Néu q > 0 thi:



x2+2x+1—q X=—1—\/Z
T e Y&
(x+1) x=-1+q

Lap bang bién thién dé xem ham dat cuec tai tai gia tri x nao.
Dang 3. Tim diéu kién dé ham sb c6 cuec tri
Bai toan: ‘Tim m dé ham sb ¢6 cuc tri va cuc tri thoa man mot tinh chat ndo do.’
Phuong phap
B1: Tim m dé ham s c6 cuc tri.
B2: Van dung cac kién thirc khac Chi y:
e Hamsd y=ax’+bx*+cx+d (a#0) cb cuc tri khi va chi khi phuong trinh y’ = 0 ¢6 hai nghiém phan

fx)=

biét.
e Cuc tri cia ham phan thic y =2 EX; . Gia sir Xo la diém cuc tri cua y, thi gid tri ciia y(Xo) ¢6 thé dugc tinh
X
bang hai cach: hoic y(x,)= Pix) hoac y(x,) = P'(XO)
O(x,) 0'(x,)

Vi du . Xac dinh m dé cac ham sd sau cé cuc dai va cuc tiéu

2 — —
a.y= lx3+mxz+(m+6)x—1 b.y= X Hme=2m—4
3 xX+2
Hudng dan.
a. TXb: R

y'=x>+2mx+m+6.
Dé ham s6 ¢o cye tri thi phuong trinh: x? +2mx +m+6 =0 c¢6 2 nghiém phan biét

L, m>3
AN=m-m-6>0<
m<-=2
b. TXb: R\ -2
,_(2x+m)(x+2)—(x2+mx—2m—4)_x2+4x+4m+4
(x+2)° (x+2)°
Ham s6 ¢6 cuc dai, cuc tiéu khi y' =0 ¢6 hai nghiém phan biét khdc -2 < x* +4x+4m+4=0
A'>0 4—-4m—-4>0
= < m<0
4-8+4m+4+#0 m#0

Bai 1. Tim m dé ham s6 y = x* —3nmx* +2. Vi gid tri nao ctia m thi ham s6 c6 CD, CT?

X —m(m+Dx+m’ +1

Bai 2. Timm dé hamso y = luén co cuc dai va cuc tiéu.
X—m
Bai 3. Cho ham sé y =2x" +a° —12x—13. Tim a dé ham s ¢6 cuc dai, cuc tiéu va cac diém cuc tiéu cua do thi

cach déu truc tung.
Bai 4. Him sb y = %f —2(m+1)x> +4mx—1. Tim m dé ham sb c6 cuc dai cuc tiéu.

X2+I7’IX

Bai 5. Cho ham y = . Tim m dé ham sé c6 cuc tri

1-x
X +mx—-2m—4

> . X&c dinh m dé ham sd cé cuc dai va cuc tiéu.
X+

Bai 6. Cho ham s y =

Dang 4. Tim tham s dé céc cuc trji thoa man tinh chat cho trudc.
Phuong phap q ,
+ Tim diéu kién dé ham so6 c6 cuec tri



+ Van dung cac kién thirc v& tam thire, hé thirc Viet dé thoa mén tinh chat.

Vidy.
Bail. Tim cyc tri cia cac ham sd sau:
a.y =10+ 15x + 6x° - x° b.y=x*-8x>+432
C.y=x>-3x*—-24x+7 dy=x*-5x>+4
e.y=-5x"+3x’ -4x+5 f.y=-x*-5x
Bai 2. Tim cuc trj ciia cac ham sb sau:
+ 2 B Y
= X p.y= X X5 cy= A
X°+8 x+1 X" —=2X+5
9 x?—3x+3 X
dy=x-3+ — ey —— = f.y=
y X-2 y x-1 y X* +4
Bai 3. Tim cuc tri cac ham so
+ -
a.y=xv4-x° b.y= = . C.y= oo XX

x?+1 V1 -x2

d.y:L ey= X f.y=x3-x
V10 - x? x> —6
Bai 4. Tim cuc trj cac ham sb:
a.y=Xx-sin2x +2 b. y =3 - 2cosx - cos2x C. y = sinXx + cosx

1
d. y =sin2x €. Y =COSX + — 082X f. y = 2sinx + cos2x v6i x €[0; 7]
Bai 5. Xéc dinh m dé ham sd y = mx® +3x% +5x+2 dat cuc dai tai x =2
Bai 6. Tim m dé ham sé y = x* —mx* +(m —%)x+5 c6 cuc tri tai x = 1. Khi d6 ham s6 ¢6 CD hay CT

2

.. N 2 s z x +mx+1 ..

Bai 7. Timm dé ham so y=————— dat cuc dai tai x =2
x+m

Bai 8. Tim m dé ham s6 y = x* —2mu? + m*x —2 dat cuc tiéu tai x = 1
Bai 9. Tim cac hé s6 a, b, ¢ sao cho ham sé: f(x) = x> +ax® + bx+c¢ dat cuc tiéu tai diém x = 1, f(1) = -3 va do thi
cit truc tung tai diém c6 tung do bang 2

Bai 10. Tim céc sb thuc g, p sao cho ham sé f(x) = xp + Ll dat cuc dai tai diém x = -2 va f(-2) = -2
X+

Bai 11. Tim m dé ham s6 y = x* —3mu® +2. V6i gid tri ndo ca m thi ham s¢ c6 CD, CT?
X —m(m+Dx+m’ +1

Bai 12. Timm dé ham s6 y = luén c6 cuc dai va cuc tiéu.
X—m
Bai 13. Cho ham s6 y =2x* +4> —12x—13. Tim a dé ham s6 ¢ cuc dai, cuc tiéu va cac diém cuc tiéu cua db thi
céch déu tryc tung.
.- N e m N 2L L s . - 2
Bai 14. Himso y = §x3 —2(m+1x* +4mx —1. Tim m dé ham s6 ¢6 cuc dai cuc tiéu.

2

Bai 15. Cho ham y ="

. . Tim m dé ham sé c6 cuc tri
—X

X +mx—-2m—4
x+2

Bai 16. Cho ham s6 y = . X&c dinh m dé ham sd cé cuc dai va cuc tiéu.



© GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA HAM SO

DANG 1. Tim gid tri I6n nhit va gid tri nhé nhit ciia ham sé
e DétimGTLN, GTNN cua ham sé y = f(x) trén a;b :
+B1: Tinh dao ham ciia ham s6 y’ = £(x)

+ B2: Xét dau dao ham f°(x), 1ap bang bién thién

X a Xo b X a

Xo b

y' - + v +

Trong d6 tai Xo thi f(x0) bang 0 hodc khdng xéc dinh
e Détim GTLN, GTNN ciia ham s y = f(x) trén [a; b]:

y \G/ y /GTLN\

B1: Tim cdc gid tri x; € a;b (i=1, 2, ..., n) lam cho dao ham biing 0 hoic khong x4c dinh .

B2: Tinh f(a), f(x)), f(x,),.... f(x,), f(b)
B3: GTLN = max{ f(a), f(x,), f(X,)seeer f(x,), f(B) }
GTNN = Min{f(a)’f(xl)’f(xz)""’f(xn)’f(b)}

< VR J4 N 5 J4 , N J4 1 A 5
Vidu 1. Tim gia tri I6n nhat va nhé nhat ciia ham so y = x + — trén khoang (0;+o0)
X

Hudng dan: ’
Dé thay h am so lién tuc trén (0; +o0) o . -
1 x*-1 . N
Yel-— =t oy =0 P —1=0=>x =11, ) -
X X y

D& thiy x =—1 ¢ (0;+0)
Vay Minf(x) = 2 khi x = 1 va ham s6 khong c6 gia tri lon nhat.
Vi dy 2.
3
Tinh GTLN, GTNN ctia ham sé y = % +2x% +3x—4 trén doan [-4; 0]
Hudng dan
Ham so lién tuc trén [-4; 0],
x=-1

f'(x):x2+4x+3:>f'(x):0<:>x2+4x+3:0:>[ 3
X=-

F(-4)= ‘Tm,f<—3> =4 f(-])= ‘Tm,f«)) -4
Vay Maxy=—-4 khi x=-3hoacx =0

x€[-4;0]

Miny=_T16 khi x = -4 hoac x = -1

xe[-4;0]

Bai 1. Tim GTLN, GTNN cua ham s6 (néu c):

a. t(x) = x> +3x> —9x +1 trén [-4; 4] b. f(x) = x’ + 5x —4 trén doan [-3; 1]
c. f(x) = x* —8x? +16 trén doan [-1; 3] d. f(x) = x’ +3x> =9x —7 trén doan [-4; 3]

Bai 2. Tim GTLN, GTNN cua ham s6 (néu c):



X
a. f(x) =
®) X+2

c. f(x) =xv1-x° d. f(x) =
i . COSX
O TIEM CAN CUA HAM SO

trén ntra khoang (-2; 4] b. f(x) =x +2 + Ll trén khoang (1; +0)
X_

7 3x
tréen khoang (—; —
g ( > 5 )

L. Kién thirc cin nim
Cho ham sé y = f(x) ¢6 d6 thi 1a (C)
e y = yp la tiém can ngang cia néu mot trong hai diéu kién sau dugc thoa man:
lim f(x) = y,,hoac lim f(x) =y,

e X = X la tiém c4n dimg cua (C) néu mot trong cac diéu kién sau dwoc thoa man:
lim =400, lim = +oo, lim =—o0, lim =—o0

e Duong thang y = ax + b ( a = 0) duoc goi la tiém can xién néu mot trong hai diéu kién sau thoa man:
lim [f(x) —(ax + b)] = 0 hoac lim [f (x)— (ax+b)]=0

I1. Cac dang toan

P(x)

0(x)

Dang 1: Tiém can ham s6 hitu ti y =

Phuong phap
e Tiém can dang: Nghiém cua mau khong phai la nghiém cia tir cho phép xac dinh tiém can dung.
e Tiém can ngang, xién:
+ Det(P(x)) < Det (Q(x)): Tiém can ngangy =0
+ Det(P(x)) = Det(Q(x)): Tiém can ngang la ti s6 hai hé s6 bac cao nhat caa tir va mau.
+ Det (P(x)) = Det(Q(x)) + 1: Khéng cd tiém can ngang; Tiém cin xién duoc xac dinh bang cach
phan tich ham sé thanh dang: f(x) = ax + b + e(x) véi 1152 g(x)=0 thiy =ax + b la tiém can xién.

Vi du 1. Tim c4c tiém can cia cac ham sb:

ay = 2x- 1 b _xz—x—7 . _x+2
;y X+2 Y x-3 Y x> -1
Hudng dan
... 2x—1 . 2x—1 R . B a4
a. Tathay lim =—o0; lim = +o0 nén duong thang x= 2 la tiém can dirng.
2 x+2 2" x+2
o 1

N . 2x -1 . n A n R A C s z
Vi lim = lim —2ZX =2 nény = 2 la tiém c4n ngang cia d6 thi ham so.
x>to x4 X—>*m 1+

b.

2
. Xt =x=7 A S pia A 4 S S
+ lim 3 =—o0. Nén x = 3 la tiém can ding cua do thi ham so.
x—3" X—

+y= Y+2-— Ta thiy lim[y - (x + 2)]=lim_—13 =0 Vayy = x+ 2 la tiém can xién cua db thi ham sd.
X—0 X0 X —

L 2 A . :
c. Tathay lim = T2 o Nenx=11a duodng tiém can ding.

2

x>l X -
: +2 A S iaa
+ lim = 1 =+00. Nén x = -1 la tiém can ding.
x—>-1" x° —
1 2
. x+2 X x2 ~ NN ~ , X plac B £
+ lim = ] =0. Nény =0 latiém can ngang cia do thi ham so.
X—>+00 x —
e



Dang 2. Tiém can caa ham vO ti y = vax”> +bx+c (a>0)
Phuong phap

Ta phan tich Vax? +bx+c ~a

Véi lim e(x)=0 khidé y=+Ja(x+

X—>+0

+&(x)

b
X+—
2a
2—) co tiém can xién bén phai
a

Voi lim e(x)=0 khido y= —«/Z(x +2£) O tiém can xién bén tr ai

-4
X+ 1
4-x
3x+1
2-X
d.y= x> —4x+3
2x°

\\\\\\\\

wwwwwwww

X—>—0 a
Vidu
Tim tiém can clia ham s6: y = 9x> —18x +20
Hud6ng dan
y= »\/9()(—2)2 +6
Cac tinh gi6i han vo cuc cua ham s6 y = f&
g(x)
lim f(x) lim g(x) o, lim &)
Da X m ——-:
X=X, X=X, au cua g(x) X% o(X)
L Fo0 Tuy y 0
+ +
L>0 0 -
- - ®
- +
L<0 0 >
+ - ®
Bai 1. Tim tiém can cdc ham s6 sau:
oy = 2x - 1 _3-2x o v 5 dv=
R 3x + 1 T Y
x+ 1 1 -X+3
y= fy=4+— g.y= h.y=
2x + 1 X- X
Bai 2. Tim tiém céan cta cac ham so sau:
oy = x> =12x+27 _ x> —x=2 o v= x> +3x
T T axs RN YT
1 x> +2x 1
e.y=2x-1+— f.y= .y=x-3+
Y X Y x—3 &y 2(x- 1)
Bai 3. Tim tiém can cac ham s6 |
A VX +x
.y ) : k a
b o X+3 wwwwwwww I ——————— A | :
Y x+ 1 J & &
x+1
Cy=—= :
x -4 |
x-3

Bai 4. X4c dinh m dé d6 thi ham s6: y =

> > c6 dung 2 tiém can ding.
X +2m+2)x+m” +1




Bai 5. Tinh dién tich ctia tam gidc tao bdi tiém can xién ctia do thi tao véi hai truc toa do ctia cac ham so:

_ 3x7+x+1 3xP+x—4

b.y=
y x+2

a.
y x—1

Bai 6.(DHSP 2000). Tim m dé tiém can xién clia do thi ham s¢ y =

mot tam gidc c6 dién tich bang 8 (dvdt)
2
Bai 7. Cho ham s6: y =~ 21)+3 3m
x —

a. Tim m dé tiém can xién clia do thi di qua diém A(4;—/3)

X +2(m—-Dx—4m+3

x—=2

b. Tim m dé dudng tiém can xién clia (1) cat Parabol y = x” tai hai diém phan biét.

©4. KHAO SAT VA VE HAM BAC BA

DANG 1: Khio st va v& ham s6 y =ax’ +bx” +cx+d (a #0)
Phuong phép

1. Tim tap x4c dinh.

2. Xét su bién thién ctia ham s6

a. Tim cédc giGi han tai vo cuc va cac giéi han tai vo cuc (néu c6). Tim cac duong tiém can.

b. Lap bang bién thién cia ham s6, bao gém:

+ Tim dao ham, xét dau dao ham, xét chiéu bién thién va tim cuc tri.

+ Dién cdc két qua vao bang.

3. V& d6 thi ctia ham s6.

+ V& duong tiém can néu co.

+ Xdéc dinh mot s6 diém dic biét: Giao vé6i Ox, Oy, diém udn.

+ Nhan xét do thi: Chi ra tam d6i xing, truc doi xing (khong can ching minh)

Vidu 1. Cho ham s6: y =—x" +3x” -1
a. Khao sat su bién thién va vé& d6 thi ciia ham sd.

b. Tuy theo gid tri chia m, bién luan s6 nghiém clia phuong trinh: —x° +3x° —1=m

Huéng dan
a.
1. TXD: D=R

2. Su bién thién cua ham s6
a. Gi6i han tai vo cuc

lim (=x* +3x—1) = lim x3(1+i—i) = +00

X—>+0 X—>+00 x2 _x3

0 2 +o

=00

lim (—* +3x—1) = lim (14 > -~
x—>— oo x e

)=—w

c. Bang bién thién
x=0 y
x=2
Ham s6 dong bién trén cac khoang (—o0;0) va (2; +o0)
Va nghich bién trén khoang (0; 2).
Ham s6 dat cuc dai tai diém x=2; v yp=y(2)= 3
Ham s6 dat cuc tiéu tai diém x =0 va y; = y(1) = -1
3. b6 thi

y'=—3x2+6x:>y'=0<:>—3x2+6x=0:>{

+ Giao v6i Oy: cho x =0 = y =0. Vdy giao véi Oy tai diém O(0; -1)

+y"'=0-6x+6=0=>x=1.Diem A (1; 1)
+ Nhan diém A 1am tam doi xing.

NWZAN

tao véi hai truc toa do

fan

10



S6 nghiém ctia phuong trinh 12 s6 giao diém ctia 2 d6 thi y =—x>+3x° -1 vay =m
Dua vao do thi ta c6 két qua bién luan:

m > 3: Phuong trinh ¢6 1 nghiém.

m = 3 phuong trinh c6 2 nghiém

-1<'m < 3: Phuong trinh ¢6 3 nghiém.

m = -1: Phuong trinh c6 2 nghiém

m < -1: Phuong trinh c6 Inghiém

CAC BAI TOAN VE HAM BAC BA
Bai I(TNTHPT [ 2008)
Cho ham s6 y =2x" +3x” -1
a. Khao sit su bién thién va vé do thi clia ham so.
b. Biém luan theo m s6 nghiém ctia phuong trinh 2x° +3x° —1=m

Bai 2 (TN THPT- lan 2 [1 2008)
Cho hAim sd y = x’ - 3x?
a. Khao sat su bién thién va vé& d6 thi ham s6 da cho.
b. Tim céc gi4 tri cia m dé phuong trinh x° —3x* —m =0 c6 3 nghiém phan biét.

Bai 3 (TNTHPT - 2007)
Cho ham s6 y=x% —3x+2 ¢6 d6 thi 1a (C) .
a/ Khao sat va v& do thi ham s6 .
b/ Viét phuong trinh tiép tuyén tai diém A(2 ;4) .

Bai 4 (TNTHPT - 2006)
Cho ham s6 y=—x°+3x* ¢6 do thi (C) .
a/ Khao sat va vé do thi ham so .
b/ Dua vao d6 thi bién ludn sé nghiém phuwong trinh : —x® +3x*-m=0 .

Bai 5 (TNTHPT —2004- PB)
Cho ham s6 y=x® —6x% +9x c6 db thila (C) .
a/ Khao sat va vé do thi ham 56
b/ Viét phuong trinh tiép tuyén tai diém c6 hoanh d¢ la nghiém cua phuong trinh y*’=0 .
¢/ Véi gia tri ndo cta m thi dudng thing y=x+m*m di qua trung diém ciia doan thing ndi cuc dai vao cuc

tiéu .
Bai 6 (TNTHPT — 2004 - KPB)
Cho ham s6 y=x° —3mx? + 4m°®
a/ Khao sat va v& dd thi ham sd khi m=1 .
b/ Viét phuong trinh tiép tuyén tai diém c6 hoanh do x=1 .

Bai 7 (DH- A- 2002)
Cho ham s6 y = —x" +3mx” +3(1—m’)x +m’ —m’
a. Khao sat su bién thién va v& d6 thi ham s6 véi m= 1
b. Tim k dé phuong trinh: —x” +3x” +k* —3k* =0 c6 3 nghiém phan biét.
c. Viét phuong trinh dudng thang qua 2 diém cuc tri ctia do thi ham s6 (1).
Bai 8 (CD SP MGTW- 2004)
Cho ham s6 y = x* - 3x* + 4m

11



a. Chiing minh d6 thi ham s6 luon cé 2 cuc tri.
b. Khao sat va vé d6 thi ham s6 khim = 1

Bai 9 (DH-B- 2007)
Cho ham s6 y = —x" +3x” +3(m° —1)x —3m* -1
a. Khao sat su bién thién va vé d6 thi ham s6 v6i m =1
b. Tim m dé ham s6 cé cuc dai cuc tiéu va cac diém cuc tri cdch déu diém O.
Bai 10 (DH - D - 2004)
Cho ham s y = x* — 3mx* + 9x + 1
a. Khao sat va vé do6 thi ham s6 véi m = 2
b. Tim m dé nghiém ctia phuong trinh y’’= 0 thuoc duong thang y = x+ 1

Bai 8

Cho ham s6 y = (x -1)(x*> + mx + m)
a. Tim m dé d6 thi ham so cat truc hoanh tai 3 diém phan biét
b. Khao sit su bién thién va vé do thi cia ham s6 v6i m= 4

Bai 3
Cho ham s6 y =2x° +3(m—1)x* +6(m—2)x -1
a. Khao sit va vé do6 thi ham s6 v6i m =2
b. Véi gid tri ndo cia m ham sé ¢6 cuc dai, cuc tiéu.
Bai 5 (bH 2006- D)
Cho ham s6 y = x> —3x+2
a. Khao sat su bién thién va vé d6 thi (C) cia ham so.
b. Goi d 12 duong thang qua diém A(3; 20) va c¢6 hé s6 géc m. Tim m dé dudng thang d cat (C) tai 3 diém
phan biét. (Goi y dudng thiang d qua M(x,;y,) ¢6 hé s6 géc m c6 dang: y = m(x - X,) + Y )
Bai 7
Cho ham s6 y = (x - m)’ - 3x
a. Khao sat va vé d6 thi ham s6 véim = 1
b. Tim m dé ham s6 da cho dat cuc tiéu tai diém c6 hoanh do x =0
Bai 8
Cho ham sd y = (x -1)(x*> + mx + m)
c. Tim m dé d6 thi ham s& ct truc hoanh tai 3 diém phan biét
d. Khao sat su bién thién va vé& do thi ciia ham s6 v6i m= 4
Bai 11
Choham s6 y = x° —2mx” +m’x -2
a. Khao sat va vé do6 thi ham s6 khi m =1
b. Tim m dé ham s6 dat cuc tiéu tai x = 1

© HAM BAC BON TRUNG PHUONG VA MOT SO BAI TAP CO LIEN QUAN

I. Mot s6 tinh chat cua ham trung phuong

e Ham s6 luon c6 cuc tri vGi moi gia tri cia tham s6 sao cho a # 0

e Ham s6 dat gi4 tri cuc dai, cuc tiéu < y'=0 <> 2x(2ax” +b) =0 c6 ba nghiém phan biét < > <0

a

e DO thi ham s6 luon nhan Oy la truc do6i xdng.

e Né€u ham s6 c¢6 ba cuc tri tri chiing tao thanh mot tam giac can.
Dang toan: Khao sat va vé do thi cia ham s6
Vi du 1 (TNTHPT-2008)
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Cho ham s6 y = x* —2x°

a. Khao sat su bién thién va v& d6 thi ciia ham so.

b. Viét phuong trinh ti€p tuyén ctia d6 thi ham s6 tai diém c6 hoanh do x = -2
Vidu 2. Cho ham s6 y = x* +4mx’ +3(m+1)x* +1

a. Khao sat su bién thién va v& d6 thi ham s6 v6i m =0

b. Vi gia tri nao cia m ham s6 ¢6 3 cuc tri

Bai tap ham so trung phuong
Bai 1. Khao sat va vé& do thi cac ham so6 sau:

a.y=-x*+2x b.y=x"+x*-2 c.y=x"-6x>+1
dy= %X“—3x2 =§ ey =-x" +2x* +3 foy=x"+2x"+1
Bai 2.

Cho ham s6 y=x*—2m’x" +1

a. Khao sit va vé do6 thi ham s6 véi m =1

b. Tim m dé d6 thi hAm s6 c6 ba cuc tri 1a ba dinh clia tam gidc vuong can.
Bai 3 (PH ba Lat - 2002)

a. Giai phuong trinh x* —=2x”+1=0

b. Khdo sit va v& dé thi ham s6 y = x* —2x* +1

c. Bién luan theo m s6 nghiém ctia phuong trinh x* —2x* +1-m =0
Bai 4 (DH Thai Nguyén - 2002)
Cho ham s6 y=—x"+2mx*> (C,)

a. Khao sat va vé d6 thi ham s6 véim = 1

b. Hay x4c dinh m dé ham s6 do6 thi ham sd ¢6 3 cuc tri
Bai 5. (BH Vinh - 2002)

1. Khao sét va v& d6 thi ham s6 y=—x*+5x" —4

2. Xac dinh m dé phuong trinh x* —5x*> —m” + J3=0c64 nghiém phan biét.
Bai 6

. x* , 9

Chohams6 y=—-2x"——
4 4

a. Khao sat su bién thién va vé& d6 thi (C) cua ham s6
b. Bién luan theo k s6 giao diém ctia (C) vé6i do thi (P) clia ham s6 y = k —2x”
Bai 7
Cho ham s6 y = x* —2mx* +m’ —m”
a. Khao sit su bién thién va vé& d6 thi cia ham s6 khim = 1
b. Xdc dinh m dé€ d6 thi (C,) clia ham s6 da cho ti€p xiic vdi truc hoanh tai 2 diém
Bai 8. (PH Can tho - 2002)
Cho ham s6 y=x* —2x*>+2—-m (C,)
a. Khao sat su bién thién va v& d6 thi ham s6 véim =0
b. Tim cdc gi4 tri clia m dé do thi (C,)) cia ham s6 chi c6 hai diém chung véi Ox

c. Chtng minh v6i moi m tam gidc ¢6 3 dinh 1a ba cuc tri 1a mot tam gidc vuong can.
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9 HQ PUONG CONG
BAI TOAN TONG QUAT:
Cho ho dudng cong (C,):y= f(x,m) (mlatham sd )
Bién ludn theo m s6 dudng cong ctia ho (C,) di qua di€ém M, (X,;Y,) cho trudc.
PHUGNG PHAP GIAI:

Ta co :
Ho dudng cong (C,,) diqua diém My(Xy;Yo) < Vo= f(X,m) (1)
Xem (1) 12 phuong trinh theo 4n m.
Tuy theo s6 nghiém clia phuong trinh (1) ta suy ra s6 dudng cong ctia ho (Cm) di qua M,
Cu thé:
e N&u phuong trinh (1) ¢6 n nghiém phan biét thi c6 n dudng cong cia ho (Cm) di qua M,
e N&u phuong trinh (1) v nghiém thi moi dudng cong clia ho (Cm) déu khong di qua M
e N&u phuong trinh (1) nghiém ding véi moi m thi moi dudng cong ctia ho (Cm) déu di qua M,
Trong trudng hgp nay ta néi ring Mo la di€m c6 dinh cia ho dudng cong (C,,)

Dang 1:
TIM PIEM CO PINH CUA HQ PUONG CONG
BAI TOAN TONG QUAT:
Cho ho dudng cong (C,):y= f(x,m) (mlatham sd )

Tim diém cd dinh cda ho dudng cong (Cp,)
PHUONG PHAP GIAI

Budce 1: Goi My(Xy;Y,) 12 di€m c6 dinh (n€u ¢6) ma ho (Cy,) di qua. Khi d6 phuong trinh:
Yo = f(Xy,m) nghiém ding Vm (1)
Buéc 2: Bién d6i phuong trinh (1) vé mot trong cic dang sau:

Dang 1: Am+B=0 Vm
Dang 2: Am? +Bm+C =0 Vm
. A=0
Ap dung dinh ly: Am+B=OVm<:>{B_O 2)
A=0
Am?+Bm+C=0 Ym<{B=0 (3)
C=0

Budc 3: Giai hé (2) hoac (3) ta s& tim dugc (Xy;Y,)

Bai tap
Bai 1. Cho ho (C,) y = x* —3(m+1)x + 20 + 4m+1)x— 4m(m+1). CMR: Khi m thay déi thi ho dudng cong
luon qua mot diém co dinh.

Bai 2. Cho ho do thi (C,): = mx+1 . Tim cac diém c6 dinh ma d6 thi ctia hAm s6 luon di qua v6i moi m = +1
xX+m
. . . X +mx-m-1 R . NP
Bai 3. Cho ho (C,) c6 phuong trinh: y = . Chitng minh rang (C,) luon di qua mot diém c6 dinh.

x+1
14



Bai 4. Cho ham s6 (C,): y =x" —3mx +2m
a. Khao sat su bién thién va vé do thi ham s6 véim = 1.
b. Chiing minh ring ho dudng cong luoén di qua mot diém co6 dinh.

Bai 5. Cho ham s6: y = =
X—m

a. Ching minh ring v6i moi m # +1, ho dudng cong luén qua 2 diém c6 dinh.

b. Goi M la giao diém ctia 2 tiém can. Tim tap hop céc diém M khi m thay déi.
Bai 6. Cho ham s6: y = (m+2)x’ +2(m+2)x* —(m+3)x—2m+1 (C, ). Ching minh ring ho d6 thi luon qua ba
diém c6 dinh va 3 diém c6 dinh d6 ciing nim trén mot duong théng.

, m=#+1.Goi (H,) la d6 thi cia ham s6 da cho.

DANG 2: TIM PIEM HO PO THI HAM SO KHONG DI QUA

Phuong phép:
Bl1: Gia st M(X,; y,) la diém ma ho dudng cong khong thé di qua.
B2: Khi c6 phuong trinh: y, = f (X;,m) v6 nghiém véi m tir d6 tim duoc (X; y,)
B3: Két luan vé diém ma ho dudng cong khong thé di qua.

Bai 1. Cho ham s6 y = (x—2)(x*> —2mx+m’ —1) (C, ). Tim céc diém ma (C,) khong thé di qua.

2
Bai 2. Choham s6 y = Gm+ Dx —m” +m

xX+m
a. Khao sat su bién thién va vé& d6 thi ham s6 v6i m = 1.
b. Tim céc diém trén dudng thang x = 1, sao cho khong thé c6 gi4 tri ndo ctia m dé d6 thi ham s6 di qua.
Bai 3. Cho d6 thi ham s6 y =2x" —3(m+3)x’ +18mx—8 (C, ). Ching minh ring trén dudng cong y = x* ¢6 hai
diém ma (C,) khong di qua v6i mo m.

CHUYEN DE : PHUONG PHAP GIAI PHUONG TRINH VO Ti
I. PHUONG PHAP BIEN POI TUONG PUONG
1. Binh phwong 2 vé ciia phwong trinh
a)  Phwong phap

v Thong thuong néu ta gap phuong trinh dang : \/K + \/g = \/E + \/B , ta thudng binh phuong 2 vé , diéu
do doi khi lai gap kho khan hay giai vi du sau

v  YA+¥B=3YC=A+B+3YAB YA+3YB =C

va ta sir dung phép thé : IA+3B=Cta dwoc phwong trinh : A+B+33ABC =C

b) Vidu

Bai 1. Giai phuong trinh sau : \/X+3+\/3X+1:2\/§+\/2X+2
Gidi: Dk x>0
Binh phuong 2 vé khong am ctia phuong trinh ta dugc: 1+\/ X+3 3x+1 =x+2,/x 2x+1 , dé giai phuong
trinh nay di nhién la khong khé nhung hoi phire tap mot chut .
Phuong trinh giai s& rat don gidn néu ta chuyén vé phuong trinh : /3X+1—+/2X+2 =/4x —Xx+3
Binh phuong hai vétacod: \/GX2 +8X+2 = \,/4X2 +12x & x=1
Thir lai x=1 thoa

> Nhin xét : Néu phuong trinh:\/f X +\/g X =\/h X +\/k X
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Maco : f x +h x =g X +k X , thita bién d6i phuong trinh vé dang :
\/ f x - \/ h x = \/ k x — \/ g X sau do6 binh phuong ,giai phuong trinh hé qua
Bai 2. Giai phuong trinh sau :

3
X +1+‘\/X+1=\/X2—X+1+'\/X+3

X+3
Gidi:
Dicukién: x>-1
Binh phuong 2 vé phuong trinh ?
Néu chuyén vé thi chuyén nhu thé nao?

3
/x +1 .
Ta c6 nhan xét : 3 N X+3 =4X* = Xx+1+/X+1, tir nhan xét ndy ta c6 10 giai nhu sau :
X+

3
2) & X +31—\/x+3=\/x2—x+1—\/x+1
X+
x*+1 x=1-+3

=X’ -x-1ox-2x-2=0<
Thirlai : X=1-+/3,Xx=1+~/3 Inghiém
Qualéigiéitréntacénhanxét:Né'uphuongtrinh:\/f X +\/g X =\/h X +\/k X

Maco: f x .h x =k x .g x thitabién doi \/f X —\/h X :\/k X —\/g X

Binh phuong 2 vé ta dugc:

2. Truc can thirc
2.1. Truc cin thicc dé xuét hién nhén tir chung
a) Phwong phap
Mot sb phuong trinh v6 ti ta c6 thé nham dugc nghiém X, nhu vay phuong trinh ludn dua vé duoc dang

tich x—X, A X =0 taco thé giai phuong trinh A X =0 hoic chimg minh A X =0 v6 nghiém , ch y

diéu kign ciia nghiém ciia phwong trinh dé ta cé thé danh gia A X =0 vé nghi¢m

b) Vidu
Bai 1. Giai phuong trinh sau : \/3X2—5X+l—x/X2—2=\/3 X —x—-1 —\/X2—3X+4
Gidi:
Tanhan thiy : 3Xx*—5Xx+1 — 3x*-3x-3 =-2 x-2 v X*-2 — x*-3x+4 =3 x-2
—2X+4 3x—6

Ta c6 thé truc can thirc 2 vé : =

\/3x2—5x+1+\/3 XX+l  AXE—24+x*—3x+4

Dé dang nhan thay x=2 1 nghiém duy nhat ctia phuong trinh .
Bai 2. Giai phuong trinh sau (OLYMPIC 30/4 @ nghi) : v/X? +12 +5=3x+/x*+5

9 5
Gidi: D& phuong trinh c6 nghiém thi: VX2 +12 —/X’ +5=3x—-5>0 < X >3

Ta nhén thiy : x=2 1a nghiém cta phuong trinh , nhu vay phurong trinh ¢6 thé phén tich vé dang
X—2 A x =0, dé thuc hién duogc didu d6 ta phai nhém , tach nhu sau :
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x> —4 X* -4

X* 412 -4=3x-6+JX*+5-3 ———=3 X-2 +—u-—
VX2 +12+4 VX

X“+5+3
@x—z( x+2  x#1 —3]=0<:>x:2
VX2+12+4 x®+5+3
Dé dang chirng minh dugc : X+2 o Xx+? —3<O,VX>§
UE+12+4 X2 +5+3 3

Bai 3. Giai phuong trinh : /x> =1+ x = /x> -1
Gidi :Dk x>3/2
Nhan thay x=3 14 nghiém cta phuong trinh , nén ta bién doi phwong trinh

X—3 X2+3x+9
Y2 —1-2+x-3=x-2-5< x-3 |1+ 2X+3 _ 3
43/ x2-1" +23x*-1+4 VX =2+5
X+3 X+3 X2 +3x+9

Ta ching minh : 1+ =1+ <2< —F——
Y142 —1+4 I -141 43 VX245

Vay pt c6 nghiém duy nhat x=3
2.2. Dwa vé “hé tam “
a) Phuong phap
% Néu phuong trinh v6 ti ¢ dang JA+JB=C,ma: A-B=aC
& day C c6 thé 1a hang sb ,c6 thé 1a biéu thirc ctia X . Ta c6 thé giai nhu sau :

\/K+\/§=C

A-B
= _—C=>JA-JB=a,khiditaco hé —=2JA=C+a
‘\/K—‘\/E {\/K—\/gza
b) Vi du
Bai 4. Giai phuong trinh sau : v/2X2 + X +9 +V2X% — X +1 = X +4

Giai:
Tathdy: 2X°+X+9 — 2X°—X+1 =2 x+4

X = —4 khong phai la nghiém
Xét x#—-4

2X+8
V25X + Xx+9 -2 —x+1

2X2 +X+9—/2X* —x+1=2
Vay ta cd hé: v v S 2U2X° +X+9=x+6 <
2%+ X+9 +V2X2 —Xx+1=x+4

X442 A X+9—A2XE—x+1=2

Truc can thire ta ¢c6 :

X =

X =

~Njoo O

Thr lai théa; vay phuong trinh c6 2 nghiém : x=0 v x= 7

Bai 5. Giai phuong trinh : \/ZX2 + X+1+\/X2 —X+1=3x
Tathdy: 2X°+X+1 — X* —=x+1 =X +2X, nhu viy khong théa man diéu kién trén.

L . 1 : :
Ta co the chia ca hai vé cho x va dat t = — thi bai toan tré nén don gian hon
X



Bai tap dé nghi
Gidi cac phuong trinh sau :

X2 +3x+1= x+3 X2 +1 Yx?—1+43x° -2 =3x-2

r 2— — 3 — f— -

/4_3mzx_2 (HSG Toan Quéc 2x° —11x+21-334x—4 =0 (OLYMPIC 30/4-2007)
2002) V2X2 —1 44X —3x—2 =22 42X+ 3+ X2 — X +2
2\/ 2—-X 5-x :x+\/2—x 10— x J2X% £16X+18 +/X? —1=2x+4

32 4= Jx—1+2x-3 VX?+15 =3x—2++/x* +8

3. Phuong trinh bién ddi vé tich
% Sit dung dang thirc
u+v=1l+uw<e u-1 v-1 =0

au+bv=ab+vw < u-b v—-a =0
A? = B?

Bai 1. Giai phuong trinh : /X +1+3Xx+2 =1+3/x* +3x+2
x=0
Giai: pt o Ix+1-1 Ix+2-1 :Oc{

x=-1
Bi 2. Giai phuong trinh : 3/X+1+3/x* = Ix +3x% +x
Giai:

+ X =0, khong phai la nghiém

. ,x+1
+ X #0, ta chia hai vé cho x: 3 +§/;:1+\3/X+lc>[3 X+1—1} 3/;—1 =0=x=1
X X
Bai 3. Giai phwong trinh: /X +3 4+ 2Xy/X+1 = 2X+vX* +4x+3

Giai: dk:x>-1

x=1
pte> VX+3-2x Jx+1-1 :O<3|: 0

X =

4x
Bai 4. Giai phuong trinh : /X +3 + = 4x
s JX+3
Giai:
Dk: x>0
2
Chia c4 hai vé cho \/X+3:1+ﬂ:2 ﬂ@ 1- ﬂ =0 x=1
X+3 \lx+3 X+3

*

% Dung hing ding thirc

Bién d6i phuong trinh v& dang : A = B¥

Bai 1. Giai phuong trinh : \/\/§— X = X\/\/§+ X
Giai:

Pk: 0< X <+/3 khi do ptdchotuongduong:X3+\/§X2+X—\/§:O®(X+

Bai 2. Giai phuwong trinh sau : 24X +3 =9x* —x—4
Giai:




Xx=1
2 JX+3+1=3x
Pk: X > -3 phuong trinh twong duong : 1++/3+Xx =9x?

X < = -5-4/97
VX+3+1=-3x X=———
Bai 3. Giai phuong trinh sau : 2+33[9X* X+2 = 2X+3\3/3X X+2°

3
Giai : pttit & Yx+2-33x =0ox=1

II. PHUONG PHAP DAT AN PHU

1. Phwong phap dit 4n phu thong thuong
> Doi véinhiéu phuong trinh vo vo ti, dé giai ching ta c6 the dit t=f X  va chd y diéu kién cta t néu
phuong trinh ban dau tro thanh phuong trinh chita mot bién t quan trong hon ta ¢6 thé giai dugc phuong trinh
do theo t thi vigc dat phu xem nhu “hoan toan ” .N61 chung nhirng phuong trinh ma c6 thé dit hoan toan
t=1f X thuong la nhitng phuwong trinh dé .

Bai 1. Giai phuong trinh: \/X—\/X2 -1 +\/X+ x?-1=2
Diéu kién: x>1

Nhan xét. \/x—\/xz—l.\/x+ x2-1=1
/ 1
bat t = X—x% -1 thi phuong trinh cé dang: t+¥=2c>t:1

Thay vao tim dugc X =1
Bai 2. Giai phuong trinh: 2X2 —6X—1=+/4x+5
Gidai

a1 4
biéu kién: X=>——

t? —

Dit t =/4x+5(t > 0) thi x =

t* -10t° +25 6

16 4
S {tP+2t-7)(t*-2t-11)=0

Ta tim duoc bdn nghiém la: t, , = -1+ 2\/5; 34 = 1+ 2\/§

Do t>0 nén chi nhan cac gaitri t; =1+ 2\/§,t3 =1+ 2\/§

Tur d6 tim duge cac nghiém cua phuong trinh I: X =1— 2 vax=2+3

Cach khac: Ta ¢6 thé binh phuong hai vé cuia phuong trinh véi didu kién 2x% —6x—1>0

. Thay vao ta c6 phuong trinh sau:

2. (t>-5)-1=tt*—22t>—8t+27=0

Ta duoc: X?(x—3)% —(x—1)?> =0, tr d6 ta tim duoc nghiém tuong Gng.

Pon gian nhit 14 ta dat : 2y —3=+4X+5 va dua vé hé d6i xing (Xem phén dit 4n phu dwa vé hé)
Bai 3. Giai phuong trinh sau: X++/5++/X—-1=6

Didu kign: 1<x<6

bat y=+/x-1(y >0) thi phuong trinh tr¢ thnh: y? +{y+5=5& y*—10y2 -y +20=0( véi

ySﬁ)@(y2+y—4)(y2—y—5)=0®y=1+g/z(loai :ﬁ

hY
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11-17

2

Tur d6 ta tim duoc cac gia tri ciia X =

2
Bai 4. (THTT 3-2005) Giai phuong trinh sau:X= 2004++/x 1—y1-+/X
Gisi: dk 0< x <1
Pit y=y1-vX ptite>21-y > y2+y-1002 =0 y=1e>x=0

- . / 1
Bai 5. Giai phwong trinh sau : X* +2X,[X——= =3X+1
X

Gidi:
bicu kién: —1<x<0

. . , 1 1
Chia ca hai vé cho x ta nhan dugc: X+ 2, [X—— =3+—
X X
y 1
bat t = X ——, ta gidi dugc.
X
Bai 6. Giai phuong trinh : X* +3/x* — x> =2x+1

. 1 ’ 1
Giai: X =0 khong phai la nghiém , Chia ca hai vé cho x ta duoc: (X - —J +3X—==2
X

X
+
Détt=13/X—1, Taco :t3+t—2:0©t=1@x:¥
X

Bai tap dé nghi
Giai cac phuong trinh sau
15x — 2x% —5 = /2x% —15x +11 % +x2+11=31
(x+5)(2—X) = 3 x2 + 3x 201+ %)% +3V1— X% + J1-x)2 =0
(L+x)(2-x) =1+2x-2x’ X = (2004 +/X)(1—\1-x)?
X+17 X2 +x17 X% =9 (X +3X +2)(X + 9+/X +18) =168x
J3X—2 +x—1 = 4x—9+2y3x? —5x + 2 J1-x2 +231-x% =3

Nhén xét : d6i voi cach dit an phu nhu trén chung ta chi giai quyét dugc mot 16p bai don gian, d6i khi phuong
trinh doi véi t lai qué kho giai
2. Dat an phu dua vé phuong trinh thuan nhat bac 2 d6i véi 2 bién :

> Chung ta da biét cach giai phuong trinh: U® +auv+ Bv? =0 (1) bang cach

2
u u

Xét v # 0 phuong trinh trd thanh : (—j + a(—) +p4=0
\ \"

v=0 thir tryc tiép i
Céc truong hop sau ciing dua vé dugc (1)

v aA x +bB x :c«/A X .B X
v au+ Bv =mu? +nv?
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Chung ta hdy thay cac biéu thirc A(x) , B(x) bdi cac biéu thirc vo ti thi s& nhan dugc phuong trinh vo ti theo
dang nay .

a) . Phuong trinh dang : a.A X +bB x =c/A x B X

. . . [P X =AX.BXx
Nhu vy phuong trinh Q X =a,/P X c¢6 thé giai bing phuong phép trén néu

Q x =aA x +bB x
Xuét phat tir dang thic :
X} +1= x+1 x*—x+1
X*4x2+1= X' +2x%+1 —x® = xX*+x+1 x¥*—x+1
X +1= X2 —2x+1 x2+2x+1
4" +1= 2x*—2x+1 2x*+2x+1
Hay tao ra nhirng phuong trinh vo ti dang trén vi du nhu: 4x% —2\2x+ 4 =x" +1

DPé co mot phuong trinh dep , ching ta phai chon hé s6 a,b,c sao cho phuong trinh bac hai at’ +bt—-c=0 giai
nghiém dep”

Bai 1. Giai phwong trinh : 2 x*+2 =5yx®+1

Gidi: Pat U=+/X+1,v=+x*—x+1

(13

u=2v 5437

Phuong trinh tré thanh : 2 U? +v? =5uv < 1 Tim dugc: X = >
u=-—-vV
2

. 3
Bai 2. Giai phwong trinh : X* —3X +1= —%\/X4 +x°+1

Bai 3: giai phuong trinh sau : 2X* +5x-1=7x* -1

Gidi:

bk: x>1

Nhan xt : Taviét & X—1 +f x> +x+1 :7\/ x—1 x*+x+1

Pdng nhit thic ta duge: 3 Xx—1 +2 x> +x+1 :7\/ Xx—-1 xX*+x+1

v=9u

Patu=x-1>0,v=x*>+X+1>0, tadugc: 3u+2v=7Juv < 1
v==2u

4

Ta duoc :X:4i\/g

Bai 4. Giai phwong trinh : X° —3x* + 2«/ X+2°—6x=0

Giai:

Nhan xét : Dat Y =+/X+2 ta hdy bién pt trén vé phuwong trinh thudn nhat bac 3 ddi véix vay :
X =

XX =3x°+2y° —6x =0 < x* —3xy* + 2y° =0©{ y
X=-2y

Pt ¢c6 nghiém : X = 2, X:2—2\/§

b).Phuong trinh dang : U + Av =/mu® +nv’
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Phuong trinh cho ¢ dang nay thudng kho “phat hién “ hon dang trén , nhug néu ta binh phuong hai vé thi dua
ve duoc dang trén.

Bai 1. giai phuong trinh : X* + 3»\/X2 -1= \/X4 -x*+1
Giai:

2
u=xXx
Ta dit :{ khi d6 phuong trinh tré thanh : U +3v = y/u? — V2

v=+x"-1
Bai 2.Giai phuong trinh sau : VX +2X +v2X -1 =+/3x* + 4x +1

Giai

1 .
bk X ZE. Binh phuong 2 vé ta co :

J>@+2x 2x—1 =x2+1c>J>@+2x 2x—-1 = x2+2x — 2x-1

145

o Ju=xP2x , N 2

Ta c6 thé dat : khidotacohé: uv=u®-v° <
v=2x-1 1++/5
u= \"
2

Douyzo.u:lijgvc>ﬁ+2x=lij§2x—1
Bai 3. giai phuong trinh : \/5X2 -14x+9 —\/X2 —X—20 =5Vx+1
Giai:

Pk X >5. Chuyén vé binh phuong ta dugc: 2x° —5X+2:5\/ X*—x-20 x+1

Nhin xét : khong tdn taisd a, B dé: 2x° —=5x+2=a X*—x—20 + B X+1 viy ta khong thé dat
u=x*-x-20
V=x+1 '

Nhung may médntaco: X°—X—20 X+1 = X+4 X-5 x+1 = x+4 x*—-4x-5

Ta viét lai phuong trinh: 2 X*—4X—-5 +3 x+4 = 5\/(X2 —4x —5)(x +4) . Bén day bai toan duoc giai quyét

Cac em hay tu sang tao cho minh nhitng phuong trinh vo ti “dep “ theo cach trén

3. Phwong phap dit 4n phu khong hoan toan
> Tu nhitng phuong trinh tich X+1-1 x+1-X+2 =0, V2x+3-x +2Xx+3-x+2 =0

Khai trién va rat gon ta s& dugc nhitng phuong trinh vo ti khong tam thuong chit nao, do kho cua phuong trinh
dang nay phu thudc vao phuong trinh tich ma ta xuat phat . i
Tur d6 chiing ta mai di tim cach gidi phuong trinh dang nay .Phuong phép gidi dugc thé hién qua céac vi du sau .
Bai 1. Gii phuong trinh: X2 + 3—X?+2 X=1+2yx’+2
Giai:

2 P 2 t = 3
t=+x*+2 ,tacé : t*— 2+x t-3+3x=0<

t=x-1
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Bai 2. Giai phuong trinh :  X+1 VX* —2x+3=x*+1

Gidi:

Dit: t=Xx>—2x+3, t>+2  Khidé phuong trinh trothnh: X+1 t=x*+1<x2+1— x+1t=0
Bay gio ta thém bdt , dé duoc phuong trinh bac 2 theo t c6 A chin

t=2

X2 —2X+3— X+1t+2 x-1 =0=t?— x+1t+2 x-1 :Oc{t .
= X—-

Tur mot phuong trinh don gian : J1-X=21+x 1-x—-2++1+x =0, khai trién ra ta s& dugc pt sau

Bai 3. Giai phwong trinhsau : 4vX+1—-1=3X+ 21— X +1—-x°
Giai:
Nhan xét : dit t =+1—X, pttt: 441+ X =3x+2t +t/1+x (1)

Tarat x=1-t? thay vao thi dugc pt: 3t> — 2++1+X t+4 J1+x-1 =0

’ . 2
Nhung khong ¢6 sy may man dé giai duoc phuong trinh theot A= 2++1+Xx —48 /x+1-1 khdngcé
dang binh phuong .

] 2 2
Muon dat dugc muc dich trén thi ta phai tach 3x theo \/1— X \/l+ X
Cuthénhusau: 3Xx=— 1-X +2 1+X thayvao pt (1) ta duoc:

Bai 4. Giai phuong trinh: 22X+ 4 +4:2 —x =9X? +16

Giai .

Binh phuong 2 vé phuong trinh: 4 2X+4 +16«/2 4-x* +16 2—x =9x*+16

Tadit:t= ,/2 4-x* >0. Tadugc: 9x* —16t—32+8x =0

Ta phai tach 9x* =2 4—x* + 9+2a x> —8a lamsao cho A, ¢6 dang chinh phuong .

Nhdn xét : Thong thuong ta chi can nhém sao cho hét hé s tu do thi s& dat duoc muc dich
4. Pit nhiéu 4n phu dwa veé tich
> Xuit phat tir mot so hé “dai s6 “ dep ching ta c6 thé tao ra dugc nhirng phuong trinh v ti ma khi giai n6
chung ta lai dat nhiéu 4n phu va tim mbi quan h¢ gilra cac an phu dé dua vé hé

e B 3 ,
Xuét phat tir ding thic a+b+c " =a’+b*+c*+3 a+b b+c c+a ,Taco
3
a+b®+c®= a+b+c "< a+b a+c b+c =0

Tir nhan xét ndy ta c6 thé tao ra nhitng phwong trinh vo ti ¢6 chira cin bac ba .
YTx+1-3Yx*—x—8+¥x2—8x+1=2
Y3x+1+3B5-—x+32x-9-34x-3=0

Bai 1. Giai phuong trinh : X = /2 — XA/3— X ++/3—X/5— X +/5—XA/2— X

U=+2-X 2—U?=UuvV+VW+Wwu U+v uU+w =2

Gidi: sV=+/3-X , taco: 43—V =UV+VW+WU << U+V V+W =3, giai hé ta duoc:

w=+/5-X 5—W* = UV + VW + WU V+W U+w =5
_ V30 239
60 120
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Bai 2. Giai phuong trinhsau:\/ZXZ—1+\/X2 -3x-2 :\/2X2+2X+3+\/X2—X+2

=2x* -1
b=+yx*-3x-2 a+b=c+d
Gidi . Ta dat : ,khidétacé:{ S X=-2

=V2x* +2x+3 a’—b*=c*-d’
d=vx*—x+2

Bai 3. Giai cac phuong trinh sau

1) VAx2+5x+1-2Yx*—x+1=9x-3
2) \/;Jr:l/x 1-x +,4/ 1-x° :\/l—x+(‘/x_3+«4/x2 1-x

5. Dat él?ll phu dua Vé‘ hé:
5.1 Pat an phu dwa vé hé thong thuwong
> PatU=a X ,v=/0 X vatimmdiquanhégita ¢ X va S X tir d6 tim dugc hé theo u,v

Bai 1. Giai phuong trinh: x¥25-x3 x+325-x% =30

Pat y=335-x =>x3+y*=35
xy(x+y) =30

Khi d6 phuong trinh chuyén vé hé phuong trinh sau: { , giai hé nay ta tim dugc

X3 +y*=35
(X;y) =(2;3) =(3;2) . Tirc la nghiém cua phuwong trinh 1a X €{2;3}

Bai 2. Giai phuong trinh: «/\/5—1— X + Q/_ = %

Pidu kién: 0<x<2-1

Dit é/_w/z_l_xZUSOSUS\/\/E—l,OSVS\‘V\/E—l
X=V

U=-—"=-V
‘ u+v:4i i
Ta dua vé h¢ phuong trinh sau: \/E = . 9
2 A 4
u+vt=42-1 ——v| +vt=42-1
&

Giai phuong trinh th 2: (V2 +1)2 (

Bai 3. Giai phuong trinh sau: X++/5+ 1

biéu kién: x>1

Pit a=+/X—1,b=+/5++x-1(a>0,b>0) thita dua vé hé phuong trinh sau:

2

b-5

TP atb)a-b+1)=0=a-b+l=0=a=h-1
b’-a=5

Vay VX—1+1=+/5+x-1 <:>\/x—1:5—x:>x:¥

J =0, tird6 timra V rdi thay vao tim nghiém cua phuwong trinh.

%\
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62X N 6+2x 8
V5-x B5+x 3

Bai 8. Giai phuong trinh:

Gidi
bicu kién: -5<x<5
Détu:\/S—x,v:«/5—y O<u,v<\/l_0 .

u?+v2 =10 (u+v)? =10+ 2uv
Khi do ta dugc h¢ phuong trinh: 4 4

4 8 < 2
————+2U+2)== u+v)|l-— |==
u vJr (u+2) 3 ( )( uvj 3

5.2 Xy dung phuong trinh vo ti tir hé ddi xirng loai II ‘ . ’

» Ta hay di tim nguon goc cua nhitng bai toan gidi phuong trinh bang cach dua vé hé doi xtirng loai II

, x+12=y+2 (1
» Ta xét mot h¢ phuong trinh d6i xung loai II sau : ) viéc giai h¢ nay thi don gian
y+1 " =x+2 (2)

Bay gioi ta s& bién hé thanh phuong trinh bang cach dat Y= f X  sao cho (2) luén ding , Y =+/X+2 —1, khi
d6 ta c6 phuong trinh : X+1 2= (VX +2 —1) +1<> X% +2X = /X + 2
Vay dé giai phuong trinh : X* +2X =~+/X+2 ta dit lai nhu trén va dua vé hé

. . ax+ p 2= ay+b
Bang céach tuong tu xét hé tong quat dang bac 2 : , ta s€ xay dung dugc phuong trinh dang

ay+p ‘=ax+b

a
sau : dit oy + f# =~ax+b , khi do ta c6 phuong trinh : aX+ ?=ZJax+b +b—£
o a

a
Twong tu cho bic cao hon: aXx+ f "= Zax+b +b—£
o o

Tom lai phuong trinh thuong cho dudi dang khai trién ta phai viét vé dang : aX+ "= pva'x+b'+y vdat
ay+ B =Yax+b déduavéhe,chayvé diucia a 227
Viéc chon a; B thong thuong ching ta chi can viét dudi dang : ax+ B "= pla‘'x+b'+y 1a chon dugc.

Bai 1. Giai phuong trinh: X2 —2x = 24/2x -1
. 1
biéu kién: X > E
Ta c6 phuong trinh duogc viét lai 1a: (x—1)% —1=2y2x-1
X2 —2x=2(y-1)

y* -2y =2(x-1)
Trir hai vé ciia phuong trinh ta duge (X—y)(X+Yy) =0

Pit y—1=+/2x—1 thi ta dua vé hé sau: {

Giai ra ta tim dugc nghiém cta phuong trinh la: X =2+ \/5

Bai 6. Giai phuong trinh: 2x? —6x—1=/4x+5
Giai

a1 3)
bicu kién X > _Z
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Ta bién déi phuong trinh nhu sau: 4x? —12x—2 = 24/4x+5 < (2x—3)? = 2J4x+5+11

bat 2y —3=+/4x+5 ta dugc hé phuong trinh sau: {(ZX_S)Z =4y = xX-y)(x+y-1)=0
(2y-3)? =4x+5

Véi X = y:>2x—3:\/4x+5:>x:2+\/§

Véi X+ y—1:0:>y:1—x—>x:1—\/§

Két luan: Nghiém ciia phuong trinh 1a {1— J2;1+ \/g}

Cdc em hdy xdy dung mgt so hé dang nay ?
% Dang hé gan doi xirng

(2x—3)% =2y +x+1
(2y-3)? =3x+1
duoc , va tu h¢ nay ching ta xay dung duoc bai todn phuong trinh sau :
Bai 1 . Giai phuong trinh: 4X? +5—13X++/3x+1=0

Ta xt hé sau : { (1) day khong phai 1a hé ddi xtng loai 2 nhung chung ta van giai hé

2
. 13 33
Nhin xét : Néu ching ta nhom nhu nhitng phuong trinh trudc : (2X — Zj =3x+1- 2

13 .
bat 2y - 2 =/3X+1 thiching ta khong thu dugc hé phuong trinh ma chiing ta c6 thé giai duoc.

Dé thu duge hé (1) tadat: oy + B=+/3X+1 , chon &, B sao cho hé chung ta c6 thé giai dugc , (d6i xirng
hodc gin déi xikng )
ay+ B =3x+1 a’y? +2aBy —3x+ f2-1=0 (1)
Taco hé: & ,
4x* -13x+5=-ay-f 4x°=13x+ay+5+ =0 (2)
Pé giai hé trén thi ta ldy (1) nhan v6i k cong véi (2): va mong mudn ciia chiing ta 1a ¢6 nghiém X = y

2 2
Nén ta phai c6 : a _ 2aﬂ—3: p -1
a-13 5+ p

Ta c6 101 gidi nhu sau :

Diéu kién: xz—%,Dat V3x+1=-(2y-3), (ygg)

*)

, ta chon dugc ngay o =-2; f =3

(2x—3)* =2y +x+1
Ta c6 hé phuong trinh sau: = (x-y)(2x+2y-5)=0
(2y-3)? =3x+1

15-4/97

Voi X=y = X= 5

Vi 2x+2y—5=o:>x=%

8

15—J9_7_11+Jﬁ}
8 1

Két luan: tap nghiém cta phuong trinh 1a: {

Chuy : khi da 1am quen, chung ta ¢6 thé tim ngay «; 8 bang cach viét lai phuong trinh
ta viét lai phuong trinh nhu sau: (2X—3)% = —/3x+1+x+4
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khi @6 dat v3Xx+1=-2y+3 ,néudit 2y —3=+/3x+1 thi ching ta khong thu dugc hé nhu mong muén , ta
thiy ddu ciia & cung ddu vé6i du trudce cin.

Mt cach tong quat .

f(x)=Ax+By+m (1
f(y)=A'xX+m' (2)
Néu tir (2) tim duwoc ham ngugc Y=g X thay vao (1) ta duoc phuong trinh

Xét hé: { dé hé c6 nghiém x = y thi : A-A’=B va m=m’,

Nhu vy dé xay dung pt theo 16i nay ta can xem xét dé c6 ham ngugc va tim dugc va hon nira hé phai giai duoc.
Mot sO phuong trinh dugc xay dung tur hé.
Giai cac phuong trinh sau

1) 4x*—13x+5++/3x+1=0 4) 36x+1=8x°—-4x-1
15, .
2) 4x? —13X+5+\/3X120 5) E 30x° —4x =2004 +/30060x+1+1
3 3/_81x—8=x3—2x2+gx—2 6) ¥3x—5=8x"-36x>+53-25
Giai (3):

Phuong trinh : <> 273/81x —8 = 27x% —54x? + 36X —54 <> 273/81x—8 = 3x—2 > —46
Ta dit: 3y—2=13/81x-8

Céac em hay xay duwng nhirng phwong trinh dang nay !

IIl. PHUGNG PHAP PANH GIA
1. Dung hang dang thirc :
» Tur nhitng danh gi4 binh phwong : A* + B? >0, ta xay dung phuong trinh dang A* + B> =0

2 2 .
Tu phuong trinh  /5X—-1-2X + 9-5x—-2 ++/X—1=0 takhai trién ra co6 phuong trinh :
4x2 +12++/x=1=4 x3/5x—1++/9—5x

2. Duing bét ding thic

. s o 2m .,
» Mot so phuong trinh dugc tao ra tir dau bang cta bat dang thuc: {B - néu dau bang 6 (1) va (2) cung dat
=m
duoc tai X, thi X, la nghiém cta phuong trinh A=B
1

> 2, dau bang khi va chi khi
X+1

Taco: V1+X++1—X <2 DAu bing khi va chi khi x=0 va v/Xx+1+

++/1+ X

1
x=0. Vay ta c6 phuong trinh: /1— 2008x + +/1+ 2008x =

¥ 50 PATOTE N
A>f x A=1f X
B< f(x) B=1f x

v Néu ta doan trudc duge nghiém thi viée ding bat dang thirc dé dang hon, nhung c6 nhiéu bai nghiém la
vo ti viéc doan nghi¢m khong duogc, ta van dung bat dang thirc dé danh gia duoc

D6i khi mdt s6 phuong trinh duoc tao ra tir y tudng : { khidé: A=B< {

Bai 1. Giai phuong trinh (OLYMPIC 30/4 -2007): 22 +Xx =/x+9

X +1
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Giai: Pk x>0
2 2
Tach: 2\/5 +«/§ 3[2«/52+x+1} 1 + \/; =X+9
Jx+1 X+1 | /x+1
Dau biang <> 2\/5 = ! @le
Jx+1  Jx+1 7

Bai 2. Giai phuong trinh : 13\/X2 —x* + 9‘\/X2 +x* =16

Giai: Pk: -1<x<1
2

Biénddipttaco : x° 13V1—x2 + 91+ x° =256
Ap dung bit dang thirc Bunhiacopxki:

2
JIB/1BA1- X% +333V1+ X < 13+27 13-13x2+3+3x% =40 16-10x2

2
Ap dung bét dang thirc Cosi: 10x* 16 -10x> < (%] =64

Dau bang < =

2

, 2 -

V1-x* = 1;)( ” J5
2

2: _ 2 X=——
10x° =16-10x JE

Bai 3. giai phuong trinh: X°* —3x* —8x+40—8¢/4x+4 =0
Ta chimg minh : 84/4x+4 <x+13 va x*-3x*-8x+40>0< Xx—3 7 x+3 >x+13

Bai tip dé nghi .
Gidi cac phuong trinh sau
_1-2x  [1+2X 16x* +5 = 63/4x° + x
J1-2X +/1+2x = + :
1+2x  V1-2x x* —3x? —8x+40-8%44x+4 =0

Ux+L-x+x—L-x=v2+48 N8+ X /64— x° = x* —8x? +28
2x* +8= 44+ x" +4Vx" -4 N
V2-X* + 2—% :4—(x+lj
X X

3. Xay dung bai toan tir tinh chét cwe tri hinh hoc

3.1 Dung toa d¢ cua véc to
% Trong mit phang toa dd Oxy, Cho cac vécto: U= XV, , V= X,;Y, khidé taco

- = = |- 2 2
4 ‘u+v‘s‘u‘+Mc>\/xl+Xz + Vi tY, s\/x12+yf+\/x22+y§
AN
X Y

Dau bang xay ra khi va chi khi hai véc to U, V cing huéng < =k >0, cha ytisd phai dwong
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v uv= ‘ﬁ‘.M.COSa < \ﬁ , d4u bing x4y ra khi va chi khi cosa =1<>u ™MV

v

3.2 Sir dung tinh chit dic biét vé tam giac i

v Néu tam gidc ABC 1a tam gidc d€u , thi v6i moi diém M trén mat phang tam gidc, ta ludn c6
MA+MB+MC >0A+0B+0OC v6iO la tdm cua duong tron .Dau bang xay ra khi va chikhi M =O.

v Cho tam gidc ABC c6 ba goc nhon va diém M tuy y trong mdt mdt phang Thi MA+MB+MC nhé nhat khi
diém M nhin cac canh AB,BC,AC dudi cing mot goc 120°

Bai tap

1) \/2x2—2x+1+\/2x2— J3-1 x+1+\/2x2+ J3+1 x+1=3

2) ‘\/x2—4x+5—\/x2—10x+50‘=5

IV. PHUONG PHAP HAM SO

1.Xay dung phwong trinh vé ti dua theo ham don di¢u
> Dya vio két qua : “Néu y=f t laham dondiduthi f x =f t < X=t” ta cé the xay dung dugc
nhiing phuong trinh vo ti

Xuét phat tr ham don diéu: y=f X =2x>+x*+1 moi x>0 ta xdy dung phuong trinh :

3
fx =f 3x-1 @2 +x*+1=2 J3x-1 +\/(3X—1)2 +1, Rt gon ta dugc phuong trinh
2x°+ x> —3x+1=2 3x-1 /3x-1
Tirphuong trinh f X+1 = f /3X—1 thi bai toan s& kho hon 2x° +7x> +5x+4=2 3x—1 | 3x—1

Dé gai hai bai toan trén chiing ta c6 thé lam nhu sau :

2x° +7x* +5x+4=2y°
Dit y=+/3x—1 khido tacé hé :{3 12 y cong hai phuong trinh ta duoc:
x-1l=y

2 X+1°+ x+1°=2y +y?

Hay xdy dung nhiing ham don diéu va nhiing bai todn vo ti theo dang trén ?
Bai 1. Giai phuong trinh: 2X+1 2++4X* +4x+4 +3x 2+/9%x°+3 =0
Giai:

o 2x+1 2+ 2x+1°+3 = —3x 2+1/ 3x 43 o f 2x+1 = f -3x

. \ . 1
Xéthamsd f t =t 2+4/t?+3 , la ham dong bién trén R, ta cd Xz—g
Bai 2. Giai phuong trinh  X° —4x? —5X+6=37x% +9x — 4
3 2
X*—4X° —5Xx+6=
Giai.Pat y=37x*+9x—4, tacohé: , y:>y3+y: X+1°+ x+1
X +9x—4=y°
Xéthamsd : f t =t°+t, 1a ham don diéu tang. Tir phuong trinh
Xx=5

fy=f x+1 Joy=x+le x+1 =I1¥+X-4o| _11.5
X=——"
2

Bai 3. Giai phuong trinh : 36X +1=8x%>—4x -1
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V.PHUONG PHAP LUQNG GIAC HOA
1. Mot so kién thirc co ban:

£ A, K iy - —7 . N oA, A .
4 Neéu |x|£1 thi c6 mot so t voi te[7;7} saocho: sint=x vamotsoyvsi Ye 0;7 saocho
X =C0SY

e < A X , - T H \ A A I T
v Neu 0<x <1 thico mot sotvmte{o;a} sao cho : sint =X va mot s0 y voi ye[O;E} sao cho
X=C0SYy

.ox. X , T T
v V61m01s0thucxc0te(—5 Ej sao cho: x =tant

v\ Néu: X,y 14 hai s6 thyc thoa: X* +y? =1, thi co mot s6 t voi 0<t <27 ,sao cho X =sint,y = cost
Twr do ching ta c6 phwong phap gidi toan :

> Néu:|x|<1 thidat sint=x véi te[%;%} hodc X=cosy véi ye 0,7

> Néu 0<x<1 thidat sint:x,vé*ite[o;%} hodc X =C0SY, voi ye[o;%}
> Néu: X,y 1a hai s6 thuc thoa: x* +y* =1, thi dat X =sint,y =cost voi 0<t<2r

a
> Néu |X| >a,tacothé dit: X= _t voite (—% %J tuong tu cho truong hop khac
Sin

> x 1a s6 thuc bat ky thi dit : x=tant, te (—% zj

2
Tai sao lgi phdi dat diéu kién cho t nhw vy ?
Chung ta biét rang khi dit diukién X = f t thi phai dam bao véi mdi X c6 duy nhat mot t, va diéu
kién trén dé dam bao diéu nay . (xem lai vong tron lwong giic)
2. Xay dung phuwong trinh vo ti bang phwong phap luwgng giac nhu the nao ?
Tir cong phuong trinh lwvong gidc don gian: cos3t =sint, ta cé thé tao ra dugc phuong trinh vo ti

Chl y: cos3t =4cos’t —3cost  ta co phuong trinh vo ti: 4x3 —3x=+1-x* (1)

. .1
Néu thay X bang = ta lai c6 phuong trinh : 4 —3x* = x*/x* -1 (2)
X

Néu thay x trong phuong trinh (1) b6i : (x-1) ta s& c6 phuong trinh vé ti kho: 4x° —12X* +9x —1=+/2X — X*

3)

Viéc giai phuong trinh (2) va (3) khong don gian chit nao ? i
Tuong tu nhu vay tu cong thirc  sin 3x, sin4x,....... hay xay dung nhiing phuong trinh v6 ti theo kiéu

luong giac .

3. M6t so vidu

2
Bai 1. Giai phuong trinh sau : m[\/Hx \/1 X }:%+ 1-X

Gidi:
Piéu kién : |X| <1

Voi xe[-L0]: thi y 1+x ° =/ 1-x * <0 (ptwn)
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x e€[0;1] tadat: x=cost,te [0; %} . Khi @6 phuong trinh tré thanh:

1. . 1 1
2\/6008 X(lJr—Slntj =2+sint < cost = —= vay phuong trinh c6 nghiém : X = —
2 J6 J6
Bai 2. Giai cac phuong trinh sau :
1) J1-2x +Jl+2x:\/1_zx+\/1+zx HD: tanx= 1+2c0sx
1+2x V1-2x 1-2cosx
2) V1+4/1-x* =x 1+2y1-x? Ds: X :%
3) X*—3x=+/X+2 HD: ching minh |X| > 2 v0 nghiém

Bai 3. Giai phuong trinh sau: 3/6X+1 = 2X

. 1
Giai: Lap phuong 2 vé ta duoc:8x° —6x =1 4x* —3x = >

. ) 5 7
Xét : |X| <1, dat x=cost,te 0;7 .Khiddtaduoc S= {COS%;COSEE;COS?”} ma phuong trinh bac 3 cé

t6i da 3 nghiém vay d6 ciing chinh 1 tap nghiém cua phuong trinh.

=)

Gidi: dk: |X|>1, ta c6 thé dit x = 1 te (—f;fj

Bai 4. .Giai phuong trinh X’ (1+

sint 2 2
cost=0
Khi dé ptt: —— 1+cott =1<| 1
Sin” X sm2t=—§

Phuong trinh ¢6 nghiém : X = —\/E \/§ +1

1 X2+12

2
L. - X"+
Bali 5 .Giai phuong trinh : N, X2 +1= + >
2X  2x 1-x

Giai: dk Xx#0,x#+1

Ta c6 thé dat : x = tant, te(—f;f)
2 2

Khi do pttt. 2sintcos2t + cos2t —1=0 <> sint 1-sint—2sin’t =0

. e : 1
Két hop voi dieu kién ta c6 nghiém X = ﬁ

Bai tip tong hop
Gidi cdac phwong trinh sau

3 4 /1_)(2 P J2-2%2 XL+ +x2 +x+1=1+x" -1
4 2x+4 +16,/2 4—x* +16 2—x =9x° +16




2x2 — 2x+/30 — /2007 /30 + 4x+/2007 =~/30./2007
N2x+4—-242—x L 12x-8

VIX* +16
Ix—1+¥x+1=x32

§/§+M:2x+l

VAX+5+/3X+1=/2X+7 +/x+3

X2 +1

X2 +3x+1= x+3

J4-3J10-3X =Xx—2 (HSG Toin Quéc 2002)

2\/ 2—-X 5-x :x+\/2—x 10—-x
Yxtra=Jx—1+2x-3

Y —1++/3% -2 =3x -2

2x2 —11x+21-3¥4x—4 =0 (OLYMPIC 30/4-2007)
V2X2 140X —3X =2 =J2X2 + 22X+ 3+ VX2 =X +2
V22 +16X+18 + /X% =1 = 2x + 4

m_3X2+3X+2

3x+1

12X +2x-1=3x+9
Yx+1+x =1+3Yx3+ x2

AX? +3X+3=4x/X+3+24/2x -1

X = (2004 + /X)L y1-/X)?

(X + 33X +2)(X + 9+/X +18) =168x

x2—3x+1:—§\/x4+x2+1
2«3/ 1+x 2 +331-%2 +«3/ 1-x 2 =0

2008x° —4x +3=2007+/4x—3

3V2x°+1-1 =x 1+3x+8y2x* +1
X* + X+12+/x+1=36
4x -1 X3 +1=2x+2x+1

2x+—x_1:\/1—1 +3\/x—1
X X X

J5x% —14x+9 — /X% —x—20 =5/x +1
J6x+1=8x>-4x-1

% 30X? —4x = 2004 ~/30060X +1+1

4x+9
28

4x* —4x-10=+/8x* —6x-10
JVB=x = XX +x

=7x>+7xX

CHUYEN DPE: PHUONG TRINH VO TY

I. PHUONG PHAP BIEN DOI TUONG DUCNG
Dang 1 : Phuong trinh VA=+B < A= BZO@{

xeD (*)
A=B

Lueu y: Didu kién (*) duoc chon tuy thudc vao do phirc tap cia A>0 hay B>0

. B>0
Dang 2: Phuong trinh JA=B < A_p?
Dgng 3: Phuong trinh
A>0

+) VA+JB =C < {B=>0

(chuyén vé dang 2)

A+B+2JAB=C
) YA+3YB=3YC = A+B+3YAB YA+¥YB =C

va ta sir dung phép thé : IA+3YB=Cta dwgc phuwong trinh : A+B+33JABC =C

Bai 1: Giai phuong trinh:

a) Vx’-1=x-1
b) x—+2x+3=0

) V3+x-+2-x=1
9) VX+9=5-+2x+4
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o) x> ++/x+1=1 h) V3X+4—/2x+1=/x+3
6) V3x—2+Vx-1=3 i) (X+3)V10-x* =x*—x-12

Bai 2: Tim m dé phuong trinh sau c6 nghiém: \/—XZ +3x—-2 = \/Zm + X=X
Bai 3: Cho phuong trinh: /x> =1—-x=m

-Giai phuong trinh khi m=1

-Tim m dé phuong trinh c6 nghiém.
Bai 4: Cho phuong trinh: v/2x* +mx—3 =x-m

-Giai phuong trinh khi m=3

-V i gid tri nao cia m thi phuong trinh c6 nghiém.

II.PHUONG PHAP DAT AN PHU

Phwong phap dit an phu thong thwong.
-Néu bai toan ¢6 chira /f (X) va f(X) khidé dat t =/f(X) (v6i didu kién i thidu 1a t > 0. dbi véi cac
phuong trinh c6 chtra tham s6 thi nhat thiét phai tim diéu kién ditng cho an phu).

-Néu bai toan ¢6 chira \/ T (X), \/g(X) va /f(X).{/g(X) =K (v&ik 12 hing sb) khi d6 co thé dat : t =/ f(X),

khi d6 g(x) :%

-Néu bai toan ¢6 chira /T (X) £/g(x);/ T (x).9(X) va f(x)+g(x) =K khido co thé dat:
t=JT00 £a00) suyra T(0.000 = ;k

1 C o, s . . T .
-Néu bai toan c6 chira va? — x* thi dit x=|a|smt voi —EStSE hoac X:|a|COSt voi 0<t<r

, a a
“Néu bai toan c6 chita /X% —a? thi dat x:|_—| voi te|-Z:Z 1\ 0 hoic X = [ Vi
sint 2 2 cost
te O;7 \{Z}
2
T

4 - . , r LA g ,e T
-Néu bai toan c6 chira VX* +a* taco thé dat x= |a|.tant voi t e (_E’Ej

Bai 1: Giai phuong trinh:

) X2 +VX2+2X+8 =12 - 2x f) V2x2+5x+2 —24/2x° +5x -6 =1
b) 2x?—5y2x%+3x+9 =-3x—3 9) VX2 +3x+2 - 2V2x2 +6X+2 = /2
c) X*—4x+6=+v2x*-8x+12 h) x*+4x*+11=31

d) 3x®+15X+2yXx* +5x+1=2 i) (X+5)(2—-x) =3vx? +3x

e) (X+A(Xx+1)-3Jx*+5x+2=6

Bai 2: Giai phuong trinh:

3 6 4 2 2

a) X+ /1_)(2 —x /2 1 x2 d) 64x° —112X" +56X° -7 =2v1-X
e) X+ X —§
b) 11— x2 [\/1—x3—\/1+x3}:2+\/1—x2 L1 12

c) Vl-x—-2xy1-x*-2x*+1=0
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) x-3 x+1 +4 x-3 X+l——3

X—3

Bai 3: Cho phuong trinh: 1+ !

X {1-x°

2
-Giai phuong trinh véi m =2+ ﬁ

=m

-Tim m dé phuong trinh c6 nghiém.
Bai 4: Cho phuong trinh: 2 x> —2x +vx*-2Xx-3-m=0

-Giai phuong trinh véim =9
-Tim m dé phuong trinh c6 nghiém.

2. Phuong phap dat a an phu khong hoan toan
La viéc sir dung mot an phu chuyén phuong trinh ban dau thanh mot phuong trinh v6i mot an phu nhung cac hé
sO van con chua x.

-Tur nhitng phuong trinh tich /X+1-1 X+1-X+2 =0, ¥2X+3-X +2X+3-x+2 =0

Khai trién va rat gon ta s& dugc nhirng phuong trinh vé ti khong tam thudng chit nao, do khé cua phuong trinh
dang nay phu thudc vao phuong trinh tich ma ta xuat phat. i
Tt d6 ching ta moi di tim cach gidi phuong trinh dang nay .Phuong phap gidi dugc the hién qua cac vi du sau .

Bai 1. Giai phuong trinh: X> + 3—vVX* +2 Xx=1+2Vyx*+2

t=3

Giai: t=vx*+2 ,taco : t°— 2+xt—3+3x=O©L .
= X—-

Bai 2. Giai phwong trinh :  x+1 VX* —2X+3 =x°*+1

Gidi:

Pit: t=~+Xx2—2x+3, t>2

Khi d6 phwong trinh tro thnh: X+1 t=x*+1< x> +1—- x+1t=0

Bay gio ta thém b6t , dé duoc phuong trinh bac 2 theo t c6 A chin

t=2

X2 —2X+3— X+1t+2 x-1 =0=t>— x+1t+2 x-1 :0<:{t .
= X—-

Tir mot phuong trinh don gidn : V1—X =241+ X +1—-X—2++/1+x =0, khai trién ra ta s& dugc pt sau
Bai 3. Giai phuong trinh sau : 4vX+1-1=3X+ 21— X +1- X

Giai:

Nhan xét : dat t =+/1— X, pttt: 441+ X =3x+ 2t +tJ1+x (1)

Tart X=1-t’ thay vo thidwoc pt: 3t° — 2++/1+X t+4 J1+x-1 =0

. 2
Nhung khong ¢ sy may man dé giai dugc phuong trinh theot A= 2++1+X —48 X+1-1 khdng cé
dang binh phuong .

] 2 2
Muon dat dugc muc dich trén thi ta phai tach 3x theo \/1— X \/1+ X
Cuthénhusau: 3Xx=—1-X +2 1+Xx thay vao pt (1) ta duoc:

Bai 4. Giai phuong trinh: 24/2X+4 + 42— x =+/9%* +16

34



Gidi .

Binh phuong 2 vé phuong trinh: 4 2X + 4 +16«/2 4-x* +16 2—x =9x* +16

Ta dit : t=,/2 4—x* >0.Tadugc: 9x* —16t—32+8x=0

Ta phai tach 9x* =2 4—x* + 9+2a x*—8a lamsao cho A, c6 dang chinh phuong .

Nhén xét : Thong thudng ta chi can nhom sao cho hét hé s6 tur do thi s& dat dugc muc dich.
Bai tap: Giai cac phuong trinh sau:

a) (Ax-DVx*+1=2x>+2x+1 b) X*—1=2x~/X% —2X

c) X*—1=2xyx*+2x d) x*+4x=(X+2)Vx*—2x+4

3. Phwong phap dit an phu chuyén vé hé.
a) Dang thong thuong: Pat U=a X ,v=/4 X vatimmdiquanhé gitta & X va B X tir d6 tim dugc hé

u:«m/a—f X
v:«m/b+ f x

theo u,v. Ching han déi véi phuong trinh: gla— f X +gfb+f x =C taco thé dit: tir do

mom .. ju™+v"=a+b
suyra U™ +v" =a+b.Khido tacohé
u+v=_cC

Bai tdp: Giai cac phuong trinh sau:

a) 2—x=1-/x-1 D) Y9—x=2-Vx-1  ¢) Xx=x-1-(X-DIXx +Vx*-x =0

b) Dang phwong trinh chira can bic hai va lily thira bic hai:

) . |d=ac+a
Jax+b =c(dx+e)* +ax+ B voi
e=bc+p
Cich gidi: Diat: dy +e =+/ax+b khi dé phuong trinh duoc chuyén thanh hé:

->giai

{dy+e_\/ax+b - dy+e ‘=ax+b

dy+e=c(dx+e)’+ax+p |c dy+e ' =—ax+dy+e-p

Nhdn xét: Dé st dung dugc phuong phap trén can phai khéo 1éo bién dbi phuong trinh ban dau vé dang thoa méin

diéu kién trén dé dit an phu.Viéc chon «; 8 thong thudng ching ta chi can viét dudi dang

ax+ B "= p¥a'x+b'+y lachon dugc.

¢) Dang phuong trinh chira can bac ba va liiy thira bac ba.

d=ac+«a
Yax+b=c dx+e ‘+ax+pB vai {
e=hc+p
Cich giai: Pat dy +e = 3/ax+b khi d6 phuong trinh dugc chuyén thanh hé:
dy +e=3%ax+b dy+e ’=ax+b c dy+e ’=acx+bc
=N &
dy+e=c dx+e3+ax+ﬂ C dx+e3=—ax+dy+e—,8 c(dx+e)® = (ac—d)x+dy+bc
Bai tdp: Giai cac phuong trinh sau:
1) JXx+1=x*+4x+5 7) 4x*—13x+5++/3x+1=0
2) V3Xx+1=-4x*+13x-5 8) 4x*—13x+5++/3x+1=0

3,933
3) X +2=3V3x-2 9) \3/81x—8:x3—2x2+gx—2
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4% +9 10) ¥/6x+1=8x>—4x-1

=7x*+7x x>0 15
11) > 30x* —4x =2004 +/30060x+1+1

5) x*+1=232x-1

3/ _ 3 2

4)

Il. PHUONG PHAP HAM SO
Str dung cac tinh chat ciia ham s6 d€ gidi phuong trinh 1a dang toan kha quen thudc. Ta cé 3 hudng ap dung sau
day:
Hzio"ng 1: Thyc hién theo cac budc:
Buéc 1: Chuyén phuong trinh vé dang:  f (x) =k
Bude 2: Xéthamsd y = f(X)
Buoc 3: Nhan xét:
e Véi x=X%, < f(x)=f(x,)=k dodo X, la nghiém
e Véi X>X, < f(X)> f(X,) =K do do phuong trinh v6 nghiém
e Véi Xx<x, < f(X)< f(x,) =k do do phuong trinh v6 nghiém
e Viy X, la nghiém duy nhit ctia phuong trinh
Hwong 2: thyc hién theo cac budc
Bude 1: Chuyén phuong trinh vé dang:  f (X) = g(X)
Budc 2: Dung 1ap luan khing dinh rdng f (X) va g(x) c6 nhiing tinh cht trai ngugc nhau va xac dinh X, sao cho
F (%) =9(x)
Bucc 3: Vay X,la nghiém duy nhat cta phuong trinh.
Hwong 3: Thuc hién theo cac budc:
Bude 1: Chuyén phuong trinh vé dang  f (u) = f (V)
Bude 2: Xéthamsd Y = f(X), dung lap luan khiang dinh ham sé don diéu
Budc 3: Khido f(u)=f(v) <u=v

Vi du: Gidi phuong trinh :  2X+1 2++v4Xx? +4x+4 +3X 2+/9%° +3 =0

pte> 2x+1 24 2x+1°43 = —3x 2+1/—3x2+3 o f 2x+1 = f -3x

Xéthamsd f t =t 2+\/m , 1a ham ddng bién trén R, ta co X:—%

Bai tdp: Giai phuong trinh:

JAX=1+8x2 =1 =1,x-1= X —4x+5,Ix-1=3+x— x> /X =1-2x+2x* = x*,
IX—1+x+2=3,V2x-1+Jx*+3=4—-x
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