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2.1 TOM TAT LY THUYET

1. Khai niém cue tri ham s6 :
Gia sir ham s f xdc dinh trén tap hop D (D c R) var e D

a) r,dugc goi la mOt diém cwe dai ctia ham s6 f né€u ton tai mot khoang (a; b)

o (a;b) cD L
chira di€ém zsao cho: . Khi d6 f (xo) duoc
fx)< f(z,) Vre (a,;b) \{xo}

goi la gia tri cue dai cua ham so f.

b) r, dugc goi la mot diém cure ti€u ciia ham 6 f néu ton tai mot khodang (a; b)

o (as0) D »
chtra di€ém zsao cho: .Khi d6 f (xo)duqc

f(x)< f(z,) Vwe (a;b) \{ZEU}
goi 12 gi4 tri cwe tiéu cia ham sd f.

Gid tri cyc dai va gid tri cuc tiéu duoc goi chung la cue tri

Néu z,1a mot diém cuc trj ctia ham s f thi nguoi ta n6i rﬁng ham s f dat cuc

tri tai diém z,.

Nhu vy : Diém cyc tri phai 1a mot diém trong ctia tap hop D (D c ]R)

Nhéin manh : T, € (a;b) C D nghiala z; la mt diém trong ctia D :

Vidy: Xéthamsé f(z) = vo xdc dinh trén | O3490). Tacs f(z) > £(0)
véimoi 7 > Onhung & = 0 khong phéi 1a didm cuc tiéu vi tap hop [0; +o0)
khong chira bat ki mot 1an can ndo cia diém 0.
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Chii y :

e Gid trj cyc dai ( cyc tiéu) f(z,) ndi chung khong phai 1a GTLN (GTNN) cuia
f téntaphop D.

e Ham s6 c6 thé dat cuc dai hoac cuc ti€u tai nhi€u diém trén tap hop D .
Ham s06 cling c6 the khong cé diém cuyc tri.

o 7, lamot diém cyc tri cia ham s6 [ thi diém ($0‘ f (xo))duqc goi 12 diém
cuee tri ctia dé thi ham s6 f .

2. Piéu kién cin dé ham s dat cuc tri:

Dinh Iy 1: Gia st ham s6 f dat cuc tri tai diém z,. Khi d6 , néu f c6 dao ham
tai diém z, thi f'(mo) =0

Cha y:

e Daoham f'cé thé bang 0 tai diém z, nhung ham sd f khong dat cyc trj tai
diém z,.

e Ham sd c6 thé dat cuc tri tai mot diém ma tai d6 ham s6 khong c6 dao ham
e Ham sd chi c6 thé dat cuc tri tai mot diém ma tai d6 dao ham cua ham s6
bang 0, hodc tai d6 ham s6 khong c6 dao ham .

e Ham sd dat cuc tri tai T, va néu d6 thi ham sd ¢6 tiép tuyén tai diém

(:L’O. f (:L’O)) thi tiép tuyén d6 song song véi truc hoanh.

Vidy:Hamsb y = ‘:I:‘ vaham sb y = z’

3. Piéu kién di dé ham sé dat cuec tri:

Dinh Iy 2: Gia sir ham s f lién tuc trén khoang (a; b) chira diém z, va c6 dao

ham trén cac khoang (a;mo) va (:z:o;b) . Khi d6:

f'(xo) <0,z e (a;xo)
f'(mo) >0,z € (mo;b)

cdch khac , néu f'(z)ddi du tir am sang duong khi = qua diém z, thi ham s6

a) Néu thi ham so dat cuc tiéu tai diém =z . N6i mot

dat cyc ti€u tai diém .
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thi ham s6 dat cyc dai tai di€ém z,. N6i mot

, f'(x0)>0,xe(a;x0)
b) Neu <
f (ZEU) <0,xe (xo;b)
céch khéc , néu f' (:1:) d6i dau tir dwong sang am khi z qua diém , thi ham 5O
dat cuc dai tai diém .

T a z b

f'(x) + 0 -

f(xﬂ)
/(=)
f(a)/ \f(b)

Dinh Iy 3: Gia sit ham sd f c6 dao ham cap mot trén khoang (a; b) chtra diém

z,, [ (wo) = 0va fc6 dao ham cip hai khac 0 tai diém .
a) Néu f"(xo) < 0thi ham s6 f dat cuc dai tai diém z,.

b) Néu f"(z,)> Othi ham s6 f dat cuc tiéu tai diém z,.

Chu y:

Khong can xét ham s6 f ¢6 hay khong ¢6 dao ham tai di€m z = x nhung khdng

thé bo qua diéu kién " ham s6 lién tuc tqi diém T,"
1—2 khi <0
x khi x>0

ham s khong lién tuctai x =0.

Vidu:Hamsé f(x) = khong dat cuc tritai z = 0. Vi

2.1 DANG TOAN THUONG GAP.

| Dang 1 : Tim cic diém cuec tri ciia him s6 .

Quy tic 1: Ap dung dinh 1y 2
e Tim f' (:c)
e Tim cic diém T, (z =12, 3) tai d6 dao ham bang 0 hodc ham sb lién tuc

nhung khong cé dao ham.
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e Xét ddu cua f'(x). Néu f' (:c) d6i dau khi z qua diém , thi ham 56 ¢6 cuc
tri tai diém z,.

Quy tic 2: Ap dung dinh 1y 3

e Tim f' (:c)

® Tim cdc nghiém =z, (z =1, 2,3...) cua phuong trinh f'(x) =0.

e Véimdi z, tinh £"(z,).

Néu f" (SEL) < 0 thi ham sd dat cuc dai tai diém T,.

— Néu f ”(l}) > (0 thi ham sb dat cuc tiéu tai diém T,

Vidu 1: Tim cyc tri ctia cdc ham so0 :

l.y=2"+32"+3z+5 2. y=-2'+62" -8z +1

Giai :
lL.y=2"+32"+3z+5
* Ham s6 da cho xéc dinh va lién tuc trén R .
* Tacé: y'=32" +62+3=3(z+1)* >0 Vo = Ham s6 khong c6 cuc tri.
Chii y: o ’
* Neu y' khong d6i dau thi ham s6 khong cé cuc tri.
* Pi v6i ham bac ba thi y' = 0 c6 hai nghiém phan biét 1a diéu can va du dé
ham c6é cuc tri.
2. y=—z'+62" -8z +1
* Ham s6 da cho x4c dinh va lién tuc trén R.
* Tacéd:y'=—4r +122 — 8 = —4(x —1)*(z +2)
y'=0 -4z-10z+2)=0r=1vr=-2
* Bang bién thién

T | — -2 1 +oo0
y' + 0 + 0 -

25
y //’/ \

Vay, ham dat cyc dai tai = -2 véi gid tri cuc dai ctia ham s6 12 y(-2) = 25,
ham s6 khong c6 cuc tiéu.

Bai tdp tw luyén: )
Tim cuec tri cua cac ham so :
2 2
1.y=4x 3x 2.y24a: +4r -1
-1 20° + 4z + 3
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Vidu 2 : Tim cuyc tri ctia cdc ham s0 :

1. y=aVd -2 4. y=2c+1-+22*> -8
2. y=2x—-Vz° -3 5'3/:1(33_\,12_3372)
2

3.y =V-2’+32°

Giai :
1.y =f(x):x\/4—x2
* Ham s6 da cho xdc dinh va lién tuc trén doan [—2; 2]

4 — 217

* Tacéy'=———,z¢ (-22)
Ny
Ham s6 khong c6 dao ham tai cac diémx = —2,2 = 2.

Suy ra, trén khoang (—2;2):y' =0 = —\/5,:10 = \/5
Béng xét ddu y'
x

9 2 J2 2

y' | — 0 + 0 -

y' dbi dau tir Am sang duong khi = qua diém —/2 thi ham s dat cuc tiéu tai
diém z = —\/5, y(—\/g) =-2;

y' dbi ddu tir dwong sang 4m khi z qua diém \/5 thi ham s dat cuc dai tai
diém z =\/§, y(\/g) =2.
2. y=2r—-V2* -3

* Ham sb da cho xdc dinh va lién tuc trén (—oo; —\/5 } U [\/g ; +oo) .

2
* Ta c6: y'= z Nz —3-a (—oo;—\/g)u(\/g;+oo)_

2 - = ,T E
Vz' -3 Vo' -3

Ham s6 khong c6 dao ham tai cac diémax = —V/3,2 = \/5 .

Suy ra, trén moi khoang (—oo;—\/g),(\/gﬁoo) cy'=0

e (—oo;—\/g)u(@&oo) NLEE: <3

Nz' -3 =z Ao" = 3) =2

= S r=2.

Tuong tu trén suy ra ham sd dat cyc tiéu tai diém z =2, y(2) = 3, ham sb
khong ¢6 cuc dai.
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3. y=V-2"+32°
* Ham s dd cho xdc dinh va lién tyc trén nira khoang (—o0;3].

-3(z” - 22)

2V -z’ + 327

Ham s6 khong c6 dao ham tai cac diémax = 0,z = 3.

* Taco:y'= o <3,x#0

Suy ra, trén moi khoang (—00;3) y'=0 =2

* Bang bién thién:
x | — 0 2 3
y' - I+ 0 —

+o0 2

/ / \

Ham sb dat cuc dai tai diém 2 = 2, y(2) =2 vadat cuc tiéu tai diém

r=0, y(0)=0.

Chii y:

* (3 bai 2 vi du 2 mic di z = +v/3 12 didm ma tai d6 ham sé khong ¢6 dao ham

tuy nhién ham so0 lai khong xdc dinh trén bat ki khoang (a;b) nao cta hai diém

nay nén hai diém nay khong phai 1a diém cyc tri ctia ham s6.

* Tuong ty vay thi x = 3 cua ham s0 ¢ cau 3 cling khong phai la diém cuc tri
nhung z = 0 lai la diém cyec tri ciia ham s0.

4. y=22+1-+22" -8

*

Ham s6 dé cho xdc dinh va lién tyc trén nira khoang (—oo;—2] , [2; +oo).

2
* Tacé: y' =2——x,z€ (—oo;—2)u(2;+oo),
\22® -8
Ham s6 khong c6 dao ham tai cac diémx = —2,x = 2.

Suy ra, trén cac khoang (—oo; —2) , (2; +oo) cy'=0

T € |—o0;—2 | U (2;+00 0<zr<?2
23;5—8:)3;( )@{z{"::; <:)x=2\/§.

=

* Bang bién thién:
T | oo 2 2 N2 oo
Y | I
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Trén khoang (2;2\/5) :y' <0, trén khoang (2 2;+oo) :y' > 0 diém cyc tiéu 1a

(2x/§;3x/§+1).
5.y :%(:v—\/m—?):vzj

*  Ham s6 da cho xdc dinh va lién tuc trén doan [—2;2] .

/ _ 2

* Taco: y' 11 Vi2 =3z +3z ,Va:e(—2;2)
V12 — 32

Ham s6 khong c6 dao ham tai cdc diémz = 2,2 = 2.

Suy ra, trén khoang (—2;2) y'=0

e (-22) ~2<z<0
3T <

X
J12-32% = — 2 So=-l

=1
* Bang bién thién:

T | —oo —2 —1 2 400

y !
Trén khoang ty'< 0, trén khoang :y' > 0 suy ra diém cuc tiéu
la (-1;-2).

Bai tap twong tuw :
Tim cuec tri cua cac ham so :

Ly=x+1+v22* -8 Jy=z+2Na'+a+1
2-y=§+\/x2+3 4.y:1:\/16—x2+(1;—1)\/;

Vidu 3 : Tim cyc tri ctia cac ham $6
l.y:f(x)z‘x
2.y = f() ‘ :E+2)

3.y=1(z)=laf (x~3)

Giai :

1. y:f(x)z‘x
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* Ham so da cho xdc dinh va lién tuc trén R.

B z khi x>0

¥= —x khi <0

£ T . 1 khi >0
OV T ki 2 <0

Trén khoang (—oo;O) :y' < 0,trén khoang (0; +oo): y'>0.

* Bang bién thién

T —o0 0 “+oco
] : |
Y | oo +oo

Ham s6 dat diém cyc tiéu tai diém z = 0, f (O) =0.

:B(:B+2) khi x >0
> y=f(m)=‘m‘(m+2):{_x(x+2) khi © <0
* Ham s6 da cho x4c dinh va lién tuc trén R.

{2x+2>0 khi >0
* Taco y'=

—2x—2 khi <0
Ham s lién tuc tai = =0, khong c¢6 dao ham tai x = 0.
Trén khoang (—o;0):y' = 0 ¢ z = —1 trén khoang (0;+s): y'> 0.

* Bang bién thién

T | —o -1 0 +o0
y' + 0 - H +
Y

_oo/ \0 /+°°

Vay ham s6 dat cuc dai tai diém z = -1, f (—1) =1, ham s6 dat cuc tiéu tai diém
r=0,f(0)=0.
3= 1(2) = el (+-3)
* Ham s6 da cho x4c dinh va lién tuc trén R.
o Ne(e-3) khi 220
v=1s)= J=z(z-3) khi <0
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3lz—1
M khi >0
* Taco y'= 2z
3= s Ehi z<0
2\—x

Trén khoang (—oo;O):y' > 0 ,trén khodng (O; +<>o):y‘ =0ezr=1

* Bang bién thién
T | —oo 0 1 400
y' - 0 +

*
y_oo/o\2/r+°°

Ham s6 dat diém cuyc dai tai diém z = 0, f (O) =0, ham sb dat diém cuyc tiéu tai

diém z =1,f(1) = -2.

Bai tap twong tw :
Tim cuyec tri ciia cac ham so :

Ly=le+1+z 4 y=[2w—4+2u" -8

2'y:$2+x_x2_4‘ 5.y=‘x+3‘+m
3.y=‘x‘+2 4-a 6.y:2‘—x+1‘+x—2+\1x—x2

Vi du 4 : Tim cuc tri ctia cdc ham s6 sau
1. y=2sin2z -3 2. y=3—-2cosz —cos2z

Giai :
1. y=2sin2z -3
* Ham s6 da cho x4c dinh va lién tuc trén R.
* Taco y'=4cos2x

y'=0@0082x=0®x=§+k§,ke 7,

y" = —8sin2x
ol 7 AN 7z B -8 khi k=2n
—+k—|=-8 —tkr|=

/ (4 2} Sm(Q j {8 Whi k=2n+1

A N J4 c e . T T N
Vay ham so6 dat cuc dai tai cac diém :E:Z+n7£;y(z+n7£j:—1 va dat cuc
daitaix=z+(2n+1)£;y £+(2n+1)£ =5

4 2 4 2
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2. y=3-2cosx —cos2x

* Ham s6 da cho xdc dinh va lién tuc trén R.

* Tacod y'=2sinz +2sin2x = 281ﬂ:ﬁ(1+2008x)

sinz =0 =k

y'=0s o ke Z.
COS$=—%=COS2—7Z x=i%+k27t

y" =2cosz +4cos2z

2 2 ,
y"(i§+k27zj - GCOS?” — 3 < 0. Ham sb dat cuc dai tai 2 = i%[+ kor,
Y i2—7[+k27z =4l

3 2

y"(lm’) =2coskmr +4 > 0,Vke Z.Ham s dat cuc tiéu tai

r=km , y(kf[)=2(1—cosk7£)

Bai tap twong tu:
Tim cuyec tri ciia cac ham so :

1.y =z —2sin’ z. 5.y=x—2sin"z.
2.y=xtanx. 6. y=xtancx.
3.y=cos’z. 7.y =cos’ z.
4.y:3cosx+\/§sinx. 8.y=3cosx+\/§sina:.

. N < A . A z
Vidu 5: Tim cyc tri cia ham s0 : y = cos zvsinz trén doan {0; :|
2

Giai:

. T
* Ham s0 da cho xéc dinh va lién tuc doan {0; }
2

s 2
) . 3 Ccos ¥ 1-3sin"z
* Tac6: y'=—sinzVsinz + .COST = ——F——.

2\sinz 2\sin z

V4
T T E (O;QJ
Trén khoang O;E cy'=0s S sinx =

o, 1
Sl r = —

3

=)

Tbn tai géc B sao cho sinﬂ:i,khid(’) (*)(:)xz,B )

J3
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Véi sin f = % thi cos f = @ va = cos f+/sin B \/37
3
Bang xét ddu y':
T /4
0 z
b 2
y' ‘ + 0 -
2

Ham s6 dat cyuc dai tai =z = B,y(8) = e Vi sin f = i
J3

Bai tap twong tu:

Tim cuec tri ciia cdc ham sb :

T
1. y = (cos2z+1)sin 22 trén khoang ( 5

v [N

2.y = 2008— + 3cos— trén khoang ( 2075)
2 3

ﬂ
(-mim

3. y = cotz + 4z trén doan |:—

Ma

4 4 = cosz+2sin z+3 tén khodn
Y T Ycosz—sinz+4 &

Vi du 6: Tim cuc tri cia ham s0 : y = |cos® z+sin® z| + 3 sin 2z .

Giai:

y = |cos® z+sin® x

+ 3sin2z = ‘(COS :B+sin:1:)(1—cos x.sinx)‘ + 3sin 2z

Vil-cosz.sinz = %(Q—QCosm.sinm) = %(2—811121}) >0

Nén y = |COS T4+sin £B| (1 — COoSs x.8in ZB) + 3sin 2z

bat t = |cos r+sin x| = cosz.sinx =

Khidéy:f(t):—%t3+gt2+§t—— 0<t<2

Tacé: y'=§(—t2 +2t+1)=3[2—(t—1) }> 0,Vte [O;\/ﬂ,suyrahémsé

2
khong c6 cuc tri .

2

Vi du 7: Tinh dao ham ctia ham s6 tai diém o = 0 va chung minh ring ham

s6 dat cyc tiéu tai © = 0, biét réng ham s6 f (:1:) xac dinh béi :
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J1+zsin’z —1
= ,xio
/(@) " |
0 L z=0
Giai :
=0 T 20 e
rsin’
f —1112%
1+:1;Sln x +m+1
sinz 1

=0

f'(O) = lim sin z.

z—0

v \/(1+xsin2x) +31+zsin’z +1
Mat khic ¢ # 0,tacéd:

sm x

,/ 1+xsm x +\/1+xsm z+1

Vi ham s f(z)lién tyc trén R nén ham $6 f(x)dat cuc tiéutai £ = 0.

= f(z)20=£(0).

2’ sin—

Vidu 8 : Cho ham sé f(z) =

,x#0
x

. Chirg minh rang

0 , =0

= 0 nhung ham s6 f(z) khong dat cuc tri tai diém 0.

/'(0)

Giai :

f@-f0) 1
—— ~ =gsin—vdimoi x #0.
€T i

Tacod

:z:sinl < ‘x‘vé limz =0 nén limw =0.Dodé

z—0 z—0 T

Voimoi z #0:

ham s6 f(z) c6 dao ham tai =0 va f'(0) = 0.

Lay mot ddy z = 2L khi d6 f(z )=

ssin2nzr =0,Vn.
nx (2n7[)
Gia sir (a;b) 12 mot khoang bét ky chira diém 0.

Vilimz =0nénvoin dulén z, e (a b) vado f(z )= Ozf(O),Vn

z—0

, theo

dinh nghia cyc tri cia ham s6,2=0 khong phai 1a mdt diém cuc tri cua f(z).
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| Dang 2 : Tim diéu kién dé ham sb c6 cue tri. |
Phwong phdap: St dung dinh 1i 2 va dinh i 3
Chi y:
* Ham s6 f (xac dinh trén D) cé cuc tri < Jz, € D thoa man hai diéu kién

sau:
i) Tai dao ham ciia ham s tai =, phai triét tiéu hogc ham s6 khong c6 dao ham
tai z,
i) f'(z) phai d6i dau qua diém z, hodc f"(z) # 0.
*Néu f '(z) 1a mdt tam thirc bac hai hoac triét tiéu va cuing dAu v6i mot tam
thirc bac hai thi ham c6 cyuc tri < phuong trinh f'(z) c¢6 hai nghiém phan biét
thudc tap xac dinh.

Vidu 1: Véi gia tri nao cia m , ham so

Y= 2(m2 —3)sinx—2msin2x +3m —1 dat cuc tiéu tai diém z zg?.

Giai :
* Ham s6 da cho xdc dinh va lién tuc trén R .
* Taco: y'= Q(m2 - 3)cosx — 4m cos 2,
y" = —2(m2 - 3)sinx + 8msin2z.

<A “A X F O J4 R . 4.3 V/ 2N T
bicu kién can dé ham so y dat cuc ti€u tai diém z = 3 la f '(EJ =0

em +2m-3=0om=-3vm=1.

<A <A 2 2R 1s 4 L2 . 1.2 V/ 2N T
biéu kién du dé ham so y dat cuc tieu tai dlemx:§ la y"(gj>0.

That vay, y" [Zj = —\/g(m2 —4m — 3)

3

L T L 1s £ . a2
+ m=-3,tacd y"(§J<O.Dodohamsodatcucdaltaldlemx:

W[y w|y

z T 2 1N A <R . 2+ R
+ m=1,tacod y"(gj>0. Do @6 ham s6 dat cuc tiéu tai diém z =

Vay ham sé f () dat cyc tiéu tai diém = = %khi va chi khi m =1.

Bai tap twong tw :

1. Tim m dé y = ma® + 32 + 122 + 2 dat cuc dai tai diémz = 2.
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2
L . L. z SN z r+mzr+1 ..
2. X4c dinh gié tri tham s6 m dé ham s6 y = —— dat cuc dai tai z = 2.
T+m
3. Xdc dinh gid trj tham s6 m dé ham sb y = z° + (m + 3)ZB2 +1—m dat cuc

daitai x = —1.

2
, . IR £ r+mr—2 .
Vidu 2: Tim m e R dé ham so y=—1c0cuctr1.
mx —

Giai :

. ) < R 1
* Ham s0 da cho xdc dinh va lién tuc trén R\ {—}
m

+ Néu m =0 thi y = 2° —2 = ham s ¢6 mot cuc tri

A N £ 4 1
+ Néu m # 0 ham s0 xac dinh Vz # —
m

2
, mx” —2x+m . ' o N
* Tacod y'= — Ham s06 ¢6 cuec tri khi phuong trinh
(mz —1)

. . . 1
mz® —2x +m =0 c6 hai nghiém phan biét khac —
m
1-m”>>0
= 1 & -1<m<1.

m——%#0
m

Vay —1 < m <1 lanhiing gié tri can tim.
Bai tap twong tw :
Tim m dé do thi cua ham so sau c6 cuc tri :

1. y=x3—3mx2+(m+2)m+3m+4 3. y=x4—2(m—4)x2+2m—5
xz—(m+1)x—m+2 mx2—(m—2)x—1
2.y = 4. y =
z—1 T+2

Vi du 3: Ching minh rang véi moi gid tri cuia m € R, ham sb
7’ —m(m+1):5+m3 +1

Yy = ludn ¢6 cuc dai va cuc tiéu .
T—m
Giai :

* Ham s6 dd cho xéc dinh va lién tuc trén DzR\{m}.
* Ta c6:

2 2

- =2mr+m° —1 g\z
y'= = ( ) x¢m,g(:p):x2—2mx+m2—1

(v = m)’ (w=m)
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Dau ciia g(z) ciing la ddu cia y' va A' =m’ —(m’ =1)=1>0 , Vm.
Do d6 Vm thi g(z) =0 ludn c6 2 nghi¢m phan biét 2, =m - Lz, =m +1

thudc tap xac dinh .
* Bang bién thién:

T —o0 m—1 m m+1 +o0
y' + 0 - - 0 +
+oo +oo

y' d6i ddu tir dwong sang 4m khi z qua diém r, = m — 1thi ham sd dat cuc dai

tai diém z, = m —1

y' ddi ddu tir Am sang duong khi z qua diém z, = m + 1thi ham s6 dat cuc tiéu

tai diém r,=m+1

Bai tap twong tuw :
Tim m dé do thi ctia ham so sau ¢6 mot cuc dai va cuc tiéu :

(m—l)xZ—(m—l)x+m

z—1

1. y=

2. y:%(m+1)x3+(m+1)x2+2m+1

Vidy4:Tim mdédiém M (2;0) 1a diém cyc dai ctia d6 thi ham s6

y=-2"+ma’ —4.

Giai:
* Ham s0 da cho xdc dinh va lién tuc trén R.
* Tacé y'=-32" +2mz, y"=-61+2m.

Piém M (2;0) la diém cyc dai ctia dd thi ham s6 khi va chi khi :

y'(2)=0 [-1244m=0 _,
y"(2) <0 e {-12+2m <0 @{m;6<=m:3
y(2)=0  |8+am-4=0 "

Bai tap twong tw :

1. Tim mdéhamsé y = z* + (m + 1):152 +m —1c6 diém cyc tiéu (—1;1).

, i x2+(m—1)x+m—2
2. Tim mdéhamso y =

¢6 diém cuc dai (2;—2) .
z+1

Vidu5:Chohamsd y = z' +4mz’ + 3(m +1)z° +1. Tim me R dé:
1. Ham sd ¢6 ba cyc tri.
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\ 2.Ham s0 c6 cuc ti€u ma khong c6 cuc dai.
Giai:
* Ham s0 da cho xdc dinh va lién tuc trén R.

* Tacéd y'=42" +12ma* + 6(m + 1)z = 22(22” + 6mz + 3(m + 1))
z=0

y'=0< ,
flx)=2z"+6mz+3m+3=0
Nhin xét:

*Néu y c6 hai nghiém phan biétz ,z, # 0, khi d6 y's& doi dau khi di qua ba
diém 0,z , 2, khi d6 ham c6 hai cuc tiéu va 1 cyc dai.

*Néu y ¢6 1 nghiém z = 0, khi d6 y' chi ddi ddu tir — sang + khi di qua mot
diém duy nhét nén ham chi ¢6 mot cuc tiéu.

*Néu y c6 nghiém kép hodc vd nghiém thi y' chi doi dau tir - sang + khi di
qua z =0 n€;n ham dgt cuc tiéu tai T = 0.

Tur trén ta thay ham s6 ludn c6 it nhat mot cuc tri.

1. Ham s0 c6 ba cuc tri khi va chi khi y c6 hai nghiém phéan biét khac 0

{A'=3(3m2—2m—2)>0 S e U E(

A 3 3
y(0) # 0 m # —1

2. Theo nhan xét trén ta théy ham chi c6 cuc tiéu ma khong c6 cuc dai
1-+7 1+7

<m¢<
3 3

< ham sd khong ¢6 ba cyc tri &
Chu y:

1) B6i véi ham tring phuong y = az” + bz’ + ¢ (a # 0)
x=0

Tacé y' = 4az’ +2bx = v(4az” +b) = y'=0 & )
daz”+b=0 (1)

b#0

* Ham c¢6 ba cuc tri < (1) ¢6 hai nghiém phan biét khic 0 { h<0
a

Khi d6 ham ¢6 hai cuc tiéu, mot cuc dai khi @ > 0 ; ham ¢6 hai cuc dai, 1 cuc
tifukhi a < 0.

* Ham c¢6 mot cyec tri khi va chi khi (1) ¢6 nghiém kép hodc v6 nghiém hodc c6
A<O ab >0
=

0

. Khi d6 ham chi ¢6 cuc tiéu khi a > 0
y(0) = b=0

va chi ¢é cuc dai khi a < 0.

1nghiémx=0(:>|:
2) Pbi véi ham sb bac bdn y=ax'+bz’ +ca’+d,
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) z=0
Tacé: y'=4az’ +3b2° +2cz = y'=0 & )
dax” + 3bx +2c¢ =0 (2)
* Ham sb c6 ba cuc tri khi va chi khi (2) ¢6 hai nghiém phan bi¢t khac 0
9® — 32ac > 0 ,
o { . ““ 7" Khi d6 ham c6 hai cuc tiéu, mot cuc dai khi @ > 0; ham ¢6
cC#
hai cuc dai, 1 cyc tiéukhi a < 0.
* Ham c6 mot cuc tri khi va chi khi (2) c6 nghiém kép hoac vd nghi¢m hoac cé
A<0 9° — 32ac < 0
=
y(0)=0
khi a > 0 va chi ¢6 cuc dai khi a < 0.
Bai tap twong tw :

1 nghiém z =0 & l: . Khi d6 ham chi ¢6 cuc tiéu

c=0

mz:+x+m

1. Tim m dé hamso y = khong c6 cuc dai , cuc ticu .

T+m
2. Tim m dé ham s6 y = ma® + 3ma® — (m — 1)z — 1 khdng c6 cuc tri.
3. X4ac dinh cdc gia tri ctia tham so0 & d€ do thi ciia ham so
y=kx'+ (k - 1) 2* +1— 2k chi c6 mot diém cuc tri.

4. Xac dinh m dé do thi ciaham s y = z* — mz” + 3 ¢6 cuc tieu ma khong ¢

cuc dai.

Vidu6: Tim m déhamsd y = -2z +2+mVz* — 4z +5 ¢6 cyuc dai.
Giai :

* Ham s0 da cho xdc dinh va lién tuc trén R.

-2 . m

— "= :
Vo' —4z+5 \/(132 — 4z +5)°

+ Néum=0 thi y=-2<0 Vze R nénham s6 khong c6 cuc tri.
+ m #0 vidiu cua y"chi phu thugc vao m nén dé ham ¢6 cuc dai thi trude

* Tacoy'=-2+m

hét y" <0 < m < 0. Khi d6 ham s ¢6 cuc dai < Phuong trinh y'=0 ¢6
nghiém (1).

Tacé: y'=0 2y(z -2 +1 =m(z-2) (2).
bat ¢t =z -2 thi (2) tré thanh :

+<0 t<0

= 1 = (1) c6 nghiém
(m? -4)* =1 | = (1) c6ng

m? — 4

mt =2 t2+1<:>{

em’-4>0em<-2 (Dom<0).
Vay m < —2 thi ham s6 ¢6 cuc dai.
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Dang 3 : Tim dieu ki¢én dé cac diem cyc tri cia ham so théa man dieu
kién cho truéc.

Phwong phap:
¢ Trudc hét ta tim dicu ki¢n dé ham so6 ¢ cuc tri,

. B1eu din diéu kién ctia bai todn thong qua toa do cic diém cuc tri cua do thi
ham sé tir d6 ta tim dugc diéu kién ctia tham so.

Chu y: i i

* Néu ta gdp bicu thirc doi xtrng cia hoanh d¢ cic di€m cuyc tri va hoanh d¢ cac
diém cuyc tri 1a nghi€ém cua mot tam thire bac hai thi ta st dung dinh 1i Viét.

* Khi tinh gid tri cyc tri cia ham s6 qua di€m cuyc tri ta thuong dung cac két qua
sau:

Pinh Ii 1: Cho ham da thicy = P(z), gia sit y = (az +b) P’(z) + h(z) khi d6
néu z, la diém cuc tri ciia ham sd thi gid tri cyc tri cia ham s6 1a:

Y (:BU) =h (iBU) vay=nh (z) goi 1a phuong trinh quy tich cia cdc diém cuec tri.
Chimg minh: Gia st 2, 1a diém cyc trj ciia ham s, vi P(z) 1a ham da thirc
nén P'(xo) =0 = y(xo) = (ax, +b)P'(a:0) + h(a:o) = h(xo) (dpcm) .

u(e)
v(2)

tri cia ham s6 thi gid tri cyc tri cua ham s6: y(z,) =

Dinh Ii 2: Cho ham phén thirc hitu ti y =

khi d6 néu z, la diém cuc

Vay=

=>y'=0&s u'(m)v(m) —v'(m)u(m) =0 (*). Gia su xolédiém cuc tri cua

wa)_ule)_
o) "ol ")

ham sb thi z, 1a nghiém cua phuong trinh (*) =

, N A A [ N A 1 e
Vidu 1: Tim m dé d6 thi ciia ham s6 y=§$3—mx2+(2m—1)$+2 c6 2

di€m cuyc tri duong.

Giai :
* Ham s0 da cho xdc dinh va lién tuc trén R .
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* Tacd y'=2"—2mz +2m —1

y'=0 1’ -2mr+2m-1=0 (*)
* Ham s6 c6 hai diém cuc tri duong < (*) c6 hai nghiém dwong phén biét

A'=m®> -2m+1>0 1
S5 =2m>0 = m>§.
P=2m—-1>0 m # 1

Al JM>— 0 TN SN
Vay 9 la nhiing gid tri can tim.
m # 1

Bai tap twong tw :
1. Tim m dé d6 thi cia ham sé y = 2° — ma® + (m + 6):1c +5 ¢6 2 diém cuc tri
duong.

22" —mx+m —2

2. Tim m dé do thi cia ham s0 y = ¢6 2 diém cuc tri am.

mz + 1
2
, . 2 Ak e a1 < mx +3mz+2m+1 .
Vidu 2 : Tim m dé do thi cia ham s y = N co cuc dai,
x —
cuc ti€u va 2 diém d6 nam vé hai phia voi truc Ox .
Giai :

* Ham sd da cho xéc dinh va lién tuc trén R \ {1} :

ma® —2max —5m — 1
(z—1)
y'=0 mz’ —2mz-5m—-1=0 (a:il) (*)

* Taco y'=

Ham s6 ¢6 hai diém cuc tri & (*) ¢6 2 nghiém phan biét z ,z, # 1

m#0 1
elmem+)>0e|" 6.
~6m—1%0 m >0

Hai diém cuc tri cua dd thi ham sb ndm vé hai phia truc Oz
= y(xl)y(x2) <0.
Ap dung két qua dinh 1 2 ta ¢6: y (a:l) = 2m(31:1 — 1) , y(xz) =2m (% - 1)

= y(ml).y(xQ) = 4m’ [mle —(ml +x2)+1} =4m(—2m—1).
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y(xl).y(:%) <0 4m(2m-1)<0 < ms 9.

A <=7 s 1x co s A
Vay 2 la nhiing gi4 tri can tim.
m >0

Bai tap twong tw :
. F P N £ m 3 1, 4 :
1. Tim mdedothwuahamsoy:?x —ESE +(m—1)x+3 ¢6 cuc dai, cuc

tieu va 2 diém dé nam ve hai phia véi truc Oz .

- . m+1)
2. Tim m dé do thi cia ham s0 7y = —(—3)x5 —maz” +3m—1 cé cuc dai,
cuc tiéu va 2 diém d6 nidm vé hai phia véi truc Oy .
2
.z mx” + 3mz +2m +1 1 A s oA 2 .
3. Cho ham so y = N ,m # e Tim m dé ham so cé cuc dai,
x —

cuc tiéu va hai diém cuc tri d6 ndm vé hai phia cua truc hoanh.
Vidy 3: Tim m d¢ d6 thi ctaham s6 (C ) :y = 22" + ma’ =12z 13 ¢6
diém cuc dai, cuc tiéu va cédc diém nay ciach déu truc Oy.
Giai:
* Ham sd da cho xéc dinh va lién tuc trén R

* Tacd y'=2B32"+mr—6)=y'=0 3" +mz—-6=0 (2)
Vi (2) ludn c6 hai nghi¢m phan biét nén dd thi ham s 1udn ¢6 hai cuc tri. Goi
z,,z, la hoanh dg hai cyc tri, hai diém cuc tri cach déu truc tung
c}‘xl‘ :‘%‘ & =1, ST+, =0(viz #1,)
-b -m

a 3

Vay m =0 1a gid tri can tim.
Bai tap twong tw :

RoaX ps o 1 £ 1
1. Tim m d€ do thi ciahams6 (C ): y = —gxg + (2m - 3)ZB2 - (2m - 3):1:
¢6 diém cuc dai, cuc tiéu va cdc diém nay cach déu truc Oy.

xz—(m—l)x+m+1 »
c6 diém cuc

2. Tim m d¢ d thj ciahamsé (C): y = .
:L‘ —

dai, cuc ti€u va cac di€m nay cach déu truc Oz .
| Vidu 4 : Tim m dé d6 thi cia ham s |
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y=2a" - (2m + 1)3;2 + (m2 —3m + 2) z + 4 c6 hai diém cuc dai va cuc tiéu

nam v¢€ hai phia tryc tung .

Giai :
* Ham s6 cho xdc dinh va lién tuc trén R
* Tacé:y'=32"—2(2m+1)z+m’ - 3m+2
Ham s6 ¢6 hai diém cuc dai va cuc tiéu ndm vé hai phia truc tung khi va chi khi
phuong trinh ' = 0 c6 hai nghiém phan biét z,z,thodman z, <0<z,
<:>3.y'(0)<0<:>m2—3m+2<0<:>1<m<2
Vay gid tri cAn tim1a 1< m < 2.
Bai tap twong tw :
1. Tim m dé do thi cia ham s6 y = 2* — ma® + (2m’ + Tm = 9)z — 1 ¢6 hai
diém cuc dai va cuc tiéu nam vé hai phia truc tung .
2. Tim m dé d6 thi cia ham s6 y = —2* + (4m = 3)2* + (m” + Tm + 10) 2 + 3

c6 hai diém cuc dai va cuc ti€éu ndm vé hai phia truc hoanh .

2 2 2
. . % s A xo+m'x+2m° —-5m+3
Vidu 5 : Tim tham s6 m > 0 dé ham s0 y = dat
x

cuc tiéu tai z € (O;2m).

Giai :

* Ham sb d3 cho xdc dinh va lién tuc trén khoang (0; Qm)

> =2m’> +5m -3 _ 9(1’)

2 2
x

* Tacd:y'= ,x¢0,g(m)=x2—2m2+5m—3

x
Ham sb dat cuc tiéutai z € (O;2m) &g (a;) = 0 c6 hai nghi¢ém phan bi¢t

m >0
T, (xl < xQ) thoa r <0<z, <2m & l.g(O) <0
1.g(2m) >0
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m >0
m >0 m <1 —<m<l1
©1-2m*+5m-3<0 & 3 ©
2 m>= 2
2m” +5m—-3>0 i 2 m>2
m< -3
m>—=

A o1 3
Vay gid tri m cant1m1a§< m<lvm >§.
Bai tap twong tuw :
1. Tim tham s6 m dé ham sb y = 2° — m*z® — 2z + 3 dat cuc tiéu tai
T E (m;Qm).
2. Tim tham s6 m déhamsd y = z* — (m - 1)x2 —1 dat cuc dai tai

xe(l;m+1).

Vi du 6 : Tim tham s6 thuc m dé do thj ctia ham sb :

y :%mx3 + 3ma’ +(3m+1)x—2 c6 cuc dai tai z € (—3;0).

Giai :

* Ham sb da cho xdc dinh va lién tuc trén R.
* Tacé y'=ma’ +6ma+3m+1
+ Néum=0thi y'=1>0,Vze R =ham s6 ludn ting Vz € R, do d6 ham
) khong ¢6 cuc tri.
+ Néum#0,taco A'=m(6m—1).
* Bang xét dau

m —oo

0

oo+~

A + 0 - +
. 1 .

« Néu 0<m<€ thi y' > 0,Vz e R = ham s6 ludn tang Va € R, do dé

ham s6 khong c6 cuc tri.

. Néum=%thiy'=%x2+x+g=%(x+3)2ZO,V:BER:hémséluén

ting Vz € R, do 6 ham s6 khong c6 cuc tri.
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. 1. . . .
 V6i m < 0hoac m > re khi d6 tam thirc y'cé hai nghiém phan biét

Ja

r, ==-3t—— |z, <z ).

12 m ( 1 2)

+ m < 0. Ta c6 bang xét dau
z |_°° z, T, o0
y' - 0 + 0 -

Duya vao bang xét dau, suy ra z, 1a hoanh d¢ cyc dai cia ham so.

!
Theo bai todn, ta c6 —3 < =, 0o 3<s-YA oo a<sm
m

<:>7”1’L(677"L—1)<977"L2 <:>3m2+m>0<:>m<—%(d0 m<0)

1
+ m > r tuong tu.

Bai tap tw luyén:
. £ R aX c o 1 £ ma’ + . .o
1. Tim tham s6 thuc m dé do thi ctaham so : y = 1 ¢6 cuc dai tai
- +

T € (0; 1) va c6 cyc tieu x ¢ ngoai khoang d6.

x2+m(a:+1)

2. Tim tham sb thuc m dé d6 thi ctia ham s : Y = ¢6 cuc dai tai

T+2
T E [O; 1] va c6 cuc tiéu z & ngoai doan do.
3. Tim tham s6 thuc m dé dd thi ciahamsé: y = (m + 1) z* +ma® —z c6 mot

cuctrl tai z € (—1;1).

i +m (x + 1) , , .
Vidu7:Chohamso y = , hay tim tham s0 m d¢ ham so dat

T+2
cuc dai , cuc tiéu tai cac diém c6 hoanh do z,,x,thoa mén h¢ thue :

1 1
xf+x22=—6 —+— .

5

Giai :
*  Ham sb da cho xé4c dinh va lién tuc trén (—oo; —2) U (—2; +oo) .
2
) xr+4r+m
* Tacdy'=———,2# -2
(iB +2)
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* Pé ham sb dat cuc dai , cuc tiéu tai cdc diém c6 hoanh do z,, z, thi phuong
trinh g(z) =2’ + 42 +m = 0 c6 hai nghi¢ém phan biét khac —2 khi d6
A=4-m>0

S m<4.
g(-2) = (-2) +4.(=2)+m =0
. i z +x =12
Theo dinh 1y Vi-ét ,tac6: 1 ' 2
T, =m

1 T +x
T +a:22=—6 —+— (:)(x1+x2) —-2.r.2, =6 12

T T €T T

m <
0xm<4

16—2m =22 {m2—8m+12—0 {
=
0
Bai tap twong tw :
N A A e N 4 1 3 1 2 3
1. Tim m dé do thi cia ham so:y = gm —5(3m —l)m +2(m —l)mmco cuc
dai, cuc tiéu déng thoi hoanh d6 cuc dai, cuc tiéu z,,z,thoa man h¢ thic :
2
T, =z, +3.
. 2 4A 1 o N I 1 3 2 2 m. . ;
2. Tim m dé€ do thi ctia ham s0:y :§x - mz +(m —1)z —— cb cuc dai,
cuc tiéu déng thoi hoanh d6 cuc dai, cuc tiéu z,,x,thoa mén h¢ thue :
2 _
T = xl.(xQ —5) +12.

(m-1)

3. Tim m dé d6 thi ctia ham sb:y = :B+m+1+—1;m # 1 ¢6 cuc dai,
x —
cuc tiéu déng thoi hoanh d6 cuc dai, cuc tiéu z,,z,thoa man h¢ thic :
— 2

T, —x, =mz —1.
4. Tim m < 5,m € Z @€ do thi ciia ham so6:

1 3 2 1 z . - R A N N A
Y= gx - (m - 1) T+ 3(m - 2):1: + g c6 cuc dai, cuc ti€u dong thoi hoanh do

cuc dai, cyc tiéu z,z,théa méan h¢ thac : 2 < ‘xl - xQ‘ < 2\/?.
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5.Tim m e Z* dé d6 thi ctia ham sd:
y =22° —3(2m+1)ﬂc2 +6m(m+1)x+(m+1)2c6 cuc dai A(:Jcl,yl), cuc tiéu

B(x2,y2) théa man hé thirc : (y1 —y2)(6—5m) > m’ (% —xl).

Vi du 8 : Tim tham s6 m dé ham s y:(x—m)(x2—3x—m—1) c6 cuc

dai va cuc tiéu thoa ‘xca .xCT‘ =1.

Giai:

* Ham sd da cho xéc dinh va lién tuc trén R .
* Tac y'=32" —2(m+3)z+2m-1

y'=0 32" -2(m+3)z+2m-1=0 (1)

Ham s0 c6 hai diém cuc tri thoa man ‘IECB .ZBCT‘ =1 (1) ¢6 hai nghiém =, z,

m =2
c

= [—| = m:_l'

A'=m’+7>0
thoa man: ‘xl.xz‘ =l ‘ ‘ om—1 :1(:)|:
3

Vay m =2 hodac m = —1 la gid tri cAn tim.
Bai tap twong tw :

a

1. Tim tham s6 m dé ham sb y = 32" — mz® —2 ¢6 cuc dai A(O; —2)Vé cuc

m? +4m —4
—6 .

2. Tim tham s6 m déham sé y = z* —4ma® +1 ¢6 cuc dai A(O; 1) va cuc tiéu

ticu B, sao cho ‘ZBC.ZBB‘ <

B,C sao cho ‘xc.xB‘ > 2(m2 +8m + 10).

Vidu 9 : Tim tham s6 m dé ham s6

1 . 1 . .2 A \ .
y :gmx3 —(m—l)ﬂc2 +3(m—2)x+§ c6 cuc dai , cuc tiéu dong thoi

hoanh d¢ cyc dai cuc ti€u z,z, thoa z, +2x, =1.

Giai:
* Ham s6 da cho x4c dinh va lién tuc trén R.
* Tac y'=ma’ —2(m—1)x+ 3(m—2)
Ham s6 ¢6 cuc dai , cuc tiéu khi y' ddi diu hai 1an qua nghiém z, tuc la

phuong trinh maz® — 2 (m - 1)3; + 3(m - 2) = 0 ¢6 hai nghiém phén biét z ,z,
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A'=(m—1)2—3m(m—2)>()<:> 2m’> +4m+1>0

m # 0

©12-6 2 +6

<m <
2 2

Theo dinh 1y Vi — ét va yéu cau bai toan, ta co:

_3m -4

T +2z, =1 (gt) T,
2(m-1) 9—m

r+r, =— &
1 2 m

. _3(m-2) E3m—4j(2—m] 3(m -2)

m

So véi diéu kién bai todn , vy m =
Bai tap twong tw :

1. Tim tham s6 m dé ham sb y = 32" — mz® —2 ¢6 cuc dai A(O; —2)Vé cuc

tiéu B,C sao cho ‘iBC - ZBB‘ < ]6(m2 - m) )

2. Tim tham s6 m déham sé y = z* —4ma® +1 ¢6 cuc dai A(O; 1) va cuc tiéu

B,C sao cho ‘xc—x3‘> f2(2m—m2).

22 +3x+m —2
T+ 2

Vidu 10: Tim tham s6 m dé hamso y = c6 diém cuc dai

va cyc ticu tai cdc di€ém c6 hoanh d§ z,z, thoa man ‘y (ZBQ) -y (:Jcl) =8
Giai :
22 + 3z +m —2 m
= =2r—-1+
T +2 T +2

* Ham s da cho xdc dinh va lién tyc trén D = R\ {2}
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* Voix#-2,m#0,tacod
2_
m 2:2(x+2) Qm: g(x)2,9<x):2(x+2)2_m
(x +2) (x +2) (z +2)

Db thi ham sb ¢6 cuc dai , cuc tiéu khi y' = 0 c¢6 2nghiém phan biét va y'doi

!

y'=2-

ddu khi = qua cdc nghiém d6 , khi d6 phwong trinh ¢ (:Jc) =0 c6 hai nghiém
_ 2z+2°=m>0
phan biét khic -2 < ) o m>0
22+2-m=0
Khi d6 ta c6

{y(ml) =4z +3 :‘y(%)_y(azl)

y(:nz) =4z, +3

‘y(%)—y(xl)

= (42, + )~ (42, + 3] = 4fs, -,

=8 & 4‘% —xl‘ =8 & (v, +x,) —daw, =4 (1)

Tur (1) va (2) suy ra (—4)? —4(8_ij—4:0 o m=2

Bai tap twong tw :
N A A N A 1 L R . N
1. Tim tham s6 m dé hamso y = ngg + (m - 2)x2 —2 ¢6 diém cuc dai va cuc

ti€u tai cic di€ém c6 hoanh d¢ z,z, thoa man ‘y (xQ) -y (xl) <2.

2. Tim tham s6 m dé hamsé y = (m + 1) zt — 2(m - 1)3;2 ¢6 2diém cyc tiéu

khac O(O;O) va hoanh dd z,z, cia cuc tiéu thoa man ‘y(x2)+ y(ml) >1.

2+ (m+1)z+m+1

Vidu11: Chohamsé y = . Goi A, B1a hai diém

r+1
cuc tri, dinh m dé dién tich tam gidc OABvbéng 2. Vi gid tri m vua tim
dugc , tinh khoang cach trt O dén duong thang AB .

Giai :
*  Ham s6 da cho xdc dinh va lién tuc trén (—oo; —1) U (—1; +oo) .

2
) T+ 2z
* Tacod y'=—F, 2 #—1

(x +1)2 ’
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e V&i Ym e R ham s dd cho ¢6 diém cuc daiA(—2;m—3)Védiém cuc tiéu
B(0;m +1).

e Tacéd:

OA(~2m ~3) = 0A =Im® = 6m +13,0B(0Gm +1) = OB = [m +1| va

—— —  0AOB
OAOB =-2.0+ (m - 3)(m + 1) = (m - 3)(m + 1). cos AOB = OAOB
. _ \/(OA.OB)2 - (&.(ﬁ)2
= sin AOB =+V1-cos* AOB =
OA.OB
+ Dién tich df,, . = %OA.OB. sin AOB = %\/(OA.OB)Q - (ﬁ.o_B')2
m=-3
Qo) = = ‘m +1\ = dl ) =2 ‘m+1‘ =2e|

+ Goi d 1akhoang céch tir O dén duong thang AB khi d6 AB = 245 va
‘m + 1‘

5

dt

(a04B)

=%d.AB:>d=

+ m=-3=d
5
+ m=1:>d=ﬁ.
5
Bai tdp tw luyén:
) 2 an . 1 .
1. Pinh m dé do thi ciahamso y = —gmﬂc?’ +(3m—1)x2 — 4z —2 ¢6 cuc tri

A, B sao cho tam gidgc MAB dién tich bang 1, biét M (0;1).

2. Binh m dé d6 thi cia ham sd y = z* —2m*z® +1 ¢6 cuc tri A, B,C sao cho
tam gidgc ABC dién tich bang 4.

Vi du 12 : Tim tham s6 m déham s6 y = z* —2m*z® +1 ¢6 3 diém cyc tri
la 3 dinh cua mot tam gidc vudng can.

Giai:
*  Ham s6 da cho x4c dinh va lién tuc R.
* Tacéd y'=4x’ —4m’z = 4a(z” —m?).
Véi m # 0 ham s6 ¢6 ba cuc tri .Khi @6 toa dd cac di€ém cuc tri cua do thi ham

s0 1a: A(0;1), B(m;1—-m*), C(-m;1—m*).
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Dé thiy AB = AC nén tam gidc ABC vudng cin < AB* + AC* = B(C”
& 2m* +m®)=4m® & m =+l

Vay m = +1 12 nhitng gid trj can tim.

Bai tdp tw luyén:

N A A 1N A 1 2 A .
1. Tim tham s6 m dé ham s6 y = ngg -2+ (m — 1):1: +m c6 2 diém cuc tri
A, B sao cho ABO mot tam gidc vudng can , v6i O 1a gbc toa do.

N A A 1N A 1 1 , A .
2. Tim tham s6 m dé hAm so y = Z:z:4 —E(m — 1)x2 +m —2 ¢ 3diém cuc tri

la 3 dinh cia mét tam gidc vudng.

Vi du 13: Tim m dé d thi cia ham s6 y = z* — 2ma® + 2m + m* ¢6 cuc dai ,
cuc tiéu déng thoi cae diém cuc tri 1ap thanh tam gidc déu.

Giai :
*  Ham s6 da cho xé4c dinh va lién tuc R.
* Tacéd y'=4x" —dmz = 4x(:1c2 —m)
z=0
=m (*)

Db thi ham s6 ¢6 cuc dai , cuc tiéu khi y' = 0 ¢6 3 nghiém phan biét va y'doi

y' =0

du khi = qua cdc nghiém d6 , khi d6 phuong trinh (*) ¢6 hai nghiém phan biét
khic 0 & m >0
r=0= A(O;mq1 +2m)
Khidé: y'=0 < B(—\/E;m4—m2+2m)
T = i\/% =
C(\/E;Trf -m’+ 2m)
Ham s6 ¢6 3 cuc tri A, B,C 1ap thanh tam gidc déu

AB=A4C e toy
= AB:BCC> = S m+m =4m

<:>m(m3—3)=0<:>m=§/§(m>0)

Vay m = Q/g 1a gid tri can tim .
Bai tdp tw luyén:

Lo A 1 1 , )
1. Tim m dé do thi ctia ham so y:Z:Jc4 —E(m—l)x2 +m —m® ¢6 cuc dai ,

cuc tiéu déng thoi cac diém cuc tri 1ap thanh tam gidc déu.
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2

~ A A . 5 N A 3 P . <R
2. Tim m dé do6 thi cia ham s6 y = —z° + 5 m*z* c6 cuc dai A, cucticu B

ddng thoi cdc diém ABC cuc tri 1ap thanh tam gidc déu, biét C (—2; 3) .

Vi du 14: Tim a & d6 thi cuia ham sé y = z° — 32° + 2 (C) c6 diém cuc dai

va diém cyc tiéu ciia do thi (C ) & vé hai phia khic nhau ctia dudng tron (phia

trong va phia ngoai): (C’a) s’ +y’ —2ar —4ay+5a° —1=0.

Giai :

*  Ham s6 da cho xé4c dinh va lién tuc R.

* Tacé:y'=3z" —6x
r=0=>y=2
y'=0s
rT=2=y=-2
Cach 1:
DY thi ham s6 c6 hai diém cyc trj A(0;2), B(2;-2). Hai diém
A(0;2), B(2;-2) & v& hai phia cta hai duong tron (C, ) khi

& P By <0 (50" ~8a+3)(5¢° +4a+7) <0

<:>5a2—8a+3<0<:>§<a<1

Cach 2:
(€):(¢~a) +(y-2a) =1 c6tam I(a;2a) vabénkinh R =1

Ta c6 - IBz\/(a—2)2+(2a+2)2 = Jba® +4a +8

2
]Bz\/5( +2J +§ >—>1—R: diém B nam ngoai (Ca),

-

do d6 diém A nam trong dudng tron

() e 4<1 o o +(2-2a) <1(:)5a2—8a+3<0<:>§<a<1

Bai tdp tw luyén:

N A A . 5 N A : 3 7 3 R . N
1. Tim m dé d6 thi cia ham s6 y = —2° + 5:1:2 +1 (C) c6 diém cuc dai va
diém cuc tiéu cua dd thi (C ) & vé mot phia khac nhau cta duong tron (phia

trong hodc phia ngoai): (Cm) 4+ +mr+2my+m’ —-2=0.

77



Nguyén Phii Khanh — Da Lat

2. Tim m dé db thi cia ham s6 y = z* + ma® +2m —1 (C )C(’) diém cuc dai

m

va diém cuc tiéu ciia do thi (C ) & vé hai phia khac nhau ctia duong tron (phia

m

trong va phia ngoai): (C) Yyt =4

Vidu 15 : Tim m dé d6 thi cia ham sé:y = z* — 2ma® + m — 1¢6 ba cuc tri.
Béng thoi céc diém cyc tri A, B, C cta dd thi tao thanh mot tam gic c6 ban kinh
dudng tron ngoai tiép bang 1.

Giai :
* Ham s6 da cho xéc dinh va lién tuc trén R .
* Tacd: y =42° —4dme = 4x(x2 —m)

=0

2
r =m

y'=0s

Vé6i m >0: y'=0 c6banghiém phan biét va y' doi diu khi = di qua cédc
nghiém doé.

*  Khi d6 ba diém cyc trj ciia d thi ham s6 1a: A(0;m - 1),

B(—\/E;—m2 +m—1), C’(\/E;—m2 +m—1).

AB=AC =vm"' +m, BC =2\/Evé S ne =%‘y3 —yA‘.‘:BC —ZBB‘ = mQ\/E

4 2\/_
poApAcse | (miEm)Ne
4SAABC 4m2\/a
=1
= \/g—l
m = 5

Bai tap twong tw :
2 Ak L e s z 1 1 , .
Tim m d¢ do thi ciia ham s6:y = Za;4 —mez +m+1cobacuctri A, B, C

sao cho tam gidc ndi tiép duoc trong dudng tron c¢6 ban kinh R =1.

Vi du 16: Tim m dé do thi cia ham s6 y = 2° — 32° + m°z + m ¢6 cuc dai,
cuc tiéu va céac diém cyc dai, cuc tiéu cua do thi ham s6 doi xirng nhau qua

, 1 5
duong thang :d : y=—x ——.
g g Y 9 9
Giai :
* Ham s0 da cho xdc dinh va lién tuc trén R.

Cach1:
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* Tacoy'=32"-6r+m” =>y'=0 32" —6z+m° =0 (1).
ham s6 ¢6 cuc tri < (1) ¢6 2 nghiém phén biét z,, z,
SA'=33-m*)>0s - 3<m<+3.

phuong trinh duong thang d' di qua cac diém cuc trj 12 :

2 1 .2 .
y = (gm2 —2)x+§m2 +m = céc diém cuc tri la:

A(:lcl;(%m2 - 2)z, +%m2 +3m), B(xZ;(gm2 - 2)z, +%m2 +3m).
Goi I 1a giao diém cua hai duong thing d va d'
2m’ +6m+15 11m’ + 3m—30)

= [ — —
15—4m 15—4m

A va B d6i xtng quad thi trude hét did'(:)%mz—Q:—2<:>m=0 khi

do I(l; —2)v21 A(fL‘l;—QZEI); B(:EZ;—QQJZ) = I1a trung diém ciia AB => A va B

dbi xtmg nhau quad . .

Vay m =0 1a gid tri can tim.

Cach2:

* Ham sb da cho xdc dinh trén R va c6 dao ham y' = 32* — 6z + m?
Ham sb ¢6 cuc dai , cuc tiéu khi phuong trinh y' = 0 c6 hai nghiém

phan biét 7,7, < A'=9-3m> >0 —/3 <m <3
Vi—ét,tacc’)x1+x2:2 , T, =— .

Goi A (xl; Y, ) ,B (xQ; y2) 1a céc diém cuc tri ctia dd thi ham s6 va 7 1a
trung dién} cia doan AB.
Puong thang AB c6 hé s6 gbéc
3 3 2 2 2
L y, =y, LT —3(3;2 —x1)+m (x2 —xl)

AB

Ty =T Z, =T,
2 2
k‘AB —(:101 +IE2) - Tz, —B(xl +x2)+m

m’ 2m* — 6
kAB=4—?—6+m2: 3

. 1 5 . 1
Puong than =—xz——(A) cOhésbd goc k =—
gthing y = o - (A) cohesd g >

Hai diém A (xl;y1 ) ,B (ZB2; yQ) d6i xtmg nhau qua duong thing (A)
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Khi va chi kg AB 1A
tvachikhi (o

2_
. ABJ_A(:)kAB.k:—l(:)%.Fmg GJ:—I@m:O

em=0=y'=32"—6x
z,=0=y =0= A(0;0)

1,=2=y, =4 = B(2-4) =1(1:-2)

y'=0< {
DE thiy I(1;,-2) e A
Vay m = 0 thoa man yéu ciu bai todn .
Bai tap twong tw :
Tim m dé do thi cia ham s y = 2° + (m —4)2” = 4(m — 1)z + 4m +1 c6 cyc
dai, cuc tiéu va cdc diém cuc dai, cuc tiéu cta dd thi ham sb dbi xrng nhau qua
duong thang :d : y =x.

2
. N R aA s o 1 £ r+mr N ,
Vidu 17: Tim m d€ do thi cia ham s6 y = ——— c¢6 cuc tri va khoang
-

cach gitra hai diém cuc tri béng 10.

Giai :
* Ham s6 da cho xdc dinh va lién tuc trén D:R\{l}.
-2’ + 2z +m
(1-a)
y'=0 1" -2r-m=0 (1) (z#1)

* Taco y'=

D0 thi ham s6 ¢6 cuc tri < { S m>-—1.

Puong thang di qua cdc diém cuc trj ¢6 phuong trinh y = 22 — m = cic diém

cuc trila: A(z;—2z, —m), B(x,;—2z, —m)

= AB* =5(z, —z,)’ =100 & (z, + z,)’ —4z,z, =20 =0
©4+4dm-20=0m=4.
Vay m =4 la gié tri can tim.
Bai tap twong tuw :
maz’ +z—-m+1

1. Tim m dé do thi cua ham s6 y = N c6 cuc tri va khoang cach
l‘ J—

gitta hai diém cuc tri bé“mg \/g .
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2. Tim m dé d thi cua ham s6 y = z* — ma® + £ — 5m + 1 ¢6 cyc tri va khoang

céch gitra hai diém cyc tri bé hon \/5 .

z” +2ma + 2
i i i r+1
diém cuc dai, di€m cuc ti€u va khoang céch tir hai diém dé dén duong thang
A:z+y+2=0 bang nhau.

z

Vi dy 18: Tim gid tri cia m dé dd thi ham s6 y = f(z) =

Giai :
* Ham sb da cho xdc dinh va lién tyc trén D =R\ {-1}
2’ + 2z +2m —2

* Tacd y'= ( )2 T # —1
z+1

Ham s6 ¢6 cyc dai , cyc tiéu khi f'(z) doi dau hai 1an qua nghiém = hay

phuong trinh g(z) =2’ + 2z +2m —2 = 0 c6 hai nghi¢ém phan biét khac —1

A'>0 3-2m >0 3
(= S m< —
g(-1)=0 7 |2m=-3=0

Goi A(xl;y1 =2z + 2m),B(a;2;y2 =27, + 2m) 1a céc diém cuc tri cia dd thi

ham sb thi z,,z, 1a nghiém cta phuong trinh g (a;) = 0,2 # 1. Theo dinh ly Vi

étr +x,=-2 r.x, =-2m

T +y, +2‘ _ ‘xQ +, +2‘
RN

& [32, +2m+2 =3, +2m +2| & (32, +2m +2) = (32, +2m +2)

Theo yéu cau bai todn d(A,A) = d(B,A) S ‘

& (3, +2m+2) - (32, +2m+2) =0

o (:1:l —:1:2)[3(:51 +:L“2)+4m+4] =0

(:)3(z1+x2)+4m+420 l;txZ) @3(—2)+4m+4=0@m:%

(
;. Y A A ]- N .. . A N
So véi diéu kién, vay m = 5 la gid tri can tim .
Bai tap twong tw :
22 +2mx—3m+1

z—2

diém cuyc ti€u va khoang céach tir hai diém dé dén duong thang A :2x —y =0
br?mg nhau.

c6 diém cuc dai,

1. Tim gi4 tri cia m dé do thi ham sé y =
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2. Tim gid trj cia m dé d6 thi ham sé y = 2° — (3m + 1)2” - 2m + 3 ¢6 diém
cuc dai, diém cuyc tiéu va khoang céach tu cuc dai dén duong théng
(d):2x—3y=0 nho hon \/ﬁ

2
L, . o, 2 AN 1 z - +mx+2 L a2
Vidu 19: Tim gia tri cia m d€ do thi ham s6 y = ——— c¢6 diém cuc

z—1

tiéu nam trén Parabol (P) cy=x"+1—4

Giai :

* Ham s da cho xdc dinh va lién tyc trén D = R\ {1}

2_ — —
* Tacé y'=$ 20 = m Q,xil.Détg(x)zxZ—Qx—m—Q.

(2-1)

Ham s6 ¢6 cuc dai , cuc tiéu khi phuong trinh ¢ (x) =0 c6 hai nghi¢m

S m> -3

o {A'—l—(—m—2)>0 {m+3>0
phan biét khic 1 &
g(1)=-m=-3=0 m # -3

r=l-vm+3 =y =m+2-2ym+3

:B2=1+\/m+3:y2=m+2+2\/m+3

Khidé: y'=0

Bang xét diu :
T | —o0 z 1 z +o0

y" + 0 - H - 0 +

Duya vao bang xét ddu suy ra A(1+\/m+ 3;m+2+2vm + 3) la

diém cuc tiéu ciia dd thi ham s6 .
9
Ae (P)(:)m+2+2\/m+3=(1+\/m+3) +1+Vm+3 -4

SVvm+3=1 m=-2
So véi diéu ki¢n bai todn, ta c6 m = —2 1a gid tri can tim.
Bai tap twong tuw :

. . 5 A A . N A 1 1 2 < R
1. Tim gid tri cia m dé d6 thi ham s6 y = gx?’ —§m$2 +2(m —2)ZB c6 diém

cuc tiéu nam trén dudng thang (d ) ty = %x .
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2. Tim gid trj cia m dé d6 thi ham sé y = 2° = 3(m +1)2” + 3m — 2 ¢6 diém

cuc tiéu nam trén Parabol (P ) cy =2,

Vi du 20: Tim gid tri ciia m dé do thi ham s6

y=—a’ +3(m+1):z:2 —(Bm2 +7m—1):z:+m2 —1 ¢6 diém cuc tiéu tai mot

diém c6 hoanh do nho hon 1.

) Giai :
* Ham s0 da cho xdc dinh va lién tuc trén R.
* Tacé y'=-32"+6(m+1)z —(3m’ +Tm - 1).
Ham s6 dat cuc tiéu tai mot diém c6 hoanh d6 nhé hon 1
& y'=-32" +6(m+ 1)z —(3m” + 7m —1) = 0 c6 hai nghiém z,z, thoa

man dieu kién :

(1) & -34'(1) <0
r, <l<uz, (1) A'>0
n<z,<1 (2) 7 |(2) @ -39'(1)20
S
—<1
i 2
3(3m® +m—4) <0 4
2
o 9(m+1)—3(3m2+7m—1)>0® 1250
3(3m* +m—4)>0 3?4 m =420
m+1<l1 m <0
_—é<m<1
4
m <4 ——<mx<1
= 4 s 3 4 s m<l
m<——vmz=21 m< ——
3 3
m<0

Bai tap twong tw :

1. Tim gid trj cia m @& dd thi ham s§ y = ma® — 3ma” + (m + 1)z — 4 c6 diém
cuc tiéu tai mot diém c6 hoanh dd am.

2. Tim gid tri ciia m dé dd thi ham s6 y = é(m -1)a’ —%(m ~1)a’ +2m +3

c6 diém cuc ti€u tai mot diém cé hoanh d6 16n hon 2.
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Vi du 21: Tim gid tri ciia m dé do thi ham s6

xZ—(m+1)x—m2+4m—2 o _ o
Y = N . ¢6 cuc tri dong thoi tich cac gid tri cuc
q}‘ p—
dai va cyc ti€u dat gia tri nho nhéat.

Giai :

* Ham sb da cho xdc dinh va lién tyc trén D =R\ {1} .

x2—2x+m2—3m+3: g(x)

)

g(x):x2—2x+m2—3m+3

* Taco y'=

Ham s ¢6 cuc dai , cuc tiéu khi phwong trinh ¢ (x) =0,z %1
¢ hai nghiém phan biét z ,z,khac 1.
A'>0 -m’ +3m—-2>0
= 2
g(l)iO m- —3m+2+#0

Goi A(z,;y,),B(x,;y,) 1a cde diém cyc trj ciia 4 thi ham sb thi z,z,

Slm<?2

l1a nghi€ém cua phuong trinh ¢ (:Jc) =0,z #1.

T =1- —m2+3m—2:y1=1—m+2 -m’ +3m —2

x2=1+\/—m2+3m—2:y2=1—m—2 -m® +3m —2

Y,-Y, :(1—m+2 —m2+3m—2)(1—m—2 —m2+3m—2)

Khidé y'=0 <

Yy, = (1— m)2 - 4(—m2 +3m —2)

2
Y., =5m2—14m+9=5(m—§J _4,. 4

= miny,.y, = —% khi m =g

e ah en . T oo o a
So voi diéu klen,vayng la gid tri can tim .
Bai tap twong tw :

1. Tim gid tri cia m dé do thi ham sé y = 2° — 32° + m*> + 4m — 2 ¢6 cuc tri
déng thoi tich cac gid tri cyc dai va cuc tiéu dat gid tri nho nhéat.
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~ ., . 5 A A . N A 3 L .
2. Tim gid tri cia m dé do thi ham s6 y = —2° +§x2 +m’> —m+1 c6 cuc tri

déng thoi tich cdc gid tri cuc dai va cuc tiéu dat gid tri 16n nhét.

Vi du 22: Tim céc hé s6 a,b,¢,d sao cho ham s f(:n) =ax’ +b2’ +cx+d

dat cuc tiéu tai diém z = 0, f(O) =0 va dat cyuc dai tai diém z = 1,f(1) =1.
) Giai :

* Ham s0 da cho xdc dinh va lién tuc trén R .

* Taco f'(m) =3az’ + 2bz + ¢ , f"(m) = 6Gazx +2b

- Hamsé f(z)dat cyc tiéu tai = = 0 khi va chi khi
f'(0)=0  [e=0 c=0

{f"(o)>()¢?{2b>()¢$<L>>()(ly

» Hamsd f(z)dat cyc dai tai 2 =1 khi va chi khi

{f'(1):o @{3a+2b+c:0 ()

f"(1)<0 " |6a+26<0

f(0)=0 [d=0 d=0
{f(l):l:{a+b+c+d—1®{a+b+c—1 (3)

Tir (1),(2),(3)suyra a=-2b=3c=0,d=0.
Ta kiém tra lai f(z) = 22" + 32°

Tacé f'(z)=-62"+6z , f"(z)=-122+6
£"(0) =6 > 0. Ham s dat cyc tidu tai z =0

f"(l) =—6<0.Ham sd dat cuc dai tai z =1

Viay:a=-2b=3,c=0,d =0.
Bai tdp tw luyén:

1. Tim cdc hé s6 a,b,¢ sao cho ham sb f (ZB) =2’ + ax’ + bz + c dat cyc tri
bang 0 tai diém = = —2 va dd thi ciia ham s di qua diém A(I;O).

2

. L A X . £ ax” +bx + ab C a2

2. Tim cac hé s0 a,b sao cho ham so f (x) = —b dat cuc tri tai diém
ar +

r=0vaz=4.
| Dang 4 : Ung dung cuc tri cia ham sb trong bai toan dai s6 . |
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Vi du : Tim tat ca cic gid tri thuc ciia m dé phuong trinh sau c6 mot sb 1é
nghiém thuc: (32 — 14z +14)° = 4Bz -z -1 (z -2)(z —4) = m.

Giai :
flz)= (:E—l)(x—Q)(x—4) =2’ 77" +142 -8
g(a) = (30" — 142 +14) —4(32-7) f(x)
g (z)1a da thic bac 4 véi hé s6 cua ' 1a -3.
f'(z) =32" =14z + 14
g'(z) =2(32” — 14z +14) (62 — 14) - 12f(2) — 4 (32 = 7) [ (x) = ~12f(=)
g()=0z=1Lz=2 =4
9(1) =9; 9(2) = 4; g(4) = 36.
Béng bién thién cta g (2).
T —oo 1 2 4 +oo
9'(2) + 0 - 0 + 0 -

g(x) - /9\4 - i \_w

Tir bang bién thién cho thdy phuong trinh g(z) = m c6 mot sb 1é nghiém
khi va chi khi: m =4; m =9; m = 36.

7S,

p
=2
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