Nguyén Phii Khanh — Da Lat

'Bai4:GIA TRILON NHAT
GIA TRI NHO NHAT CUA HAM SO.

4.1 TOM TAT LY THUYET

1. Pinh nghia: Cho ham sb xéc dinh trén D
* SO M goila gid trj 1on nhét (GTLN) ctia ham s6 y = f () trén D

fle) <M VzeD 0 k£ hicu 1
Gz, €D f(m)=M = max ().

* S m goi la gid trj nho nhat (GTNN) ctia ham s y = f (z) trén D

, |f(@)>MVzeD ta ki hié in f(x)
néu , ta 1Ieum = min f(z).

dz, € D: f(z)=m zeD

2. Phwong phap tim GTLN, GTNN ciia ham s6
Phuong phap chung: D¢ tim GTLN, GTNN ciia ham s6 y = £ (z) trén D ta
tinh y', tim cac diém ma tai d6 dao ham triét tiéu hodc khong tdn tai va lap bang
bién thién. Tir bang bién thién ta suy ra GTLN, GTNN.
Chu y:
e Néuhamsd y = f (a:) ludn tang hoac ludn giam trén [a; b]

thi max f(z) = max{f(a), f(0)}; r[gubr]l f(z) = min{f(a), f(b)} .

a;

e Néuhamsé y = f(z) lién tuc trén |a;b] thi ludn c6 GTLN, GTNN trén
doan d6 va dé tim GTLN, GTNN ta lam nhu sau

* Tinh y' va tim cdc diém =, ,,...,7, matai d6 y' triét tiéu hodc ham so
khong c6 dao ham.

* Tinh céc gid tri f(x,), f(x,),-.., f(z,), f(a), f(b) Khi d6

+£1[?§ﬁf() m b]{ fla).f(z,).f(x )f("”)’f(b)}
+Le[irbl]f( ):1511151]{ fla).f(a) . f(x )f(x)’f(b)}

e Néuhamsbd y = f (ZB) 12 ham tuan hoan chu ky T thi dé tim GTLN, GTNN
c@a n6 trén D ta chi can tim GTLN, GTNN trén mét doan thudc D c6 do dai
bang T'.

* Cho ham s6 y = f (x) xéc dinh trén D . Khi dat an phu ¢ = u(z) , ta tim duoc
t € E véi Vo € D,tacd y = g(t) thi Max, Min ctia ham f trén D chinh Ia

Max, Min cia hamg trén F .
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* Khi bai todn yéu cu tim gid trj 16n nhat, gid tri nho nhat ma khéng néi trén tap
nao thi ta hiéu 12 tim GTLN, GTNN trén tap xdc dinh cua ham $6.

* Ngoai phuong phdp khao st dé tim Max, Min ta con diing phuong phdp mién
gid tri hay Bat dang thirc dé tim Max, Min.

4.2 DANG TOAN THUONG GAP

Vidu 1 : Tim gi4 tri 16n nhat va nho nhat ctua cdc ham so:
3z — R
Y = trén doan [0;2} .

-3

.y =(z—6)Nz* +4 trén doan [0;3]

Ly=2"+ 4(1 - x2)3 trén doan [—1;1].

—

[\)

w

4. y =~—12" 4+ 5z + 6 tréndoan [-1; 6].
Giai :
3z —1
1. y=
Y z -3

*

Ham sb da cho xdc dinh va lién tuc trén doan [0; 2] )

*

Taco y'=

2

<0,Vze [0;2]
(-3)
Bang bién thién

T 0 2

!

y —

1
-5

Tir bang bién thién suy ra :

maxf(w):lkhz'x=0 minf(x):—S khi © =2

fo2] 3 02]
2.y=(z -6z’ +4
* Ham s da cho xdc dinh va lién tuc trén doan [O; 3] .

2% — 6z + 4

M ,T E [0;3}

* Taco: y'=
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r=1
y'=0¢& l:x _o
y(1) = —5v5
y(0) = -12 m[gg}]y =313
@) =82 [~ miny =12
y(3) = -313 |

Vay maxyz—?)\/ﬁ khi x =3, miny =-12 khi x =0.

re{03) r<[03]
3. y=1'+4(1-27)

* Ham s6 da cho xéc dinh va lién tuc trén doan [—1; 1] )
Pt t =2’ ze [ -L1]=te 0]

Ham s6 da cho viétlai f(¢) = +4(1-¢) ,te[0;1]

* Tac6 f'(t) =3¢ —12(1—1t) =3(-3 + 8t —4)

,f(]=§

Nww

O lw |

Tir bang bién thién suy ra :
I[naﬁ(f(m)zél khi x =0 mlnf( )=%khix=i—
-1;1

4. y=~N—-2"4+52+6
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* Ham sb d3 cho xéc dinh va lién tuc trén doan [-1; 6].
-2z +5

IWN—z? + 52+ 6

y'=0(:>x:ge[—1; 6]

y(-1) =y(6) =0, y(gj = g

* Taco y'=

Vay: min y =0 khi x = -1, =6 Vémaxy=gk‘hi ZBZg.

1:5[—1;6] ze[—l:ﬁ‘]
T ++1+ 9z

Vi du 2 : Tim gi4 tri 16n nhit ctia cdc ham sb: y = ﬁ,m >0.
T+

Giai :

* Ham s dd cho xdc dinh va lién tyc trén khoang (0; +oo)

y_:z:+\/9:£2+1 92 +1—2° 1

82" +1 (82* + 1)(\/9332 +1 —g;) V9z? +1 -z

Ham s6 dat gid tri 10n nhat trén khoang (0; +oo) khi ham s6

f(z) =+92% +1 — z dat gid tri nho nhét trén khoang (O; +oo).
9z

i) =——2— -1
() VI7* +1
x>0 1
f'(z)=0e 9:::2+1:93:@{72:[2:1@902E
minf(z)zﬁ khimzL:maxyzizﬂkhi :B:L

>0 3 6\/5 >0 & 4 6\/5 '
3

Vi du 3: Tim gi4 tri I6n nhét va nho nhit ciia cdc ham sé:
1. y=x++V4—2" trén doan [—2;2] )

z+1

2. y= trén doan =z € [—1;2].

2 +1

Giai :
l.y=x+V4-2°

* Ham s6 da cho xdc dinh va lién tuc trén doan [—2; 2} )
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* Tacdy'=1- = ve (-22)
4— 7 4-2°

4—2* —z=0 NAd—2* =z

yi=0e ve (-22) it ve (-22)

O<xz<?2 O<x<?2
& ) , © @x:ﬁ
44—z =z

Béng bién thién

X -2 2 \/5

2

Tu bang bién thién , ta duoc

maxf(x)=2\/5 khz’x=\/5 min f(x)=—2 khi x = -2

.1:6[—2;2:' .1:6[—2;2]

r+1
Y= trén doan z € | -1;2|.
Nzt +1 [ ]

* Ham s6 da cho xéc dinh va lién tuc trén doan [—1; 2] .

2.

—x+1

* Tacby'=——==2y'=02=1
3
(x2+1)
* Bang bién thién .
z | -1 1 2
y' + 0 -

) FE’RN
/ \36

0 5

Tu bang bién thién , ta duoc

maxy:\/g khi x =1 min y =0 khi z=-1

ze| —1;2 1:6[—1;2:'

Vi du 4 : Tim gi4 tri 10n nhat, gi4 tri nho nhét ciia ham sb

Y= ‘xg —32% +1| trén doan [—2;1].

99



Nguyén Phii Khanh — Da Lat
Giai :
* Ham s6 da cho xdc dinh va lién tuc trén doan [—2; 1} )

bit g(x) =2’ -3 +1,ze [—2;1]

g'(m) = 32" — 6.
g'(:z:) =0 7=0
r=2¢[-21]

g(—2):—19,g(0):1,g(1):—1 suy ra I[n?ﬁ(g( )

E
e[-21]= g(z)e[-191] = f(2) =|o(s)| e [0:19):

g(O).g(1)<O:>EIx1 0;1)saochog( 1)=0.

o (r) =-19.

(
Vay I[I_lgfjf(x) = 19,F_121ﬁf(x) =

Vidu 5:
1. Tim a dé gid tri 1on nhét ciia ham sb y = ‘xQ +2rx+a-— 4‘ trén doan

[—2;1] dat gid tri nhé nhét .
2. Tim gid tri p,q dé gid tri 16n nhit cia ham s6 y = ‘xQ + pxr + q‘ trén doan

[—1;1] 1a bé nhét .

Giai :
1.
* Ham s6 da cho xéc dinh va lién tuc trén doan [—2; 1} )

y=‘x2+2x+a—4‘= (ZE+1)2+(I—5

Pat ¢ = (x +1) e [-21] = te[0:4]
Tacof ‘t+a 5‘te[04]
mpax y & ma f (t) = max{ (0. {4} = max o~ Jo -1

a—5‘Z‘a—l‘<z>a£3:>maxf(t)=‘a—5‘=5—a

te[o;4]
a—5‘S‘a—l‘<:>a23:>maxf(t)=‘a—1‘:a—1

te[0;4]
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5-a>5-3=2Va<3

Mat khac =
a-123-1=2,Va =23 te] 0;4]

Vay gid tri nho nhit ctia max f (t) =2 khi a=3

te[0;4]
2. Xét ham sb f(:z:) =2’ +pr+gq
* Ham sb d3 cho xéc dinh va lién tuc trén doan [—1; 1] =y = ‘f (:E)‘
f(-1)=1-p+qf(0)=qf(1)=1+p+q
Gia st maxy = f(a)

= [+ |£0) 2 [£0) = £0) = [+ o[ [F-1)] +] O] 2 [f(-1) - £(0)] = [1 - ]

1
p>0=[1+p[>1= ‘f(l)‘>%:>f(“)>%
_‘f(o)‘>§
I 1
'p<0:>‘1—p‘>1:> ft 1)>12=>f(0‘)>_
H0)>5
ey = max{f<—§> ;\f<—1>\;\f<1>\}

op=0= f(z)=a"+q.f(0) = f(—gj =q.f(-1)=f(1) =1+¢

Gid trj 16n nhat cua y 12 mot trong hai gid tri ‘q‘ ; ‘1 + q‘

1 1 1 1
q>——=l+g>=—= /()| >=-= f(a) > =
7> q 5 |F£1) 5 = fl@)>3

0q<—%:> q‘>%:>‘f(0)‘>%:>f(a)>%
o(]:_%: f(:[;)‘:

2
xr ——

2

1 1
<-—=Dmax f(z) == =0z =11
2 2
cling 12 gi4 tri nho nhat cua f (0{) )

1 .
Vay p=0,q = -3 thod man bai toan .
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ar +b

Vidu 6 : Tim céc gid tri a,b sao cho ham s0 y = c6 gid tri 16n nhat

41
bang 4 va c6 gid tri nho nhit bang —1.

Giai :
* Ham so da cho xdc dinh va lién tuc trén R.
e Ham s0 c6 gid tri 16n nhat bang 4 khi va chi khi

ar +0b
<
:52+1_4’v“]R {45B2—a:ﬂ+4—b20,V:peR
+b < 2 I A
dz, e R: Z$2+1 4 4z —ar,+4—-0b=0:conghi€mx

©a’+16b—-64=0 (*)

@{A—a ~16(4-b) <0

A=a"-16(4-0)>0

e Ham sb c6 gid tri nho nhat bang 1 khi va chi khi

ax +b
>
241 Lvee R ’+ar+b+120,Vre R
= =
e ER:axo"'b:_l z,’ +azr, +b+1=0:conghiémx,
‘ x02+1

©a’-4b-4=0 (**)

— a2 _
C}{A—a 4(b+1)<0

A=a’-4(b+1)=0

Tir (*) v (**)taco hé

I RS S i

Vav gid tri a.b cin fim 2 a ——4 a=4
t t
ay gia tri a,b cantimla: b3 b3

Vidu 7 : Tim gi4 tri 16n nhat va nho nhat cta cdc ham so:
1. y =sin' z +cos’ z + 2

. n T
2. y =z —sin 2z trén doan {—5;%}

3 sinz +1
: y: ) .
sin“z+sinx +1
sin® x‘cos x‘ + cos® x ‘sin x‘
4. y =

‘sin x‘ + ‘COS x‘
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Giai :

1. y=sin" x + cos’ z + 2
y=sin'z+cos’r+2=sin'z—sin’z+3

* Ham s6 da cho xéc dinh va lién tuc trén R .
bit t =sin®z,0<t <1

Xétham sb f(t) =1 —t+3 lién tyc trén doan [0; 1]
Taco f'(t)=2t-1,te [0;1]

fle)=0et=2

f0)=st -2 (3]
mlny—frer[lé%f(t):lzl:% maxy = rfrel[%zﬁ(f() 3

. ~ T
2. y =z —sin 2z trén doan {—5;%}
* N A ~ ~ . < 1A A T
Ham s0 da cho xac dinh va lién tuc trén doan doan —5 T

Tacéo: f'(x)zl—QcosQw,—§< T< T

5%/ Y/ 3 T
== = - === f(x) =7
I e s S Ry
Vay

max y=—7[+—3 kh a:z%

min y=—Z khi w=-=
2 2

3.y = sinz +1

) .
sin“z+sinx +1

103



Nguyén Phii Khanh — Da Lat

t+1

bit ¢t =sinz = f(t) = , te |11
' f() ?+t+1 [ ]
f(t) = 1 lién tuc trén doan [-1; 1]
2 +t+1
—t* — 2t
Mt)= ——— 2
7(t) (t* +t+1)

flt)=0et=0e[-1 1

2
f) =0, f(0)=1 f(1)=§.
Vay:
minf(x)ztn[rl_ill_r}]f(t)z() khi sinz = -1 & x=—§+k‘27t, ke Z

maxf(:v)ztg[li)lc]f(t)zl khi sinx =0 v =kx, ke Z.

sin® ‘cos x‘ + cos’ z ‘sin x‘

4. y = -
‘sm x‘ + ‘cos x‘

~ s .2 2
Vi ‘sm :z:‘ + ‘cos x‘ >sin" x4+ cos”z=1,Vz

5 5
. 6 6 .
sin x‘cosx‘+cos x‘smx‘ ‘Slnxcosx‘(‘smx‘ +‘COSJJ‘)
Nén y = =

‘Sin :E‘ + ‘COS :E‘ ‘Sin :E‘ + ‘COS :E‘
. . e 2 2
Y= ‘smxcos SL“(l - ‘smxcos x‘ —sin” z cos :Jc)

Y= _?1 sin® SL" - i‘sinQ:pr + %‘Sin Qx‘

bat ¢ =‘Sin2x‘;0 <t<1

Xétham sb : f(t) = e Lol gien tuc trén doan [0;1] :
8 4 2

Tacé: f'(t):%?’tz—%mé,vm[on] va f'(t)zO(:)tz%
ol 222 2L
f(O)—O,f[?J o7 /=3

Vay : miny = min f(t) = £(0) = 0 khi [sin2z[=0 2= %”
te[o;l]
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max y = mazf(t) = f 2|=2 khi
te[o;l]
‘sin2x‘=z(:>cos4x=l@x:ilarccosl+k—”
3 9 4 9 2

Bai tap twong tu:
Tim gid tri 16n nhat va nho nhat cia cdc ham so:
1. y=sin®z +cos’ z 2. y=-2sin’ z + 3cos2z — 6sinx

Vi du 8 : Tim gia tri 16n nhat va nho nhat cia cic ham so:
1
\/ sinz + \/ coS T

1. y=

2. y=\/1+sinx +\/1+cosx

Giai :

1
1. y=
\Vsinz ++vcosx
Xét ham sb g(z) =+/sinz +Vcosz lién tuc trén doan {0,

COST sinz coszNCcosz —sinzvsinz T
, xe |0

o | N
| |

T

Tacd:g'(z) = - =

2\/sin T 2\/COS T 2vsin x.cosx

cosz =SsInx

V4 V4
"(z) =0, 0,— | & & ==
ro-neeloflet foz] =

9(0)=1;g(§)=%/§;g(§)—1:>1<9 <\/_:>TS2/<1

1
Viy miny = — \/_ ,maxy =1
8

2. y=\/1+sinx +\/1+cosx

l1+sinz =20

Ham s6 da cho xédc dinh khi
1+cosxz =0

y>0=9y" = Sinz + cosz + 2+ 2Vsinz + cosz + sinz cos 7 + 1 (*)

zr t* -1
bat ¢t =sinz + cosz =\/§sin(az+zj,—\/§ <t S\/E = sinzrcoszt =
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Khi d6 (*) viétlai f )—t+2+2,/%(t +20+1) =1 +2+2]1+ 1

1- )t+2 2, néu-2<t<—1

(
1+\/_t+2+\/_ néu—1<t<+2
(

2 <0, néu—+v2 <t<-1
1++2 >0, néu — 1<t<\/_

Ham s f khong ¢6 dao ham tai diém ¢ = —1

rggﬂm@xf(:p)z 4+2\/§ riiRnf(x)zl

Vidu9: g(z) = f(sin’ z)f (cos2 x) trong d6 ham f théa man:

f(cotz) = sin2x + cos 2z Vx € [0;7]. Tim gid tri 16n nhat va nhé nhét cia

9(x).

Giai :
bat t =cotz
) 2tanz 2cotx 2t 2 -1

= sin2z = = = ; CcoS2x =
l+tan’z l4cot’z 1+¢ 2 +1
t?+2t -1

= f(t)=———
t*+1

. 4 . 92 4 2
sin“x+2sin“x —1)(cos"z+2cos”"z—1
L gy ) )

(sin® 2 +1)(cos’ z +1)

sin® zcos' z + 8sin*zcos’x —2  u® +8u—2
g(z) = = = h(u).

<4 4 < 2 2 2
sin"zcos x—2sin“xcos z+2 u —2u+2

p . 1
trong d6 u =sin*zcos’z; 0<u <=,

_ 2
= () = 2 HAuO Vue{o;l}.
(u* —2u +2) 4
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= ham s6 A(u) ludn ting trén [O;i} nén max _h(u) = h(lj _ L

Viay max g(z) = %; min g(z) = -1

Vi du 10: Tim gid tri 16n nhat va nho nhét ctia cic ham s trén : [—1; 2} , biét

{f(o) =1

f? (x)f'(x) =1+2z + 327

Giai :

3
f’ (a;)f'(x) =1+2z + 327 @@:x+x2 +2° + ¢, c thang sd.

_ _1
f(o)_1:>c_3

Do d6 f(z) = 32" +32% + 3z +1
Xéthamsd : ¢ (z) = 32" +32° + 3z + 1 lién tuc trén doan z € [—1;2].

Ta cé g'(m) =92" + 62+ 3

r=-1
g'(x)zO(:) 1
p=—=
3
1 2 .
g(—l) = —2,g(2) = 40,g(—§j = 3 = gl[legﬁg(x) = 40,15[1_111%]9(:1:) =-2
2

maxf(x) =§/E khi x =
Vay ae-1:2]
. min f(x)z%/—_Q khi z = -1

1‘6[—1;2]

Vidu 11 : Cho a,b 1a cic s6 duong thoa manab + a + b = 3. Tim GTLN ctia

3a 3b ab

+ + —a’ —b* (Du bi Pai hoc- 2005 ) .
b+1 a+1 a+b

biéu thitc: P =

Giai :
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2
Tu ab+a+b=3:>3—(a+b):abs@@a+b22.

3a(a+1)+3b(b+1) N ab

e Y wa)

—(a+b) +2ab

(a+b)2—2ab+(a+b)+ ab
ab+a+b+1 a+b

3 ) 3—(a+b)
P—Z[(a+b) +3(a+b)_6J+W

pP=3 —(a+b) +2ab

—(a+b’+6—-2(a+b)

p=1 —(a+b) +(a+b)+ 12 12l
4 a+b

. 12 .
Dit t = a +b > 2. Xét ham so g(t):—t2+t+7+2 V6i t > 2

Ta c6: g'(t)=—2t+1—2<0 ‘v’tZQ:maxg(t)zg(Q):%.
2 >2 2

Vay maxP:g datduockhia=06=1.

Vi du 12: Cho z,y,z 1a s thuc thoa manz® + y* + 2* = 2 Tim gid tri 16n

nhit, nho nhat cua bidu thue P =2° +¢° + 2° — 3ayz.

Giai :
Tir cc dang thitc 2” + y° + 2° + 2(zy + yz + 2z) = (z + y + 2)°
2+t + 28 = 3ayz = (z+y+2) (2’ + 1y’ + 2 — a2y — yz — 2z) va didu kién ta

c6: P=(z+y+2)(x°+y" +2° —ay—yz — 2x)

:(m+y+z){2—(m+y+z)2_2:|

2

bitt=zx+y+2>=> - 6St£x/g

s L

Xét ham s f(£) véi —6 <t <6

Taco: P =1(2-

(2 +2) = f(t) =0 t =2
= max_f(t)= fN2)=2v2; min _f(t) = f(—2) = 242

[ o6 | | o:o |

Taco: f'(t) = %
)=
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Vay maxP=2\/5 dat duogc khi :n=x/§;y=z=0
min P = ~2v2 dat duge khi 2 = —2;y =2 = 0.

Vi du 13: Cho hai s6 z,y # 0thay d6i thoa mén (x + y)a;y =" +9° —ay

Tim GTLN cita biéu thirc : A = — + = ( Pai hoc Khdi A — 2006 ).
$3 y3
Giai:

Cach1:
bat: u=x+y,v=xy:>(x+y)xy=x2+y2—xy<:>uv:u2—311

2

c}(u+3)v:u2(:)v: (dou¢—3).
u+3
3 3 3 U(U2—31}) 2 2
VayA=l+l=x ty _u 3uv: :u_:[u+3]
7 ys (xy)s v 113 v U
2
Vistro > o 1ol (daytalruyu£0)
u+3 u+3 u+3
u+3 N u+3 -3
sSu=2lvu<-3 = >O.Xethamf(u): :>f'(u)——<0

U U U
Lap bang bién thién, ta thiy f(u) < f(1) =4 = A <16.

—~

Piang thirc xdyra < z =y = —. Vay GTLN ctia A = 16.

N | =

Cach2:

1 1 . e A .
bit a = —;b = —. Khi d6 gia thiét ctia bai todn tr¢ thanh
z Y

a+b:aZ+b2—ab21(a+b)2 & 0<a+b<4
VaA=a’+b"=(a+b)(a” +b*—ab)=(a+b) <16

. 1
Déngthﬁ:cxéyra(:)a:b:2(:)x:y:§.

Vi du 14 : Cho hai s thuc z,y thay doi va théa méan hé thic 2° +9° = 1.
2

Tim GTLN, GTNN céu bidu thitc: P = 22+ 62)

1+ 22y + 2y

(Pai hoc Khdi B — 2008).
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Giai:
Cach1:
2(x* +6zy) _ 2(z” + 61y)

14+2zy+2y° 27 + 22y + 3y°
*Néuy=0=P=1.

Taco: P =

2(t%y* +6ty*)  2(t* +61)

Néu y = Othidat: =ty = P =

Xét ham sé f(t), tacé :

_A42
f‘(t): 4t + 6t + 18

t— oo

2
(t2 +2t + 3)
Lap bang bién thién ta dugc: GTLN P =3 va GTNN P = —6.

Cach2:
2(z° +6zy) 22 +12xy

pP=
14+2zy+2y° 2% +2zy + 39°

22° +12zy

g —@=3y)

=>P-3= =
2+ 2zy + 3y z* + 2zy + 3y°

. :[;:3:(/ r==
= P <3.Pangthicxayra & , =
T +y =1

22° + 121y 6= 2(2x + 3y)’

z* + 2zy + 3y° z° + 2zy + 3y°

P+6=

3
. Tr=——
= P > —6 . Dang thtc xdy ra & 2y = \/21_3

Vidy max P =3; min P =—6.

Tuy nhién céch lam c4i khé 12 ching ta 1am sao biét cach danh gia P — 3 va

P+67?

oy’ + 2ty +3y° P +2t+3

J(t)=0et =31 =3 lim f(t)=1

Vi du 15: Cho bén s6 nguyén a,b, ¢, d thay doi théoa: 1<a <b<c<d <50

Tim GTNN ctia bidu thic P = % + 2 (Dw bi Dai hoc - 2002).
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Giai:
Vil<a<b<c<d<50vaab,cdlacicsdnguyénnén ¢ >b+1
a c¢c_1 b+1
Suyra:—+—2>2—+——=f(b).
Y b d b 50 f()
~ 1A " f 1 £ 1 x+1
Dé thay 2 < b <48 nentaxethamso:f(x):—+ 5 , T € [2;48]
x
. 1 1
Tacof'(:n)z——+—:>f'(:n):O(:):E=5\/§.
22 50

Lap bang bién thién ta duoc [min] f (x) =f (5\/5 )
2:48

Do 7 va 8 12 hai s& nguyén gin 5v2 nhit vi vay:

. . .| 93 61 53
i) in{ o () = min 555 -

Vay GTNN P = 22
175

Vi du 16: Cho a,b,c 12 3 s6 thuc duong va théa man

a b c >3\/§'

2 2 2 7 . M
a” +b” 4+ ¢” =1.Chiing minh rang : + + >
V+c a*+c ad’+0b 2
Gidi :
bé khong mat tinh tong quat , gid stt 0 < a < b < ¢ va thoa man hé thirc

1
a+b+c*=1.Dod6 0<a<b<c<—.

V3

a b c a b c
b+’ -l_az+c2 +a2+b2 :1—a2 +1—b2 +1—02
_ a’ N b’ L

a(l—az) b(l—bz) 0(1—02)

. . , , 1
Xéthamso: f(z) ==z (1 - ZEQ) lién tuc trén nira khoang (0;

5

1 . b A A
Tacé: f'(z)=-32"+1>0,7¢ (0;—} = f(:z:) lién tuc va dong bién trén

J3

ntra khoang [0;L

5
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1 2 )
Va lim f(z) = lim z(1 - 2? =0,f(—j:_:>0<f(x)s_ hay
- fip (1= V3) 33 33
O<zll-2°)<—
(=)< o
1 2 z 3\/5 2 1
H > Voe|0—|.
ay ( ) \/— 5 T xe[,\/g}
a W3,
1—a2_7 “
b 3V3 a b c 33
Swyr T P e (0" +" + ")
c >3\/_2
1—02_7C
A a b c 3\/5 . ) 1
Vayb2+c2+a2+62+a2+b22 5 .Xayrakhla:bzczﬁ'

Chii y : Dé khong mét tinh tong quat , gia sir 0 < a < b < ¢ va thoa man hé thic
> +b*+c*=1. Tacéthésuyra0<a<b<c<l.
Khi d6 xét ham sé @ f(z) = z(1 - 2} lién tyc trén khoang (0;1).

fl(z)=-3c* +Lae (01) va f'(2) =0 = z = 1

7
1

e f'(z)>0,z€ ( ,—j ( ) lién tuc va dong bién trén khoang [0;L

J

w

1 . . &
e fl(z)<0,z€e (—;lj = f(:n) lién tuc va nghich bién trén khoang

3
1 .
F)
Va lim f(z) = lim f(x)

1 2
=0,
0" z—1" f [\/g j 3\/5

tuong tu nhu trén.

= 0< f(x) <— Phan con lai

33

Vi du 17: Xét céc s6 thuc khong 4m thay d6i 2, Y, 2 thoa diéu kién:
T+ Y+ 2z =1.Tim gid tri nho nhat va gi4 tri 1on nhit cia:

S:\/l—x+ 1—y+\/1—z.
1+2 1+y 1+2
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Giai :
Tim MinS :
Khong mat t inh tong quat giasu: 0 <z <y <z<1.

r+y+z=1

Véi 2.y, 0 Dx,y,ze[o;l]'

Vi (1-z)(1+2)=1-2° <1 nén: 1;i2(1—x)2:>4/1;:; >1-z.

Dau dang thirc xay ra trong truong hop z = Ohodc = = 1.

KhidéS:Jl_m+ 1_y+\/1_Z21—x+1—y+1—z hay §>2 .
1+x 1+y 1+2

Ping thic xayrakhi £ =y = 0,2 =1thi §=2.

Vay: minS =2.

Tim Maxs: 7

Khong mat t inh tong quat gidsi: 0 <z <y<z<1.
2

Lic dé: zzl; :L“+y£—<£.
3 3 5

S:\/l—x+ 1—y_i_\/1—zS

1+2 1+y 1+ 2

1+ 1—(:E+y)+\/1—z=1+\/ z +\/1—z
1+z+y 1+2 2-2z 1+2

1- . NP iy £
bat h (z) = \/ A \/ “ . Bai todn tré thanh gid tri 16n nhat cua
2—2z 1+ 2

h(z)trén doan {%, 1} .
1

'(z) = _1 azh(z)=Max<h| = |; shi=|p=—F
h(z)—0<:>z—2. Mazh(z)=M {h(?)j’h(l)’h(QJ} \/5

Do d6 : S:\/l_‘r Iy +\/1_Z <142
1+xz 1+y 1+2 \/§

. ) 1
Dang thtrc xay ra khi x:O,y:z:§ thi S:1+l .

J3

Vay: mazS = 1+l

J3
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Vi du 18: Cho ba s6 thuc duong a,b, ¢ thoa man: abc +a+c =b.
Tim gi4 tri 16n nhat cta biéu thiuc: P = 2 __2 + 5
a+1 P+1 2 +1

Giai :

Taco: a+c:b(1—ac)>O.Déth§y ac;«r&1:>0<a<l
c

. a+c 2 2(1 - ac)’ 3
nén b = = P= - +
1-ac a>+1 (a+c)f+(l—ac) +1
2

P 2 N 2(a + ) o4 3

a*+1 (a®+1)(c* +1) ¢ +1

2

Xét f(g;): 2 + 2z +e) + 3 -2

2+1 (B +D(E+1) A +1

2 2

f(x)ZQ(:L“ -21-20:1:+220 +1)+ 23 _270<$<1
(" +1)(c" +1) c +1 c
—_— 2 —

= f(7)= 42(3; —226;5 D) ,0<:c<l
(z* +1)*(c" +1) c

Trén khoang (0;1J : f'(x) =0 c6nghiémz, = —c+Vc* +1 va f'(x)
C
dbi dau tir duong sang 4m khi Z qua T,,suyra f (x) datcuc daitai T = T

:Vxeﬁo;lj:f(x)s 2 + 23 -2= 2 + 23
¢ Ftl-cder+1 E+1 Jet 41 E+1

2c 3

Xét c)= + ,c>0
9() Jeb+1 ¢ +1
2(1 - 8¢?)

g(c)=

(> +1’(We* +1 + 3¢)
, 0 c>0

=0 Sc=—r
8 (¢) 1-82=0 °

2
2 2 10
= Ve>0igle) < g(—=)==—+—=—
glc)< g(—) ; 3

1
V2
1
4
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= P< ? Dau "=" xayrakhi {b =

p s Lo 1
Vay gid tri 16n nhat cua P 1a EO .

Vidu 19 : Cho tam gidc ABC khong tu. Tim GTLN cua bicu thtc:
P =cos24 +2v2(cos B +cosC)  (Pai hoec Khéi A —2004) .

Giai:
Tacé A <90 = cos2A:2coszA—1S2cosA—1:1—4sin2§

Ding thirc ¢6 < cos® A = cos A (1).

2

cosB+cosC’=28in%.cos SQSin%

Dang thtc xay ra <& cos

=1 (2).

Béttzsin%:>0<tsg.Tac6: PS—4t2+4\/5t+1:f(t)

V2

Xétham sb f(t), te (0;%}, co f'(t):—8t+4\/§:>f'(t):0(:)t:7

Lap bang bién thién ta c6: f(t) < f{ =3=P<3.

g
2

cos A =cos’ A
B_C A =90
=1

2 B=C=45""
A

sin— =
2

Ding thiic xay ra < { cos

v | S

Vay max P = 3.

Vi du 20: Cho tam gidc ABC ¢6 A > B > C'. Tim gid tri nho nhét cua biéu
—sin A \/x —sin B
+
—sinC

-1

thuc : Mz\/x
X

z—sinC

Giai :
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Bidu thirc xdc dinh khi D = (—eo;sin C') U] sin A;+o).

M= ’m—s%nC.smA—sm?_’_l /x—s?nC.smB—smzC > 0.Vze D= M lién
z—sin A (x—sinC) 2Vz—sinB (m—sinC)

tuc va déng bién trén mdi khoang (—oo; sin C ) ,[sin A +oo)

Do dé minM:M(sinA): %_1
sin A — sin

Vi du 21: Cho mot tam gidc déu ABC canh a . Nguoi ta dung mét hinh chi
nhat MNP c6 canh MN nam trén canh BC, hai dinh P va (@ theo thtr tu
nam trén hai canh AC va AB cua tam gidc . X4ac dinh vi tri diém M sao cho
hinh chit nhat c6 dién tich 16n nhét va tim gid tri 1on nhét do.

Giai :
Pt BM=x,0<x<g:>NM:BC—2BM:a—2x
Trong tam giac vudng BM (@) c6

tan QBM =g—%: OM = BM.tan QBM = 2+/3

Di¢n tich hinh chit nhit MNPQ 1a S (z) = MN.QM = (a - 2z) /3

Bai todn quy vé : Tim gi4 tri 16n nhét ca S(a:) = (a - Qx)x 3,x€ (0;%}
S'(m):—4\/§x+a\/§,xe[0;gj S'(m):0<:>ar;=g

2 4
Bang bién thién cua S (:Jc) trén khoang [O;gj

T 0

|

e
4
0

2
a

Viy dién tich hinh chit nhat 16n nhat 1a 3 hi z =

e
4
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