Nguyén Phii Khanh — Da Lat

Bai 6: KHAO SAT SU'BIEN THIEN
VA VE PO THI HAM SO

6.1 TOM TAT LY THUYET

Ham s6 bic ba f(x)zax3+bx2+cx+d (aiO)

Diéng diéu do thi ciia ham s6 f(:z:) =ar’ +bx* +cx+d (a # 0)
Ty Ty

fa .
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Mot s6 tinh chit thudng gip ctia ham s bac ba
1. Do thi cat Ox tai 3 di€m phan biét

f(z) =0 :c6 2 nghiem phan biet z,z,
f(z))-f(z,) <0
2. Gié swa>0taco:
a) DO thicat Oz tai 3 diém phan biét c6 hoanh d§ > &
f(z) =0 c6 2 nghiem phan biet a <z, <z,
s fla)<0
f(z))-f(z,) <0

b) D6 thicat Oz tai 3 diém phan biét c6 hoanh d6 < &

f(z) =0 c6 2 nghiem phan biet z <z, <«
&< fla)>0
f(z).f(z,) <0

Tuong tu cho truong hop a < 0.

Vi du 1:Khao st sy bién thién va vé d6 thi cia ham s6 y = 2° + 32° +1 .

Giai:
* Ham s0 da cho xdc dinh trén R
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* Gidihan: lim y = —o lim y = +oo ham s6 khong c6 tiém can.
* Paoham: y'=3z" + 62
r=-2,f1-2)=5
o[22
r=0,f(0)=1

Ham sé dong bién trén cdc khoang (—oo; —2) va (O; +oo), nghich bién trén
khoang (-2;0)
Ham s6 ¢6 diém cuc dai tai x = -2, f (—2) =5 va c6 diém cuc tiéu tai
r=0,f(0)=1
* Bang bién thién :

z —0 -2 0 +o0

y' + 0 -

e

* f”(ac):6a:+6

f"(a:) =0 zx= —1,f(—1) = 3,f"(a:) d6i ddu mot 1an qua nghiém z = —1

nén I (-1;3)1a diém uén ctia dd thi .
* D) thi :
Do thi ham s6 di qua cac diem

(=3;1).(=2;5),(-1:3),(0;:1),(1;5) va
nhan diém I (—1; 3) 1a diém udn cua d6
thi .

Vi du 2: Cho ham sé y = —z* — 32% + ma + 4, trong &6 m 12 tham sd thuc.
1. Khéo sét su bién thién va v& d0 thi ctia ham sb da cho, véi m =0

2.Tim tit ca cdc gid tri ciia tham sb m dé ham s6 di cho nghich bién trén
khoang (0; +oo) .

Giai :
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1.Véim=0,tac6hamsd y = —z* — 32° +4
Ham sb da cho xdc dinh trén R

*

*

Gioihan: lim y = —o lim y = +oo ham s6 khong c6 tiém cén.

Z—>—c0 T—>+o0

*

Daoham : y' = —-32° — 62

r=-2y(-2)=0

r=0,y(0)=4

Ham s dong bién trén khoang (—2; 0), nghich bién trén cdc khoang

(—e12)va (0;+0)

Ham s6 c6 diém cuc dai tai z = 0, y(O) =4 va c¢6 diém cuc tiéu tai
v=-2y(-2)=0

* Bang bién thién :

T —oo -2 0 +o0
y' - 0 +
0 —
+o0 4
Y \ / \
0 —oco

* Pothi:

Giao diém cua do thi véi truc
Oy A(O;4)

Giao diém cua d6 thi véi truc
Oz B(-20),C(10)

N
>

-3 -2 0 1\ x

2. Tim tit ca cdc gid tri ctia tham sb m dé ham sé di cho nghich bién trén
khoang (O;+oo).

Ham s6 da cho nghich bién trén khoang (0;-+e) khi va chi khi

y'=-32" -6z +m<0,Ver >0 & m < 32 +6:B=f(x)

Ham sd f(x) = 32 + 6z lién tuc trén (0; +oo)

Taco f'(z)=62+6>0,Vz >0 va f(0)=0.

Béang bién thién
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T 0 +oo
y' +
oo
y /
0

Twrdétadugc: m<0.

Bai tap tw luyén

1. a) Khio sdt sy bién thién va v& dd thi (C') ciia ham s6
f (a:) =2’ + ng + 6z — 3.Ching minh rang phuong trinh
—z* + 2:52 + 62 — 3 = 0c6 ba nghiém phan biét , trong d6 c6 mot nghiém duong

1
nho hon —.

2
b) Khio sdt sy bién thién va v& db thi (C') ciia ham s6

f (:c) = %x‘; —22° + % .Chimg minh rang phuong trinh f (ZL‘) = 0 c6 3 nghiém
phan biét.

¢) Khao st sy bién thién va vé do thi (C') clia ham sb

f (:1:) = —2° + 32% + 9z + 2. Viét phuong trinh tiép tuyén cta do thi (C ) tai
diém c6 hoanh do T, biét rang f" (:L"O) = —6 . Giai bat phuong trinh

f! (iB - 1) >0

d) Khao sat sy bién thién va v& do thi ham s6 f(z) = 2’ —62° + 92 .Tim tat
ca cac dudng thang di qua diém M (4; 4) va cat d6 thi (C ) tai 3 diém phan bi¢t.
2. Tim hé s a,b, ¢ sao cho d6 thi cia ham sé f (x) = 2° + ax® + bz + ¢ ¢t truc

tung tai diém c6 tung
do bang 2 va ti€p xic véi duong thang y =1 tai diém c6 hoanh dd 1a —1. Khao
sat su bién thién va v€ do thi cua ham s6 véi gid tri a,b, ¢ vua tim dugc
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N - A A N A 1 3
3. Tim céc hé s6 m,n, p sao cho ham so f(a:) = —§x3 + ma” + nz + p dat cuc

dai tai diém z = 3 va dd thi (C’) tiép xtc véi duong théng (d) cy =3r — étai

giao diém cua (C ) vdi truc tung .

Hudng dan :

1. a) Tu bang bién thién ta thay phuong trinh cho ¢ ba nghiém phan biét
f(0)=-3<0 X X

r <—-l<z <2<z, va = f10).f|=|<0=>2zx2e]|0;— .

crensaeani i) 1= sbf)comee(og)

b) f(-2)f(0) < 0.Hams6 flién tuc trén doan | 0;2 ] va theo dinh Iy v& gid tri
trung gian cua ham s6 lién tuc , ton tai mot sb thuc « € (—2; O) sao cho

f (a) = 0.S6 ola mot nghiém cua phuong trinh f (x) = 0. Mit khac ham s6

f dong bién trén khoang (O; +oo) nén phuong trinh ¢6 nghiém duy nhét

ae (-20).

f (O) f (4) < 0.Ham sd flién tyc trén doan [0;4] va theo dinh Iy vé gia tri
trung gian cua ham s6 lién tuc , ton tai mot sd thuc pe (0;4) sao cho

f (,8) =0.S6 B1a mot nghiém cua phuong trinh f (x) = 0. Mit khac ham s6

f dong bién trén khoang (O; 4) nén phuong trinh ¢6 nghiém duy nhat B e (O; 4) .
Tuong tu phuong trinh ¢6 nghiém duy nhat thudc khoang (4; +<>o) .

Do thi cét truc hoanh tai 3 diém phan biét , do d6 phuong trinh f (x) =0
c6 3 nghiém phan bigét.
c) f”(:n)=—6:n+6:> T, =2,f(2)=24:(t):y=9$+6

fi(e-1)=-3(z=1) +6(z-1)+9=-30" +120

= f'(z)>0e0<z<4

2.
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2=c¢ a=3
f(-l)=-l+a-b+c=1e1b=3
f'(-1)=3-2a+b=0 c=2
3.
_ 1
(d)mOy—{A[O, 3} p=—=
3
f(O)zp:—é oin=3
f'(0)=n=3 =
f'(3)=6m-6=0

Ham sb trung phwong f(x) =az' +b2’ +c (a # 0)

Diéng diéu d6 thi ctia ham s f(x) =ax' +b1’ +c¢ (a # O)
1 2
y

m x NV

; 5 ; ; — \ X
! ! ! H
\ / xi O X2

Mot sb tinh chit thuong gip ctia ham sd tring p_ﬁuong

1. Do thi cua ham sd f(a:) =az' + bz’ +c (a # 0) cit truc hoanh tai 4

diém phan biét 1ap thanh cip s6 cong khi phuong trinh:
aX’ +bX +c= O,(X =z’ > 0) ¢6 2 nghiém duong phéan biét thoa X, =9X, .

2. Phuong trinh trung phuong: az' +bz” +c =0 (1)

Pit t=2'>0e z=4Jt, ta cb phuong trinh: at® +bt+c =0 (Q)Mét
nghiém duong cua (2)1’mg vo1 2 nghiém cua (1)

Vay diéu kién cn va di dé phuong trinh (1)c6 nghiém 1a phuong trinh (1)c6 it

nhat mot nghiém khong am.
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A>0
(1)c6 4 nghiém & (2) ¢6 2 nghiém duong & {P >0
S >0
2
P=0
(l)cé 3 nghiém < (2) c6 1 nghiém duong va 1 nghiém bﬁng 0 49 0
>
2
P<0
. A . . A=0
(l)co 2 nghiém < (2) c6 1 nghiém duong <
bl >0
2
P=0
S
_ . t <0=t, 5 <0
(1)0(’) I nghiém < (2) c6 nghiém thda =
t =t =0 A=0
5_0
L2
A<0
. . . A=20
(1)V6 nghiém < (2) v6 nghiém hodc c¢6 2 nghiém am <
P>0
bl <0

( ) , , 0<t <t,
1)c6 4 nghiém tao thanh cap sO0 cOng < . Ta giai hé pt:
g P g \/g 3 \/Z g P

t, =9t
S=t +1,
P=tt,

3. Phuong trinh bic 4 c6 tinh d6i ximg: az* + b2’ +ca’ +bzr+a=0 (1)

e Néu a =0, ta c6 phuong trinh: z(bz* + cz +b) = 0
e Néu a # 0, ta c6 phuong trinh twong duong:

a(ﬁ+%}+b(w+l]+c:0
z z
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batt =2+ 1 , phuong trinh duoc viét thanh:
x

a(t* =2) +bt+c =0t 22 (2)

Chii y:

. 9 2z N A ]- z
Khi khao sat ham s0 ¢t = x + —, ta co:
z

* Mot nghiém 16n hon 2 cia phuong trinh (2)tu0ng ung voi 2 nghiém duong
cua phuong trinh (1) .

* Mot nghiém nho hon 2 ctia phuong trinh (2)tuong tmg véi 2 nghiém am cia
phuong trinh (1)

* Mot nghiém ¢ = -2 cua phuong trinh (2)tu0ng ung voi nghiém z = -1 cua
phuong trinh (1)

* Mot nghiém ¢ =2 cua phuong trinh (2)tu0ng ung voi nghiém z =1cua

phuong trinh (1)

# Phuong trinh £ = 7+ vo nghiém Khi [ <2
T

4. Phuong trinh bic 4 c6 tinh ddi xtng: az* + bz’ + c2” bz +a=0 (1)

e Néu a =0, tac6 phuong trinh: z(bz* +cz —b) =0
e Néu a # 0, ta c6 phuong trinh twong duong:

a(af +%j+b(m—l]+c:o
T x
batt =2 - l, phuong trinh duoc viét thanh:
x
ot +2)+bt+c=0te R (2)

1 PR S
Chu y: Phuong trinh ¢ = z —— ¢6 2 nghi¢m trdi dau véi moi ¢
x

5. (z+a)(x+b)(z+c)(z+d)=e,v0ia+b=c+d.
Pitt=2"+(a+b)x.

6. (z+a) +(z+b)* =c,v(yia’:aT_b.Datt:3:+aT+b, te R

Vi du 1:Khao sit sy bién thién va vé d6 thi cia ham s6 y = 2* — 22> =3 .
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Giai:
* Ham s0 da cho xdc dinh trén R
* Gidihan: lim y = lim y = +oo ham s0 khong c6 tiém céan.

* Pao ham : f'(m)=4x3—4$=4x($2—1)
r=0,f(0)=-3
fl(z)=0e|z=-1f(-1)=-
v=1f(-1)=—4
* Bang bién thién :
T —oo -1 0 1 +o0
y' - 0 + 0

- 0 +
y - T~ 3\A—zx/y -
Ham s6 dong bién trén cdc khoang (~1;0) va (1;+e0), nghich bién trén khodng
(—oos-1) va (0;1)
Ham s6 c6 diém cuc dai tai = =0, f(0) = =3 va c6 diém cyc tiéu tai
r=-1f(-1)=-4 w z=1f(1)=-
* f"(z)=122" -4

AN
ity Rl el ey
f"(a:) =0 ’ ’ ,f”(x) d6i du hai 1an qua nghiém
V3 {ﬁ] 5 |
l’Q :_7f — | =-3=
3 3 9
T=r = —ﬁ va T =1, =£ nén U, [—é;—BgJ va U, {ﬁ;—?)g}é
3 3 3 9 3 9

hai diém uon cua do thi .
* Po thi:
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Giao diém cua d6 thi véi y
truc Oy A (O;—?))

Giao diém cua d6 thi véi
truc

Oz B(—\E;O),C(\/g;O) — S

-8 -6 4 2 2 4 6 8
Do thi 1a ham s6 chan nén

nhan truc Oy lam truc
d6i xtng

Vi du 2: Chtng minh ring phuong trinh: z* — 2 (m2 + 2) 2 +m'+3=0
ludn ¢6 4 nghiém phan biét z,,,,,, T, voi moi gid tri cia m.

Y 2 2 2 2 o
Tim gid tri m saocho ¢, + T, + =, + =, +x -z, -r,-x, =11,

Giai:
x4—2(m2+2)x2+m4+3=0(1)
Pat:t =2, tacé: *—=2(m’ +2)t+m' +3=0(2) (t20)
Ta chimg t6 (2)1udn c6 hai nghiém : 0 < ¢, <t,.
A'=(m?+2) —(m'+3)=4m® +1> 0 véi moi m.
Véy (2)1udn c6 hai nghiém phan biét ¢,¢, va t, -, =m' +3 >0
t1+t2:2(m2+2)>0

Do d6 phuong trinh (1)0(’) 4 nghiém : _\/E , \/E , _\/g ,\/g

A A M A R A )
(Y Y Y ) + () (3 () =2l )+
xf+x§+x§+xi+xl-x2-x3-x4 :4(m2+2)+m4+3:m4+4m2+11

xf+x;+x§+xj+xl-x2-xg~x4:11@m4+4m2+11:114:>m4+4m2:O@m:O

Ham s6 hiru ty y = 2210

cr+d
fx=a$+b c#0,ad —bc#0 :f'xzm
()22 | =)=
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Dang diéu db thi cia ham s6 £ () = “2% (¢ % 0,ad - be # 0)
. cr+d .

s 5 2 - A [UN N ~ A . 5 N A 2 - 1
Vi du: Khdo sat sy bién thién va v& do thi cuia ham s6 y = L N
x —
Giai :
* Ham sb da cho xdc dinh D =R\ {1

* Gioi han :

limy =—co [limy = 4c0 = = 1latiém can ding
1" 1"
limy = limy=2= y =2 latiém can ngang.

T—>—o0 T—>+o0

* Paoham: y'=

> <0,z #1.
(z-1)
D4 thi ctia ham s6 nghich bién trén céc khoang (—oo; 1) ) (1; +oo) .

* Bang bién thién :

T | —oo 1 +oo
y' - -
2 +oo
o 2
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* PO thi : Giao diém cua dd thi
vai truc Oy A(O;l)

Giao diém cua do thi véi truc

Oz B[E;Oj
2

Do thi cua ham s6 nhan

1 (1; 2) giao diém hai duong

tiém can lam tdm doi xding.

Y S ax’ + bz +c ,_aa'z’ +2ab'z+bb'-ca'
Ham so hiruty y=——-—"7—7¥—=y'=
a'z+0b' (a'$+b')2

ax’ +bx + ¢

Ding diéu do thi ciia ham s y =
a'z+b'

-

15

10

- >

ST

w

-4
—_
(=}

()= (0)

€T —

y=x+1 y=x+1

1 x=1

x=1
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y p
o ¥
o
o
y=x+1 y=x+

y=x+1

x=- / \ ) 4 | | | |
=1, |l
2
f(2)= W ()
Ty

y=x+1

4
s
X
t ; ; f t ; ; t >
y=x-1 k 2 2 4 6 8
ANl
4+
I I I I I I X
a3 2 A LI T
2 2 ris
X=- x=1 st
2
10t

2

, , L 4 N <~ 3A . N 4 r -3 +6

Vi du 1: Khéo sét sy bién thién va v€ do thi cia ham s6 y = 1
x‘ p—
Giai :

* Ham s6 da cho xdc dinh D =R\ {1
* Gioi han :
limy=—co limy=4c [limy=—o0 lim y =40 = x =1 latiém can
1" 1" T——o0 T—too
dting

=0Ila

k}@iy - (x - 2)} = lim =0, lim [y - (a; —2)] = lim

) 1 T—>+o0 Toteo p— 1

= y =z —2 tiém can xién.
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2_ —
* Daohém:y':w,m;tl.
(z-1)
z=-1f(-1)=-5
IREE )
r=3f(3)=3
* Bang bién thién :
z | - -1 1 3 oo
y' + 0 - - 0 +

I N

Ham sé dong bién trén cdc khoang (—oo;—l) va (3; +oo) , nghich bién trén

khoang (—1;1) v (1; 3)
Ham s6 ¢6 diém cuc dai tai z = -1 f (—1) = —5 va c6 diém cuc tiéu tai

v=3f(3)=3
* Pd thj : Danh cho ban doc

2
o +@m =2 =1 6 46 hita (€, ), m 12 tham

Vi du 2: Cho ham s y =
T+ 2 "

s6 .
1.Chtrng minh rang v&i moi m > 0 ham s0 ludn ¢6 cuc dai , cuc ticu .

2.Khio sat sy bién thién va v& d thi (C') ctia ham s6 véi m =1.

3.Viét phuong trinh tiép tuyén véi do thi (C ) ctia ham s6 biét tiép tuyén di

qua A(l;O).
Gidi :
y=mz—1+ .HémséchoxécdinthR\{—Q}
T+2
1 m(m+2)2—1
l.y'=m - = )

2 2
(:B + 2) (:B + 2)
Véi m > 0 thi phuong trinh y' = 0 ¢6 hai nghiém phén biét khac —2. Vay ham
$6 1udn ¢6 cuc dai va cuc tiéu khi m > 0.
1

2Vé6im=1ly=z-1+
T+2
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* Ham s cho xdc dinh D = R\ {-2]

* lim y = —oo va hmy +o0

T—>—00

Vi lim y=—-oo vd lim y = +oo nén dudng thing z = —21a tiém can dung
.1:—)(—2)7 ac—>(—2)4r

cua do thi ham so.

- . - .1
Vi Jim [y = (2 =1) | = lim —— =0 va lim [y - (s~ 1) | = lim —— =0
nén duong y = z — 112 tiém can xién cua do thi ham sd.
2
y'=1- ! 2:(x+2) 2_1,x¢—2
(ZL‘+2) (:L“+2)

yv:o@(m+2)2—1=0@[§f:;’zg:;;i:;

* Bang bién thién

T —o0 -3 -2 -1 +o0
y' + 0o - - 0 +
-5 +o0 +o0
—oo —o0 -1

Do thi ctia ham s6 dong bién trén cdc khoang : (—oo; —3) , (—1; +oo) va nghich
bién trén cdc khoang (—3; —2),(—2;—1)

D0 thi ctia ham sb dat diém cuc dai tai = = -3,y (—3) = —5 va dat diém cuc tiéu
tai 7 =-1y(-1)=-1.

Do thi: Hoc sinh tu v&
3.Xét (d) di qua A(1;0)vacé hé s goc k. Neén (d):y =k(z—1)

(d) tiép xtic v6i @b thi (C') clia ham s6 khi hé sau ¢6 nghiém:
z—1+ =k(z—-1)
2 = k= 2 Vay tiép tuyén la: (d)'y—é(x—l)
— =k 9 79
(x + 2)

2
Vidy 3: Choham s y =212 (1)
r—1
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1. Khdo sét va v& dd thi cta ham s6 (1)

2. Tim trén dudng thiang y = 4 cdc diém ma tir d6 ké dugc ding 2 tiép tuyén
dén d5 thj ham sd.

Giai :

2
L , +
1. Khéo sat va v& dd thi cia ham sb y = = 13 (1)
l‘ J—

Ham s6 cho xdc dinh D = R \ {1

,_m2—2x—3

(o)

r=-1y(-1)=-2
z=3y(3)=6

*

Y Tzl y'=0s

Ham s6 nghich bién trén cdc khoang (—1; 1) , (1; 3) ddng bién trén céc
khodng (—se;—1),(3;+c0).
D0 thi ciia ham sb dat diém cuc dai tai (—1; —2) va dat diém cuc tiéu tai (3; 6) .

* lim y = —oo, lim y = 400 = z = 11a tiém cén ding.

1" 1"
* Jim | y—(z+1)|=0,lim |y = (2 +1) | =0 = y = = +11a tiém can xién.
* Bang bién thién Do thi
z | —eo 1 1 3 oo
y' + 0 - -0 +
-2 +o0 +o0

P thi : Nhan I(1;2) lam tam déi
xung.
2.Tim trén duong thang y = 4 cac diém ma tur d6 ké duogc ding 2 tiép tuyén
dén d6 thi ham so.

Goi M(a;4) € (d) :y =4 1a diém can tim .

Khi d6 tiép tuyén véi (C) ké tr M c6 phuong trinh : (A) Ly = k:(x — a) +4.
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v +13 =k‘(x—a)+4 (1)
Pé (A) tidp xiic véi (C) o {42 _ 9y _3 ¢6 nghi¢m z # 1

(2 -1)
Tir (1),(2) = (3-a)2” +2(a—-T7)z+3a+7=0(3)
Pé tir M ké duoc ding 2tiép tuyén dén dd thi ham sé. Khi phwong trinh (3) c6
2 nghiém phan biét z # 1

3—a#0 a#3
o A:(a—7)2—(3a+7).(3—a)>0<:> a2—4a+7>0<:>{zzi)
3-a+2(a=7)+3a+7#0 a*1

Vay tap hop cdc diém can tim 13 dudng thing (d) :y =4 bo di cdc diém
(1; 4),(3; 4).
Bai 7: GIAO PIEM CUA HAI PO THI

Phuong phap :
e Lap phuong trinh hoanh d6 giao diém ciia hai 46 thi (C) ry=f (x) va

(C"):y=g(a)a: (z) = g(z) (*).
e Bién luan sé nghiém ciia phuong trinh (*) , 6 nghiém phuong trinh (*) la

s6 giao diém cua (C) va (C").

z—3

c6 d6 thi 1a (C). Tim tat ca tham s6 thyc

Vidu1l:Chohamsb y =
x_

m dé duong thang (d y = ma + 1 cat d6 thi ctia ham s6 tai 2 diém phan

biét.
Giai :
P thi la (C) cit (d) tai 2 diém phan biét khi va chi khi phuong trinh :
-3 . S
5 =mz + 1 ¢6 2 nghiém phan biét khi d6 phuong trinh
x —_—
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g(r) =mz® —2mz +1=0 c6 2 nghiém phan biét z # 2 hay

m # 0 m %0 -
AN=m’-m>0={m<0vm>1 S P
9(2)#0 Adm —4m+1#0

Bai tap twong tu:
1. Tim tit ca tham sd thuc m dé duong thang (d) :y =mz+ 4 cat dd thi caa

2
x

tai 2 diém phan biét.

hamsé y =
z—1

2. Gia st (d) 1a duong thang di qua A(-3;1) vac6 hé s6 géc m . Tim tét ca
tham sé thuc m dé duong thang (d) cit dd thi cia ham s6 y = 2° + 32 + 1 tai

3 diém phan biét.

Vi dy 2 :Cho ham s6 y = =~ _11 ¢6 dd thi (C). Goi (d,) Ia duong thing di
T+
qua diém A(—2;2)vé ¢6 hé s6 géc m. Tim m dé duong thing (dm) cit do

thi (C)
* Tai hai diém phan biét?. ‘
e Tai hai diém thudc hai nhanh cta do thi ?2.

Giai :

d :y:mx+2(m+1)

1

(,)
(d )m(C):g(x)=mx2+3mx+2m+3=0,x¢—1(*)

m

e Pé (dm) N (C ) tai hai diém phén biét khi phuong trinh (*) ¢6 hai nghiém

m=#0
. ) m <0
phan biét khac —1. Khidétacéhé: <A >0 S
m>12
g(—l) #(

e Dé(d ) (C) tai hai diém thudc hai nhanh khi phuong trinh (*)c6 hai
nghiém phan biét 7, < -1 <z, & mg(-1)<0 & m<0.
Céch khdc : Dé (d, ) n(C) tai hai diém thudc hai nhanh khi phuong trinh

(*) c6 hai nghiém phan biét z, < -1 < z,. Pat z =t — 1 khi d6 phuong trinh

(*) tro thanh tim m dé phuong trinh m¢” + mt + 3 = 0 ¢6 hai nghiém trdi ddu.
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Vi du 3 : Tim tham s6 m dé duong thang (dm) ty=m (x + 1) — 2 cét db thi

z+1

ham s6 (0) cy = tai hai diém phén biét A, B sao cho hai diém A, B

z—1

d6i xtmg nhau qua M (1; O) .

Giai :
* Diéu kién cn: dudng thing (d, ) cit @b thi ham s6 (C') tai hai diém phan
biét A, B sao cho hai diém A, B ddi x(mg nhau qua M (1;0) thi diém M thudc
dudmg thing (d, ). dod6 0=m(1+1)-2 e m=1.
e m=1thi (dm) = (d) .y = z — 1, phuong trinh hoanh d9 giao diém (d)vé
r=0=y=-1= A(0;-1)
r=3=y=2= B(32)

(0)1a “1—3;—1@3;2—3:5—0@{

z—1

Vi trung diém AB Ia (gé} # M nén A, Bkhong d6i xtimg qua M .

Do d6 khong c6 gid tri nao cia m théa man yéu cau bai todn.

Vidy4: Choham sé y = 2° = 3m’z +2mc6 dd thila (C, ). Tim m dé

(Cm)cét Oz tai ding 2 diém phan biét.

) Giai:

* Ham so da cho x4c dinh trén R.
* Tacé: y'=32"—3m’
Dé (€ )cit Oz tai ding 2 diém phén biét khi (C ) ¢6 2 cyc trj dong thoi
Yop =0 hodc y., =0.
* (Om) c62cuctri & y'=0 c6 2 nghiém phan biét < 32° —3m” =0 c6
2 nghiém phan bi¢t .Khi m # 0thi y'=0& v =2m.
Béng xét ddu y':

z | -m m

y' | + 0 - 0 +

-m)=02m’+2m =0 m =0 (loai)

Yop = Y(
Yop =y(m) =0 2m’ +2m =0 m=0vm ==+l

Vay,m = #1thi (C )cat Oz tai ding 2 diém phan biét.

Vi du 5: Tim m dé do thi (C’m):y=x3—3mx2—3ﬂc+3m+2 cit truc Oz
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tai 3 diém phan biét c6 hoanh d¢ 13 z,z,,x, théa mdn z” + 2 + 2 2 15.

Giai :
(C’m) cittruc Oz : z° = 3mz* =32+3m+2=0
- Dfa* - Gm-Do-3m-2-0 e |
Sx-Dz-Bm-1)z-3m-2]=0
7 =(3m-1z-3m-2=0 (2)
(Cm) cat truc Oz tai 3 diém phan biét c6 hoanh do 1a T,,T,,T, vOi z, =1
thi z,,7, 1a nghiém khéc 1 ciia phuong trinh (2).Theo dinh 1y Vi-et ta c6:
r +r,=3m-1
Tz, =—=3m—2
Nﬂ>0 9m* +6m +9 >0
Theo bai todn tacé: {12 —(3m —1).1-3m -2 # 0 & Jm # 0

xf+x§+x§215 I9m*-9>0

c:nze(—w;%}kJ[L+w).

Vi du 6: Tim céc gid tri caa tham s& m sao cho (d) sy =2z +4 citdd thi
(Cm) cy =12 +2maz’ + (m + 3)z + 4 tai ba diém phéan biét A(O;4) ,B,C

sao cho tam gidc KBC' ¢6 dién tich bﬁng 8\/5 (dvdt), biét K (1; 3).

Giai :
Phuong trinh hoanh d6 diém chung cta (Cm ) va (d) la:

' +2ma’ +(m+3)z+4d=z+4 (1) & 2(z” +2mz+m+2) =0

z=0
< glz)=2"+2mz+m+2=0 (2)
(d) cét (C ) tai ba diém phan biét A(0;4),B,C < phuong trinh (2) c6 2

m
nghiém phan biét khac 0.
AN=m’-m-2>0 m<—-lvm=2
g(0)=m+2¢0 m # —2

(%)

1-3+4
Mit khc: d(K,d) = fosrd 2

V2

Dodé: S =&V2 @%BC.d(K,d) - 8V2 & BC =16 < BC? =256

AKBC
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& (z, —z,.) +(y, —y.) =256 voi z,,z,1a hai nghiém cua phuong trinh (2).

(z, = :Ec>2 +((z, +4)—(z, + 4))* =256 < 2z, - :EC)2 =256

& (z, +z,) —da,z, =128 & 4m* —4(m +2) =128

)

osm’-m-34=0m=

1+ 137
2

1+ \12137 (thoa (*))

Vay m = thoa yéu cau bai toan.

Vi du 7 :Cho ham s y = 220

x—1
1. Tim a,b dé d6 thi ham sd cit tryc tung tai A (O; —1) va tiép tuyén cia dd
thi tai A c6 h¢ s géc bing —3. Khao sdt sy bién thién va v& dd thi (C) cia
ham sd véi a,b vira tim dugc .
2. Cho dudng thing (d) c6 hé sb géc m va di qua diém B(—2;2) . Tim m
dé (d) cat (C)tai hai diém phan biét M, M, . Cdc duomg thang di qua
M, M, song song v&i cdc truc toa d tao thanh hinh chir nhét . Tinh cdc canh

cua hinh chir nhat dé theo m , khi nao hinh chir nhat nay tr¢ thanh hinh
vuong.

Giai :
axr+b

Al0;-1)e y =
( ) YT a=2 2z +1
1. —a—-1 & b:1:>y:

y'= =-3 r—1
(z-1)

2. (d) di qua diém B(—2;2) c6 phuong trinh y = m(m + 2) +2

D¢ (d) cat (C)tai hai diém phan bi¢t M,, M, khi phuong trinh

20+ 1

z—1

m (x + 2) +2= ¢6 hai nghi¢m khéc 1, hay phuong trinh

maz® + mx —2m — 3 = 0 ¢6 hai nghiém phan biét khac 1, tic 1a

m # 0 m # 0 4
A=m’+4m(2m+3)>0 | m<-2a|™ T3 (¥
ml> +ml—2m—3 %0 m >0 m >0
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Gia sir M, (2,3, ), M, (,;y,). hai canh hinh chit nhat M,PM,Q c6 d¢ dai la
/ 2

M,P =z, ~ | = %,MQ =y, — | = Vom® + 12m

Hinh chit nhat M, PM,@Q tr¢ thanh hinh vu6ng khi va chi khi

M1P:M1Q<:>M: /9m* +12m <:>‘m‘=1<:>m:1 (dO(*))

|
Bai tap twong tw :
1. Cho ham s f(x) =22 + 32% + 1¢6 dd thi (C) va parabol
(P) : g(x) =22" +1
a) Khao sit sy bién thién va v& dd thi cia ham sb. Ty theo gid tri cua m , giai
va bién luan phuong trinh 22° + 32> —m =0
b) Chimng to rang trong s tiép tuyén cua do thi (C ) thi thiép tuyén tai diém
ubn I c¢6 hé s6 géc nho nhit . Viét phuong trinh tiép tuyén d6. Chimg to I 1a
tam doi xtmg ciia do thi (C ) .
¢) Goi A, Bla giao diém cia db thi (C ) va parabol (P) . Viét phuong trinh tiép
tuyén cua (C ) va parabol (P) tai cdc giao diém cua ching .
d) Xdc dinh trén khoang d6 (C') ndm phia trén hodc phia dusi (P).

Hudng dan :

13 ‘ p 3 3 ,
c) A|——:;—|,B(0;1). Tiep tuyén (C'|tai A, Blay=——z+—,y=1 .Tiée
) ( > 2] (0:1). Tiép tuyén (C) =TT p

x . S 1 _
tuyén (P)tal A/ Blay=-2z+ 2,y 1.
d) Xét h(:z:) = f(:n) - g(:z:) = 22" + 2. Lap bang xét dau :
h(x) <0,ze (—oo;—%j = (C)ném phia dudi
(P) h(x) >0,z € [—%;0},(0&%) = (C’)nﬁm phia trén(P).

2.Choham sé f(z)=2" -3z +1
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a) Khao sét su bién thién va v& dd thi ctia ham s . Viét phuong trinh tiép
tuyén cta db thi tai diém uén I cua né . Chirng minh ring trong sé tiép tuyén
cua do thi thi tiép tuyeén tai I cé hé s6 gbc nho nhat .

b) Goi (d )151 dudng thang di qua diém I ¢6 hé sé géc m . Tim céc gid tri m

sao cho duong thing (dm) cit dd thi da cho tai ba diém phan biét.

Hudng dan :

a) y=-3z+1 b) m>-3

3. Cho ham s f(:n) =g —(m+1):102 +m

a) Khao sét su bién thién va v& d0 thi ctia ham sé véi m = 2. Viét phuong
trinh tiép tuyén tai diém ubn cia do thi .

b) Tim cdc gid tri cia m sao cho do thi ciia ham s0 cat truc hoanh tai bon diém
, tao thz‘ln~h ba doan théng c6 d0 dai bﬁng nhau .

Hudng dan :

b) ' —(m+1)x2 +m=0¢& (m2 —1)(x2 —m) = 0. Dé db thi ctia ham s6 ct
truc hoanh tai 4 diém phén biét , tao thanh ba doan théng c6 @6 dai béng nhau
khi 0O<m#1.

em>iym-1=1-(-1) & m=9

1
o 0<m<1,1—\/E=\/E—(—\/E)<:>m=§
Ngoai céch giai trén cdc ban c¢6 thé ding cap s6 cong (16p 11) dé giai .
4.
a) Vi gid tri ndo cia m , dudng thang y = m cét duong cong
y =2z' —22° — 3 tai 4 diém phan biét?.
b) Chirng minh rang voi moi gid tri cia m , dudng thing (dm) Yy =z —mcat
2
—-z" +2 Sy a2 .
dudng cong y = x—lm tai hai di€ém phan biét.

2
¢) Tim k dé duong thang y = kx + 1 cat d6 thi ham s y = Lx;—?) tai 2
T+
diém phan biét A, B . Tim quy tich trung diém I cua AB.
2
5. Cho ham s6 y = = —22*2 ().
x—1

a) Khao st va v& dd thi ham sé (C).

b) Tim m dé phuong trinh sau ¢6 2 nghiém phan biét : z° — 2z = m‘:z: - 1‘ -2.
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¢) Tim m dé duong thang (d) :y =—x+m catdo thi (C) tai 2 diém A, B

d6i xtmg v6i nhau qua dudng thing y=x+3.

d) Chung minh rang qua diém E (1; 0) ta khong thé ké dugc mot tiép tuyén
nao dén dd thi ham sb.

T+2

2z +1
a) Khao sat sy bien thién va v& do thi ctia ham so.

6. Cho ham s6 f(z) = c6 do thi (G)

b) Chirng minh rang dudng thing (dm) .y = mz + m — 11udn di qua diém cb
dinh ctia dudong cong (G) khi m thay d6i .

¢) Tim cdc gid tri cia m sao cho dudng thang da cho cat dudng cong (G ) tai

hai diém thudc ciing mot nhanh cta (G ) .

Hudng dan:

b) M (-1;-1)ladiém c6 dinh ma (d, ) di qua khi m bién thién va
M(-1-1)e (G).

T+ 2 1
c) (dm)ﬁ(G).m(z+1)—1—2$+1,;p¢ 5
1
(:>(x+1)(2mx+m—3)_O,Q;;t—5
:10=—1<—l
= 2

k:(x)szx+m—3=O
. 5 N A c 1A 5 A A ’ 1 \ M
Hai nhanh cua (G ) nam vé hai bén cua tiém can ding z = 5 Duong thang
(dm) N (G ) tai hai diém thuoc cung mot nhanh cua dd thi khi phuong trinh

) 1 )
k(x)=2mx+m—3=0 c6 nghiém x<—§véx¢—1,khldétacé

m %0 m %0
3—m 1 3 -3<m<0

T = <———<0 =S S -3#m<0
2m 2 2m m < —3

k(1) #0 —m—-3%0

Bai 8 :SU TIEP XUC CUA HAI PUONG CONG
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Bai toan 1 :

Hai duong cong (C) ty = f(x) va (C') ty = g(x) tiép xtic nhau khi va chi khi

flz) = g(2)

hé phuong trinh sau: {f'(m) _ g'(x) c6 nghiém.

Vi du 1 : Tim tham s thuc m dé duong thing (d) ty = m(:z: - 3) tiép xiic

v6i d6 thi (C’) Dy =—%x3 + 3.

Giai :

—%x?’ + 3z = m(m—3) (*)

(d ) tiép xtc voi (C ) khi h¢ sau : c6 nghiém
-°+3=m
x=3 — - _
22° —92” +27 = 0 ] r=3=>m=-6
(*)(:) ) 1207 -3r-9=0& 3
m=—-x"+3 ) r=——=>m=—
m=-z" +3 2 4

Vi du 2 : Tim trén tryc hoanh nhitng diém ma tir d6 c6 thé ké dén d6 thi cta
2

hamsé: y = hai tiép tuyén tao v&i nhau 1 géc 45°.

€T —

Giai :

Goi M € Oz = M (z,;0), duong thang di qua M c6 hé sb géc 1a k, phuong

trinh c6 dang : (d) ty = k(ﬂc—xo).

2

:B_l:k:(x—xo)

2
- =2z

(e -1)

(d) 1a tiép tuyén cua d thi khi hé sau c6 nghiém :

2 2
-2
xx—l = E;_l)i (x—xo)(:)x[(x0+1)x—2xo]20
z=0
& 2:1:0
T = 2, #—1
x0+1
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0x=0:>k=x2_2f:0.
(+-1)

. so 2z, ko —4:1:02

$0+1 (x0+1)

2

e Tiép tuyén qua M tao voi do thi ciahamsd : y = hai tiép tuyén tao

véinhau 1 géc 45° khi va chi khi
4z,

—1o 2 =3+20/2.

0

tan 45’ = | bk, | =
‘1 + kle‘ (:BO + 1)2

Vay M(3—2J§;0),(3+2x/§;0)

Vi du 3 :Tim tat ca cdc diém trén tryc hoanh nhitng diém M ma qua d6 v&
dugc ding 3 tiép tuyén dén do thi (C) : y = 2* + 32° ma trong d6 ¢6 2 tiép

tuy€n vudng goc voi nhau .

Giai :
Goi M(a;O) € Oz, duong thang (t) di qua M va cé hé sd géc
k:(t):yzk(m—a).
) 2 +32° =k(z—-a) (1)
(t) tiép xdc véi (C') khi hé sau c¢6 nghiém :
3z° +6z =k (2)
Ta (1),(2) suyra: 2’ +32° = 32” +6z(z —a) & 22° +3(a—1)7" —6az =0
=0
<:>:B[2x2—3(a—1):1:—6a}:0<:> 5
22" = 3(a —1)z —6a =0 (3)
e £=0=k=0= 1tiép tuyén.
Qua M ké dugc 3 tiép tuyén dén dén d thi (C') ma trong d6 c6 2 tiép tuyén
vudng géc voi nhau .
Khi d6 (3)c6 2 nghiém phan biét z,z, # Ova kk, = -1
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00 a#0
e IAS0 & 9(a—1)2+48a>0

(3%2 + 6%)(3:6; + 6x2j =-1  |9(zz,) +18z2, (2, +z,)+ 3622, =1

a<—&va>—% va az0

& 181a’ —8la(a—1)-108a+1=0

vizz,=-3a ; z + %:—3((;_1)]
1
a<-3v a>—— va az0 1
= 3 &S a=—
27a+1=0 27

1
Vay M (E’Oj € Ox thda bai todn .

Bai todn 2 :
Phuong trinh tiép tuyén ctia do thi (C) ty = f(x) tai diém M (xo;f(xo)) co

dang : yzf'(xo)(w—x0)+f(wo).

Vi du 1 :Tim toa d¢ tiép diém ctia d6 thi (C):y = T2 i tiép tuyén (1),
x —

biét rang tiép tuyén () tao v6i duong thang (d) : y = —2z + 2010 1 géc 45°.

Gidi :
e D=R\{1]

3
(z-1)

e Tacé: y'= z#1

e Goi M (xo;f (xo )) 1a toa d9 tiép diém can tim thi hé sb géc tiép tuyén (¢) 1a

h=—2 %1

("EO _1)2 -

|k+2 k::—l
* Vi (t)va(d)tao nhau 1 géc 45° khi tan45’ =

T R
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1 1 ..
*h=-—-© _s 1 diéu nay khong xay ra .

(mo _1)2

* /{::3<:>L=3<:>x§—2x0:0(:>

(mo _1)2

7, =0=y, =4= M(0,4)
7, =2=y, =-2= M(2-2)

ViduZ:Chohémséy=2x+3
'Z‘_

m dé duong thang (¢) : y = 2z + m cat (C)tai hai diém phan biét ma hai tiép
tuyén tai d6 song song véi nhau.

,c6 dd thi (C) . Tim tat ca cdc tham sb

Giai :
Puong thiang (t) : y = 2z + m cat (C)tai hai diém phan biét ma hai tiép tuyén tai
. . ) 2z + .
d6 song song véi nhau khi va chi khi phuong trinh v 23 =2z +m c6 hai
x —_—

nghiém phan biét z,,z, théa man diéu kién y'(z,) = y'(z, ). Khi d6 phuong
trinh g(z) = 22" + (m - 6)2 —2m -3 = 0¢6 2 nghiém phan biét z,,z, khic 2
PR S 7 7
va théa man diéu kién — S = S ST+, = 4
(xl —2) (x2 - 2)

A=(m-6) +8(2m+3)>0
©19(2)=22"+(m-6).2-2m-3=0 = m=2.
m-—6 _

2oy
2

Vi du 3: Cho ham s6 y = - c6 d6 thi 1a (C). Tim trén d6 thi (C') nhiing
T+

diém M , sao cho tiép tuyén tai M cit hai truc toa d6 Oz, Oy tai hai diém

phan biét A, B sao cho dién tich tam gidc A OB c6 dién tich bang i .

Giai :
. ' 2z 2
Goi ]W(‘To’yo)e (0) =Y = 7, _:]1 = y'o - (% +1)2
N X £ , . . 2 21>
Phuong trinh tiép tuyén (¢) cua (C) tai M la: y, = ~z+ —.
(xo + 1) (:co + 1)
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Tiép tuyén (¢) cat hai truc toa dd Oz, Oy tai hai diém phan biét A (—:v; ; O) ,

2z :
B 0;¢2 sao cho dién tich tam gidc A OB c6 dién tich bang 1 khi do
(7, +1) !
1 1 , 21 1 ) 2
5 0AOB =— & OAOB = & 5. ——— == < 4, —(z, +1) =0
(2, +1)

20 +2 +1=0 xz—l:M(—%;—QJ
0o %o z,=1= M(L1)

R A Al 1
Vay c¢6 hai diém thoéa man yéu cau bai todn M (—;—2} M (1;1) .

Vi du 4 : Chimg minh ring néu céc tiép tuyén (d),(t) ctia d6 thi (C) :

y = 2° — 62 + 9z song song v4i nhau thi hai tiép diém A, B d6i xting nhau
qua M(2;2).

Giai :
Goi Az, y(z,)=a" —6x7 +92,),B(,y(z,) =2} -6z} +9z,)lat0ado
tiép diém ciia (d),(¢) va dd thi (C). (d) va(t) song song véi nhau khi
y'(z)=y'(z,) © 327 —122, +9=3z) 122, +9 & 1, +1, =4.

7, =2—-t=y(z)=t"—3t+2

Véi z, + 2, =4thitdntai ¢t >0: ,
T, =2+t:y(x2)=—t +3t+2

T+,
. . Ty = =2
D¢ thay trung diém doan AB ¢6 toa do 2
y(n)+y(n)
Y, = 5 =92

Do d6 hai tiép diém A, B d6i xting nhau qua M (2;2).

2

Vidu 5: Cho ham sb y = 25”1
x_

M (1 + sin ;9) nam trén d6 thi (C'). Ching minh rang, tiép tuyén cua

Tim o € (0;%) sao cho diém

(C)tai diém M cat hai tiém can ciia (C)tai hai diém A, B d6i xting nhau qua
diém M .

Giai :
Vi M (1 + sin;9) nam trén d6 thi (C')nén:
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1
, =9 o 2sin"a-Hsina+2=0 2
l+sina -1 sing =2

2(1 + sin@)’ sina =

Viae (O;z) nén sina:l:azsz(§;9)
2 2 6 2

Tiép tuyén cta d6 thi (C) tai diém M 1a: y = y'(%j(m - g) +9

hay (d):y=—-6z+18.
Tiép tuyén (d) cit tiém can dimg z = 1tai: A(1;12)

Tiép tuyén (d)cat tiém cén xién tai diém B c6 toa d6 1a nghiém

y =—6x + 18 T =2
(x;y)hé phuong trinh: y =242 y=6 = B(2;6)
T, + Ty :§:$M
D@ thiy: 2 2
Ys T Y —9=
S =9=

Suyra, A, B dbi xting nhau qua diém M (dpcm).

tai M cit cic duong

Vi du 6: Goi (d)lé tiép tuyén ctia @6 thi (C):y = 22

tiém cén tai hai diém phan biét A, B. Tim toa do diém M sao cho duong
tron ngoai tiép tam gidgc IABc6 dién tich nho nhat , voi I1a giao diém hai
tiém can .

Giai :
2¢. — 3
GQiM(xU;yO)e(C)3y0: y ,y10:_;2
% =2 (‘ro _2)
Phuong trinh tiép tuyén (d) cia (C)taiM @y = 1 (v —x,)+ 2z, =3
(% _2) T, —2

T

, » 22, -2
() cét hai dudng tiém can tai hai diém phan biét A (2%—2J B(2z, - 2%2).

D& thiy M 1a trung diém AB va I(22)1a giao diém hai duong tiém c4n.
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Tam gidc IABvudng tai I nén dudng tron ngoai tiép tam gidc IAB c6 dién tich

2
2, —3 ‘
S =alM® =z (5, -2 +| 20> 9| ||, -2 +—— |22z
T, —2 (z, —2)

. ) 1 r=1=>y =1
Dau dang thirc xay ra khi (z, —2)° = = { 0 Yo

(mo—Q)Z T, =3=>y,=3

Vay M (1;1) M (3;3) théa man bai todn.

Bai todn 3 :

Phuong trinh tiép tuyén ctia do thi (C ) cy=f (x) di qua diém M (xl; yl)
Céch 1:

e Phuong trinh dudng thing (d ) di qua diém M c6 hé s6 géc 1a k c6 dang :

Y= k(m—ml)+y1.

e (d)tiép xiic véi dd thi (C')khi hé sau {f(x) SRR A —
f'(a:) =k

Ciach2:

e Goi N (mo;yo) 12 toa d6 tiép diém cua do thi (C ) va tiép tuyén (d)qua diém

M , nén (d) clingcédang y =y', (iB —ZEO) +y,-

o (d) di qua diém M nén c6 phuong trinh : Y, =y, (xl - xo) +9, (*)

¢ Tu phuong trinh (*) ta tim dugc toa dd diém N (ZEO; Y, ) , tir day ta tim duoc

phuong trinh duong thang (d) .

4
T

. 5 ;
Vi du 2: Cho ham s6 : y=?—3$2+§ c6 do thi la (C). Gia st

M e (C) c6 hoanh d . Véi gid tri ndo cta a thi tiép tuyén cta (C) tai M
cat (C) tai 2 diém phan biét khdc M .

Giai :
a’ )
Vi M e (C) nén M| a;y,, =?—3a2 *3

Tiép tuyén tai M c6 hé s géc y;w =2a" - 6a

Tiép tuyén tai M c6 dang :
4

Z/:y;M(x—xM)+yM j(d):yz@ag—6a)(x—a)+%—3a2+g
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Tiép tuyén (d) cia (C) tai M cét (O) tai 2 diém phan biét khac M khi
phuong trinh sau ¢6 3 nghiém phan biét :

4 4
X

5 3z +g = (2a° —6a)(z —a) + % -3a” + g hay phuong trinh

(r —a)*(z° + 2az + 3a® —6) = 0 c6 3 nghiém phan biét , nghia Ia phuong trinh
g(z)=2" +2az + 30" — 6 = 0 ¢6 hai nghiém phan biét va khic a .

A, =a =3 =6)>0 [a*=3<0 [l <3
= = =

g(a) =6a” -6 #0 a’ #1 a#*l

A g PO ‘a‘ < \/g
Vay gid tr1 a can tim
a#*l

Bai tap twong tw :
1. Tim m dé tiép tuyén di qua diém M (2; m + 2) ctia d6 thi ham s

y = 2° — 3z + m phai di qua gdc toa dd O.

u"} -t
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